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The development of the model of series and parallel rectifiers and the operation of 
these rectifiers at unity power factor was achieved. The method of control to achieve 
unity power factor operation was presented using the dq model of the rectifier topologies. 
This condition of operation is achieved by an in-depth steady state analysis of the 
converter topologies.  

 
A novel method of steady-state analysis of an induction machine as a dc power 

generator is developed, where the steady-state model was obtained using the dq reference 
frame equivalent circuits of the induction generator system. Also, the self-excitation 
requirements of an induction generator were studied, in terms of the magnitude of the 
modulation index of the rectifier. The detailed analysis studied the system under two 
operating conditions, rated slip and minimum loss. The condition for minimum loss was 
achieved by operation of the generator at the slip calculated to satisfy this condition. The 
effect of magnetic saturation was also accounted for in the analysis.  

 
A new control structure for the rotor-flux vector control of an induction machine 

as a dc generator was developed, where the input-output linearization method was used in 
separating the linear from the nonlinear terms in the system model equations. The 
proposed control scheme aims at regulating the dc voltage at the output of the rectifier. 
The robustness of the proposed control scheme was tested and verified by simulation and 
experimental results.  

 
Control of an induction generator using natural variables was a new method of 

control put forth. The control scheme was simpler as the system model was in the 
stationary reference frame. The system model used included a loss-minimization loop, 
whereby the reference rotor flux in the control scheme was calculated such that the 
induction generator system operates under a condition of minimum loss.  
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CHAPTER 1 

INTRODUCTION 

 

1.1 Introduction 

 

Electronic equipment has become an indispensable part of everyday life. An 

important feature of the equipment used is the low power consumption, in a range of a 

few watts to a few hundreds of watts. Far less familiar is the electronic equipment, which 

operates at power levels of interest to the industry. Such equipment, its study, design, 

manufacture, and utilization is known under the general heading of �power electronics.� 

There are numerous reasons for the importance of power electronics, of which the 

most important is controllability. Power electronic equipment is highly controllable. The 

speed of operation of these devices and the comparatively low losses are the main reason 

for the large range of applications of power electronics. 

From the history of development of power electronics, it is evident that there are a 

large number of switching converter topologies and composite switching converters are 

possible.  

These possibilities are expanded in terms of the realization of all the switching 

functions possible with the semiconductor switching devices available at present. This 

adds up to a very vast array of possible solutions in applying switching power converters 

to AC drive problems.  

The following section briefly discusses the classification of switching power 

converters. 
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1.1.1 Classification of Switching Power Converters 

 
A switching power converter is a power electronic system, which converts one 

level of electrical energy into another level of electrical energy, at the load by switching 

action. The conversion of electrical energy can be broadly classified as 

• ac-to-ac 

• ac-to-dc 

• dc-to-ac 

• dc-to-dc 

Conversion of ac-to-ac is also called cycloconversion; this involves conversion of 

ac power of one frequency to an ac output power of another frequency, and can be carried 

out by a one-step or two-step process.  

The two-step process would include an intermediate step involving the conversion 

of ac-to-dc and then back from dc-to-ac. 

Similarly, conversion of ac-to-dc, also called rectification (Figure 1.2) is the 

process of conversion of ac input to dc output The conversion to dc can be carried out for 

both single phase as well as three-phase ac as an input. The power semiconductor devices 

that are used in a rectifier are varied. Thyristors, diodes, IGBT�s are some of the devices 

that are used in rectifiers (both single phase as well as three-phase). 

 

AC
ac

ac
0V

 
 Figure 1.1: Conversion of ac-ac  
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Figure 1.2: Conversion of ac-dc 

 

The classification based on the field of application of switching power converters 

is shown in Figure 1.3 [A.8]. 
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Motion control applications with DC commutator machines use either PWM 

(pulse width modulated) choppers in various configurations or high-frequency link DC-

DC converters in more specialized mobile applications. Therefore, the application of DC-

DC coupled converters as well as high-frequency link transformer coupled converters are 

applied in motion control. 

Converters in the AC to DC conversion field are the most widespread, and are 

found as input converter topologies for AC variable speed drives, whether that be as 

diode rectifier inputs to voltage fed inverter drives, controlled rectifier inputs to current-

fed inverters, or PWM AC-to-DC converters for traction drives on locomotives.  

 

1.2 Induction Generators 

 
Induction motors are used extensively in the industry due to the low cost, and 

brushless commutator. However, the application of induction generators used to be 

minimal due to the lack of voltage control and stability of the generator. Therefore, the 

synchronous generator had taken precedence for a large period of time.  

With the advent of nonconventional sources of energy, such as wind, hydro, etc., 

the applications of induction generators has greatly increased. Apart from the low cost 

and advantageous structure, the main feature of an induction generator that has led to the 

increase in its application in these areas is the ability for the generator to self-excite. With 

the connection of capacitors across the stator terminals of the machine, the build up of the 

air-gap flux takes place which in turn causes the voltage buildup. Other machines such as 

the synchronous generator require an independent source to enable excitation.  
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The process of self-excitation can be achieved in numerous ways, one of which is 

primarily used in this thesis. 

 

1.3 Research Goals 

 
This thesis studies in detail an induction-generator rectifier system for dc power 

generation. The system has been studied with the effect of saturation and under a 

condition of minimum copper loss. 

The following are the topics addressed in this thesis. 

• Development of the model of a high performance induction generator-

boost rectifier system for dc power generation. 

• The rectifier used in the system is studied in detail for different connection 

models (series and parallel), and operation at unity power factor of these 

models is proposed. The parallel rectifier scheme is studied for two 

different cases, one where each rectifier has an independent sources, and 

the second where the rectifiers share the same input ac source.  

• Detailed analysis of the excitation requirements of the induction 

generator-ac/dc rectifier system is studied at steady state. 

• Development of model and steady state analysis of a voltage source 

inverter assisted induction generator. The voltage source inverter is 

connected to a battery on the dc side to allow for bi-directional power flow 

in the system.  

• Development of a rotor flux vector -control scheme for the control of the 

dc voltage of the boost rectifier.  
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• A second control scheme for the system under consideration is proposed 

using natural variables and loss minimization. 

• Experimental verification of the rotor-flux vector control scheme.  

 

 

1.4 Organization of Thesis  

 
The organization of the thesis is as follows.  

• Chapter 2 conducts a detailed literature survey on the previous work done 

in induction generator systems; both dynamic and steady-state operation. 

The chapter also includes sections on the past work done in series-parallel 

connections of boost rectifiers. 

• Chapter 3 details the model of the boost rectifier used in the system under 

consideration. The simulation results and steady-state analysis are 

presented for the single rectifier.  

• Chapter 4 proposes two topologies for the connection of boost rectifiers; 

each is dealt with it under unity power factor operation. The analysis 

verified by the dynamic simulation results for both the proposed 

connections of the rectifiers.  Also a third scheme is detailed, where the 

parallel rectifier scheme is studied assuming a common input source for 

the two rectifiers. 

• The parameter estimation and model of an induction generator is presented 

in chapter 5. The tests performed and the parameters calculated for the 

machine are presented using the equivalent circuit model of an induction 
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machine. Three models of the machine are derived; rotor flux, stator flux, 

and natural variables.  

• Chapter 6 proposes a model of a voltage source inverter assisted induction 

generator for the generation of AC voltages. The stator windings are 

connected through a transformer to a three-phase boost rectifier. A battery 

is connected to the dc side of the boost rectifier. This scheme is modeled, 

and the steady-state analysis of the scheme studied in detail. 

• The self-excitation process and the different methods of self-excitation of 

an induction generator with and without converters are discussed in the 

Chapter 7, following which the development of the complete model of the 

induction generator-rectifier system is obtained.  

• Exhaustive study on the steady state-excitation conditions under various 

operating conditions of the system is made in Chapter 8. The effect of 

saturation on the performance and self-excitation requirements of the 

system has been studied. The system is studied under rated slip operation 

as well as operation under minimum copper loss.  

• Chapter 9 proposes a rotor-flux vector control scheme for an induction 

generator-rectifier system for the control of the dc voltage of the rectifier. 

The model of the scheme is developed and the derivation of the controller 

transfer functions and parameters are dealt with. The scheme is simulated 

under various operating conditions.  

• Chapter 10 proposes a second control scheme for the system. The scheme 

deals with step-by-step detailing of the model of the scheme and 
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derivation of the controller parameters. The dynamic simulation results are 

presented for the scheme to illustrate the robustness of the scheme and 

controller design.  

• Chapter 11 discusses the overall structure of the experimental setup with 

each component briefly dealt with.  

• Chapter 12 summarizes the work done in the thesis and concludes with 

suggestions for future work.  
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CHAPTER 2 

LITERATURE REVIEW 

 
 

2.1 Introduction 

 
 

This chapter presents a review on the various works previously done on dc 

induction generators. The review includes the vast amount of work done in the area of 

rectifiers and the self-excitation methods of induction generators.  

The first section highlights the work done on three-phase boost rectifiers and 

methods of control applied to different connection topologies of these rectifiers. The 

inherent advantages of some series and parallel connections over others are illustrated 

with the examples of work previously done. 

The second section deals primarily with the self-excitation studies on induction 

generators. The vast amount of work done is discussed and the method of study of the 

process of self-excitation developed in this thesis is briefly put forth in contrast. Also, the 

different methods of control used in the dc voltage regulation of induction generators are 

discussed. Implementation of loss minimization in induction machines as well as 

application of induction generators in wind power generation is studied. The stability of 

an induction machine under different operating slips is also presented.   
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2.2 Series- Parallel Boost Rectifiers 

 

The application of parallel and series connected converters has become more 

predominant. The most important feature of boost rectifiers, which increases the 

application areas of these rectifiers is the bi-directional current flow capability; this along 

with the model of the rectifier is studied in detail in [B.3]. The model of the three-phase 

boost rectifier is obtained using two methods; one is the 2-port circuit model, which is 

obtained to study the steady-state analysis of the system. The second model developed is 

the dq circuit model of the boost rectifier to study the transient response and open loop 

dynamic stability of the system. 

 The steady-state analysis of the boost rectifier system is studied in terms of the 

input current (or output power) and the output voltage. The output voltage is varied and 

the nature of variation of the input current for a change in the output voltage is 

graphically illustrated. As obtained from [B.3], a lower output voltage correspondingly 

decreases the possible region of output power; an increase in the input side inductor has 

the same effect on the possible region of output power (or input current). Also the open 

loop dynamic stability of the system is studied using the dq model of the boost rectifier.  

The ability to control the system to obtain unity power factor operation of a boost 

rectifier is another important feature of the rectifier topology. Also, an increase in the 

current harmonics and a decrease in the displacement power factor in AC power lines 

produced by diode and thyristors are a serious problem, thereby highlighting the 

importance of the boost rectifier in minimizing these problems. The unity power factor 

control and the reduction in harmonics for the boost rectifier are studied in [B.4]. The 
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system considered in [B.4] comprises of a vector controlled induction motor with a boost 

rectifier and inverter. The emphasis is laid on the rectifier side of the scheme. The model 

of the system used treats the inverter and motor jointly and represents the two by an 

equivalent impedance. The controller designed uses a space vector pulse-width 

modulated scheme to control the rectifier operation at unity power factor with reduced 

harmonics.  

The emphasis on paralleling converters has been made due to the inability to meet 

requirements such as low harmonics, high dynamic performance and high power. The 

method for reduction in harmonics proposed in [B.4] for a single rectifier raises issues of 

instability of the system due to the linearization technique employed. Another method to 

increase the overall power capability and reduce harmonics is to parallel converters.  

The nature of the topology used in paralleling converters would mainly be 

application oriented. A unique feature of parallel converters is the potential zero sequence 

circulating current. There has been a large amount of work done in the control of this 

zero sequence current [B.1, B.6, B.8]. 

The topology of the parallel rectifiers used in [B.6] allows the path for the zero 

sequence circulating current, as the parallel rectifiers share the same input source.  

As mentioned in [B.6], there are a number of methods of preventing the 

circulating current:  

• Separate ac or dc power supplies. 

• Inter-phase reactors used to provide high zero-sequence impedance. 

• Synchronized control, this method treats the two converters connected in 

parallel as one converter.  
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There are numerous advantages and disadvantages related to the above-mentioned 

methods of eliminating the circulating current. The authors in [B.6, B.8] proposes the 

same control strategy for parallel connected boost rectifiers [B.6] and parallel connected 

Buck rectifiers [B.8]. The control method employed is space-vector modulation. The 

method involves a control variable �k� that is a function of the distribution of the time of 

applying the zero vectors.  Using the control variable, the average model for zero 

sequence dynamic is obtained.  The proposed control scheme is validated by simulation 

results for both the buck and boost parallel rectifier topologies.  

Another control method proposed aims at minimizing the power rating of each 

rectifier in the topology of the system [B.5]. The topology comprises of two types of 

rectifiers, one is a PWM rectifier and the second is a diode rectifier. Connecting two 

rectifiers in parallel enables power distribution between the two. The author in [B.5] 

obtains an optimized power distribution factor for the system so as to minimize the power 

rating of the rectifiers in the parallel rectifier topology used. The analysis is carried out 

for the system with and without an input filter. 

A method of current control of series and parallel-connected rectifiers is proposed 

in [B.1]. The method adopted is to treat each rectifier as an autonomous unit. The current 

control is achieved by implementing a hysteresis controller.  

The two connection types considered are series connection, and parallel 

connection of the rectifiers. The first set of results assumes each unit to be autonomous; 

the second set uses one controlled unit to determine the operation of the remaining units 

in the system. This can be termed as a �master and slave� method of control. 
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Primarily the method of control adopted as proposed in [B.1 � B.7] are dependant 

on the application area and hence the method of connection of the rectifiers in series and 

parallel. 

 

2.3 Induction Generators 

 

The study of the operation of induction machines as generators is well known. 

There has been an exhaustive amount of work done with regard to the steady-state and 

dynamic response of an induction generator.  

The details of the use of an induction machine operating as a self-excited 

generator, both analytically and experimentally determined are illustrated in [C.22]. The 

operation of the generator with resistive and reactive loads is studied at steady state, 

operating at a constant terminal voltage. A given range of power ratings quantifies the 

amount of power that can be extracted from low-power motors for different operating 

loads.  

It is well known that a three-phase induction machine can be made to work as a 

self-excited induction generator. There are different modes of operation. Each mode is 

discussed in [C.18]. The possible modes are: 

• Polyphase AC Supply 

• Voltage Source Inverter with DC Supply 

• Current Source Inverter with DC Supply 

• Capacitive Self-Excitation 

• Voltage Source Inverter Self-Excitation 
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• Current Source Inverter Self-Excitation. 

The study of the different modes as carried out in [C.18], is by the representation 

of each mode of excitation using an equivalent circuit. To study the systems, per-unit 

representation is used. The effect of the change in the magnetizing flux is considered. It is 

shown that the effect of saturation in the system is of secondary importance in the case of 

the regenerative modes of operation; however for the self-excitation modes of operation, 

saturation plays a significant role in the nature of response.  

The nature of response of the system to varying operating slips and stator voltage 

frequency is studied. In the case of capacitive self-excitation, for a fixed load and 

capacitance, the self excitation at a specific flux level can occur either at two frequencies, 

one frequency, or not at all depending on the load parameters and the operating speed. 

The different possible regions of operation are illustrated for varying operating 

conditions.  

For all three cases of self excitation, constraining equations are derived to 

determine the possible operating conditions and self-excitation regions.  

Similarly, a large amount of work has been done on the capacitance requirements 

as well as the air gap flux linkage requirements for self-excitation [C.25, C.21, C.14, 

C.5]. In the case of [C.5] detailed analysis has been carried out with regard to two 

different operating conditions, loaded and no-load. Predominantly, most of the work 

previously done on the steady-state analysis of induction generators involves study using 

the conventional equivalent circuit. The effect of changing load, slip, and magnetizing 

flux on the system performance in terms of the possible regions of operation as well as 

the effect of the rotor speed on the operation of the generator is discussed. In [C.5], 
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expressions for the possible regions of operating slip that the system can self-excite are 

obtained. The minimum and maximum values of the operating slip are determined. Using 

these expressions, the actual region of self-excitation can be determined. In all the above-

mentioned references, an equivalent resistance has represented the model of the inverter. 

In [C.21] and [C.3] the effect of the operating conditions of the induction 

generator on the air-gap flux requirements is studied for single as well as three-phase 

induction generators. The variation of the air-gap flux with the load resistance is studied 

for fixed capacitance values. Also the variation of the capacitance requirements of the 

generator with the load resistance for the minimum air-gap flux required is illustrated.  

Another approach to the steady-state analysis of a self-excited induction generator 

involves the study of the effect of the parameters of the machine on the terminal voltage 

of the generator [C.15]. In this case, the effect of the core-loss is neglected. The influence 

of the stator resistance, rotor resistance, leakage reactance, and magnetizing reactance on 

the terminal voltage of the generator is studied and illustrated. The method employed is a 

Newton-Raphson method as the solution is complicated due to the effect of magnetic 

saturation being considered. The nature of response of the system to changing rotor speed 

and capacitance is also studied.  

Similarly, the steady-state analysis of the self-excited induction generator by a 

single capacitor is dealt with in [C.12]. The operation of the system with star and delta 

connected stator windings is studied, with a single capacitor connected between any two 

phases (in this case, phase b and c). The influence on the value of the capacitor used as 

well as the effect of the load on the machine currents and voltages are studied for both the 

star as well as delta connected stator windings. 
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The effect of the load on a self-excited induction generator is of importance, as 

shown in [C.23]. The self-excited induction generator is studied under free-running and 

loaded conditions. The effect of variable speed on the machine and the region of variable 

speed for which the induction generator can operate without loss in self-excitation is 

studied.  

The control of induction generators has also been studied. The operation of 

induction generators driven by wind turbines is vastly important. Although the 

application of an induction generator in wind power is popular due to the ability of an 

induction generator to self-excite, the drawback of using an induction generator is the 

inability of the generator to maintain a controlled voltage. Therefore, a large number of 

control schemes have been proposed to overcome this drawback.  

The specific interest in induction generators for wind power applications is due to 

the fact that because the machine can self-excite, an independent source of power is not 

required for excitation. Also the relative cost of an induction machine is less.  

[C.2, C.10, C.8], deal with the operation of an induction generator driven by a 

wind turbine. This would therefore mean the system is studied under conditions of 

varying rotor speeds. Also effect of the operating slip on the generated voltage and 

frequency is studied. The importance of magnetic saturation in self-excited induction 

generators, discussed earlier is also included in [C.2]. An important aspect of the self-

excitation process and voltage buildup with respect to the variation of the magnetizing 

inductance and phase voltage is detailed in [C.2]. The stability of the system during this 

process is highlighted as in the initial buildup of flux in the generator; a small drop in the 
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phase voltage would further decrease the phase voltage. This continual decrease in both 

could lead to no buildup of voltage in the system.  

In [C.8], the induction generator system driven by a wind turbine is controlled for 

constant voltage at the stator terminals of the machine. The system uses a PWM inverter 

for control of the excitation current to thereby enable control of the generated voltage. 

The control methodology is verified by simulation results for operation of the system 

under varying rotor speeds and loads. In [C.9], the system configuration used is similar; 

however, the analysis carried out shows the effect of the dc side capacitor value on the 

time of voltage buildup in the system. Also the dc voltage ripple is determined by the 

capacitor value used. 

Another method of control proposed utilizes a current controlled voltage source 

converter [C.13]. The type of controller used is a hysterisis current controller. Just like in 

the previous reference cited, the effectiveness of the control scheme is illustrated using 

varying operating conditions of load and rotor speed.  

A stator flux-oriented vector control of an induction generator system is proposed 

in [C.4]. In this case the control scheme proposed uses stator flux as a control variable to 

regulate the voltage. Similar operating conditions as [C.13] are applied. The system is 

specifically studied for varying rotor speeds as the proposed scheme is aimed at a wind-

turbine driven generator. 

Some other control schemes proposed are in [C.11, C.24] where the control 

scheme is different from the ones described earlier; however, the operating conditions for 

which the system is studied under are similar.  
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Finally some work has been done in the area of stability of an induction machine. 

The system transfer function is obtained and the poles and zeros of the system are studied 

under pole and zero migration, where the movement of the poles under varying current 

command is studied. The system is shown to be unstable for high values of rotor speed.  

The vast amount of work carried out in the areas of series and parallel boost 

rectifiers, as well as induction generators has been highlighted in this chapter. Only a 

small portion of the work carried out in this field has been briefed.  
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CHAPTER 3 

MODELING OF THREE-PHASE BOOST RECTIFIER 

 
 

3.1 Introduction 

 

As explained in Chapter 1, rectifiers are power electronic systems that convert 

input ac power to output dc power. Rectifiers come in many types and can be classified 

variedly as: 

• Single-phase vs. three-phase 

• Half-wave vs. full-wave 

• Phase controlled vs. pulse width modulated. 

Single-phase vs. three-phase rectifiers is a classification based on the type of ac 

input to the rectifier. The rectifiers shown in Figure 3.1(a) and 3.1(b) are diode rectifiers.  

The third classification relates to the type of semiconductor device used in the 

rectifier; uncontrolled rectifiers comprise of diodes as the switches, phase-controlled 

dcV

+

−

D1 D2

D4 D5

dcV

+

−

D1 D2 D3

D4 D5 D6

a b  
Figure 3.1: (a) single-phase bridge rectifier (b) three-phase bridge rectifier 
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rectifiers comprise of SCR (silicon controlled rectifiers); and in pulse_width 

modulated rectifiers; IGBT�s (insulated gate bipolar transistors) or power MOSFET�s 

(metal oxide field-effect transistors) are used. The rectifier is switched using pulses that 

are generated using sine-triangle or space vector pulse width modulation.  

The pulse-width modulated rectifiers can be further divided on the basis of the 

relationship between the ratios of the input and output voltages. Some examples of the 

pulse-width modulated rectifiers are buck, �boost�, and �buck-boost� rectifiers. In buck 

rectifiers, the dc output voltage is lower in magnitude than the peak value of the ac input. 

Similarly, the boost rectifier has an output dc voltage that is higher in magnitude than the 

peak value of the ac input voltage. The buck-boost rectifier can have an output voltage, 

either lower or higher in magnitude when compared to the ac input, with the duty ratio of 

the switches determining the nature of the output.  

 

3.2 Operation of Three-Phase Boost Rectifier 

 

The application areas of the boost rectifier are varied and exhaustive due to the 

efficient utilization of power in the rectification process, and the boosting of the output 

voltage. The topology of the three-phase boost rectifier is shown in Figure 3.2.  
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Figure 3.2: Topology of three-phase boost rectifier 

 

The parameters of the rectifier are as defined in Table 3.1.  

 

 

                
Table 3.1: Variables used for three-phase boost rectifier model. 

 
Vas, Vbs, Vcs Input AC-side voltages 

Ia, Ib, Ic Phase currents 

ra, rb, rc Per phase resistance 

La, Lb, Lc Inductance per phase 

Ip DC current at the output of the rectifier 

IL Load current  

Vdc Output dc voltage 

S11, S21, S31 Switching functions for top devices 

S12, S22, S32 Switching functions for bottom devices 

RL  Load resistance 

C DC- side capacitor 
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The three-phase boost rectifier comprises of six switches that are switched using 

sinusoidal pulse width modulation technique. In general, the operation of a converter can 

be explained in terms of the input quantities, output quantities, and the switching pattern 

used to obtain the desired output. The switching pattern of the switches in the converter is 

obtained in accordance with Kirchhoff�s voltage law (KVL) and Kirchhoff�s current law 

(KCL). The ON and �OFF� states of a single switch are assumed to have values 0 and 1, 

respectively; i.e.  

If the device is �ON�, the switch is assigned a value = 1. 

If the device is �OFF�, the switch is assigned a value =0. 

In a three-phase rectifier, the input ac voltages are defined and the output dc 

voltage is dependant on the input quantities as well as the switching pattern of the 

rectifier. The switching pattern for any converter can be expressed as a function, which is 

a mathematical representation of the switching pattern, called an existence function [A.1].  

 
      

 
 

Figure 3.3. Modulated and unmodulated existence functions 
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The repetition of the switching patterns to obtain the desired output in a converter 

results in an existence function having intermittent ON and OFF periods, as the ON state 

is assumed to be a value 1, the pulses of the existence function have unit magnitude.  

There are two different types of existence functions, modulated and unmodulated. 

Modulated existence functions have pulses of varying widths, and unmodulated functions 

have pulses of uniform width. The two types of existence functions are shown in Figure 

3.3.  

 The operating modes of the boost rectifier are the same as that of a three-phase 

voltage source inverter. There are eight different switching modes for the boost rectifier. 

As explained earlier the ON and OFF states are assigned the values 1 and 0, respectively.  

                       
 

 
                            Table 3.2: Switching modes for boost-rectifier 

 
S.No S11 S21 S31 

1. 0 0 0 

2. 0 0 1 

3. 0 1 0 

4. 0 1 1 

5. 1 0 0 

6. 1 0 1 

7. 1 1 0 

8. 1 1 1 
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From the above eight possible switching modes, only six modes can be used in 

synthesizing a dc voltage, and are called active states. The two states (1 and 8) are called 

null states as these states do not result in an output dc voltage and are thereby inactive. 

 This can be explained by first illustrating KVL and KCL. The first condition to 

be satisfied while determining the possible switching modes for the three-phase boost 

rectifier is KVL. Consider a circuit as shown in Figure 3.4 (a) and (b) to illustrate KVL.  

The circuit comprises of two voltage sources. The switch �S� in Figure 3.4 has two 

possible states S = 0, when the switch is assumed to be open as shown in 3.4(a) and S = 1 

when the switch is assumed to be closed as shown in 3.4(b). 

Kirchhoff�s voltage law states that the sum of voltages in any closed path (or 

mesh) in a network is zero. Therefore, when the switch is open, there is no closed loop in 

the circuit and hence the conditions for the law to hold are not satisfied and therefore the 

law cannot be violated. However, in the second case, when the switch is closed, the two 

different sources are connected together and hence the sum of the voltages in the mesh is  

 

AC

S = 0

DC

   

AC

S = 1

DC

 
      (a)       (b) 

Figure 3.4: Schematic illustrating KVL 
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S = 0
1I 2I

   

S = 1
1I 2I

 
Figure 3.5. Schematic illustrating KCL 

 

not zero thereby violating KVL. The presence of an energy-storing element in the circuit 

would render both states of the switch acceptable for the circuit.  

Similarly Kirchhoff�s current law states that the sum of currents at any node 

should be equal to zero. This can be explained schematically in Figure 3.5.  

When the switch is closed, the sum of the currents at the node is equal to zero, 

and KCL is satisfied; however when the switch is open, the law is violated, as the sum of 

currents at the node is not equal to zero.  

 

3.3 Possible Switching Modes of The Boost Rectifier 

 

For the three-phase boost rectifier, the restraints on the possible modes of 

operation that also satisfy KVL and KCL can be mathematically expressed as 

L

AC

S

DC

 
Figure 3.6. Simplified schematic of boost rectifier  
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11211 =+ SS         (3.1) 

12221 =+ SS         (3.2) 

13231 =+ SS .        (3.3) 

Equations (3.1) to (3.3) show that at no instant of time can the top and bottom 

devices of the same leg be ON simultaneously, as the condition would violate KVL. 

Assuming one switch in the top leg and one switch in the bottom leg to be ON, the boost 

rectifier Figure 3.2 can be simplified as shown in Figure 3.6.  

The six active states as shown in Table 3.2 can be graphically represented in 

Figure 3.7. For each state illustrated, the switches ON are specified, and a red line, 

indicating the switches 'ON' and thereby each active state, depicts the path of flow. 

Figure 3.7(a) illustrates the mode of operation where the top switch S11 and bottom 

switch S22 are ON. The switches that are ON therefore determine the path of flow of 

current. The second possible mode of operation is shown in Figure 3.7(b) where the 

switches S11 and S32  are ON. Figures 3.7(c) and (d) represent the two possible 

combinations for the switch S21. The modes that satisfy KVL would be when S21 and S12 ,  

and S21 and S32 are ON. The modes for the third switch are shown in Figures 3.7(e) and 

(f) where the top switch S31 and bottom switches S12 and S22 are ON, respectively.  
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(c) 

Figure 3.7 (a) to (c): Modes of operation of three-phase boost rectifier 
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(f) 

Figure 3.7 (d) to (f): Modes of operation of three-phase boost rectifier 
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3.4 Modulation Techniques 

 
 

There are two different types of modulation techniques that are generally applied 

for pulse width modulation (PWM), namely: 

Sinusoidal pulse width modulation 

Space vector PWM. 

Sinusoidal PWM is a technique employed where the sinusoidal waveform (also 

called the modulation signal) is compared with a very high frequency triangle (carrier 

signal) to obtain the switching pulses for the device. The modulation and the carrier 

signals are compared such that when the sine wave is higher in magnitude the 

corresponding value of the switching pulse is high (has a value = 1) and when the sine 

wave is lower than the carrier, the pulse is low (has a value = 0). This is shown 

graphically in Figure 3.8. 

 
 

Figure 3.8: Sine-triangle PWM  
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The second modulation technique is also known as Generalized Discontinuous 

pulse width modulation (GDPWM). This method, also known as space vector modulation 

(SVM), represents the ac side voltages of the converter as a space vector. Each active 

state is represented as a vertex of a hexagon, while the null vectors are represented at the 

centre of the hexagon. Depending on the sector in which the reference vector lies, the 

switching times are calculated to generate the desired reference vector. 

 

3.5 Relationship Between Switching Function and Modulation Signal  

 
The switching function is a periodic waveform, i.e. it is repetitive. The function 

can be mathematically represented using various methods such as Laplace transforms and 

Z-transforms [A.1]. However if the function is represented using the above-mentioned 

methods of transformation, the resulting expressions cannot be easily interpreted. 

Therefore, the functions are represented using Fourier transforms.  

The Fourier transform is obtained by setting the mid-point of one of the unit 

pulses as the zero point of the waveform. The frequency of repetition is defined as �f� and 

the time period is therefore T=1/f. The angular frequency ω is defined as ω = 2πf.  

Assuming the angular duration of the unit value period = 2π/A, the boundaries of 

the unit-value period are: -π/A and π/A. 

The function is expressed as 

( ) ( ) ( )[ ]∑
∞=

=
+=

n

n
nn tnStnCtH

0
sincos ωωω .    (3.4) 

Using standard Fourier expansion formulae to determine the coefficients; 
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∫
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2/

)sin(2 T

T
n dttnH

T
S ω       (3.5) 

= ∫ tdtnH ωω
π

)sin(1   = 0 

∫
−

=
2/

2/
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T
o Hdt

T
C        (3.6) 

∫= tHdω
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∫
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=≠
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)cos(2)0(
T
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n dttnH

T
nC ω

     (3.7) 

∫
−

=
A

A

tdtn
/

/

)cos(1 π

π

ωω
π

 

nan /)/sin(2 π
π

= . 

Having derived the coefficients for the Fourier expansion, the expression for the 

existence function can be represented as a summation: 

∑
∞=

=
+=

n

n
tnAn

A
tH

1
)cos()]/[sin(21)( ωπ

π
ω .    (3.8) 

The variable �A� can take a range of values varying from rational, irrational, 

integer, etc. However with �A� as an integer, the components for which �n� is an integral 

multiple of �A� are equal to zero. Hence the expression would reduce to a fundamental 

component and a time varying term as shown in Equation (3.10). 

∑
∞=

=
−+=

n

n
AktnAn

A
tH

1
))/2(cos()]/[sin(21)( πωπ

π
ω    (3.9) 
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M
A

S += 1         (3.10) 

where M is the time varying component also called the modulation signal, the 

fundamental component of which can be expressed as: 

)cos( αω −= tMM i . 

Mi is the modulation index. 

 

3.6 Model of Three-Phase Boost Rectifier 

 
The model of the three-phase rectifier is shown in Figure 3.9. The switching 

modes and the different types of modulation schemes have been discussed in sections 3.3 

and 3.4. The next step in the analysis is the derivation of the model equations of the boost 

rectifier. In this section, the model equations of the boost rectifier are derived in the abc 

reference frame and then transformed to the qd reference frame. 
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Figure 3.9: Topology of three-phase boost rectifier 
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The voltage equations for the boost rectifier in the abc reference frame are 

( ) no
dc

aas VVSSZIV +−+=
22111      (3.11) 

( ) no
dc

bbs VVSSZIV +−+=
22221      (3.12) 

( ) no
dc

ccs VVSSZIV +−+=
23231 .     (3.13) 

The phase resistances and inductances are assumed to be balanced i.e. ra =  rb = rc 

and  La =  Lb = Lc,where the phase impedance is 

Z = ri + jLip I = a,b,c      (3.14) 

dt
dp = . 

The phase voltages are assumed to be balanced and have a peak value of Vm. 

Hence the phase voltages can be defined as 

( )vmas tVV φω += cos        (3.15) 







 −+=

3
2cos πφω vmbs tVV       (3.16) 







 ++=

3
2cos πφω vmcs tVV .      (3.17) 

φv is the voltage phase angle and ω is the frequency of the voltage in rad/sec. 

Vno  is the neutral voltage. 

Substituting Equations (3.1) � (3.3) in (3.11) � (3.13), the voltage equations for 

the boost rectifier can be expressed in terms of the switching functions of the top devices 

as 



 34
 
 

( ) no
dc

aas VVSZIV +−+=
2

12 11      (3.18) 

( ) no
dc

bbs VVSZIV +−+=
2

12 21      (3.19) 

( ) no
dc

ccs VVSZIV +−+=
2

12 31 .     (3.20) 

The phase impedance Z can be substituted for in Equations (3.18) to (3.20) by 

substituting Equation (3.14).  

( ) no
dc

aaas VVSLpIrIV +−++=
2

12 11      (3.21) 

( ) no
dc

bbbs VVSLpIrIV +−++=
2

12 21      (3.22) 

( ) no
dc

cccs VVSLpIrIV +−++=
2

12 31      (3.23) 

dt
dp = . 

The final state equation that completes the system model for the boost rectifier is 

the capacitor voltage equation. The capacitor voltage equation for the boost rectifier is 

expressed in terms of the load current IL and the dc current at the output of the rectifier.  

L

dc
pdc R

VICpV −=        (3.24) 

where pI the output is current defined in terms of the switching functions of the 

top devices as 

 

cbap ISISISI 312111 ++= .      (3.25) 
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Substituting equation (3.25) in (3.24) 

L

dc
cbadc R

VISISISCpV −++= 312111 .     (3.26) 

The next step in the analysis is the elimination of the neutral voltage in Equations 

3.21 to 3.23. The neutral voltage is eliminated by adding Equations (3.21) to (3.23). As 

the system voltages Vas, Vbs and Vcs are balanced, 

0=++ csbsas VVV   

hence the neutral voltage can be expressed in terms of the switching functions as 

[ ]3222
3 312111 −++−= SSSVV dc

no .     (3.27) 

Using Equation (3.27), the neutral voltage can be eliminated in the voltage 

equations 3.21 to 3.23 resulting in  





 −−++= 312111 3

1
3
1

3
2 SSSVLpIrIV dcaaas     (3.28) 

 





 −+−++= 312111 3

1
3
2

3
1 SSSVLpIrIV dcbbbs    (3.29) 

 





 +−−++= 312111 3

2
3
1

3
1 SSSVLpIrIV dccccs .   (3.30) 

The switching functions for each phase can be expressed in terms of the 

modulation signals as 







 +

=
2

1
11

aM
S        (3.31) 
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





 +=

2
1

12
bMS        (3.32) 







 +=

2
1

13
cMS .       (3.33) 

Substituting for the modulation signals, the voltage equations can be rewritten  





 −−++= cbadcaaas MMMVLpIrIV

3
1

3
1

3
2     (3.34) 





 −+−++= cbadcbbbs MMMVLpIrIV

3
1

3
2

3
1    (3.35) 





 +−−++= cbadccccs MMMVLpIrIV

3
2

3
1

3
1 .   (3.36) 

Similarly, the switching functions in the capacitor voltage equations are replaced 

by the modulation signals using Equations (3.31) to (3.33) 

For further analysis, the equations in this form can be simplified by the 

transformation to another frame of reference. The equations of the rectifier are time 

varying, and hence the reference frame chosen is one that rotates at the same frequency as 

that of the supply voltages. This reference frame is called the synchronous reference 

frame, and transformation to this reference frame is achieved as shown. 

Assume the parameters to be transformed are Vas, Vbs, and Vcs.  The time-invariant 

variables are Vqs, Vds, and Vos. The transformation matrix, Ks(θs) is defined as: 

( )

( )

( )































 +






 −







 +






 −

=

2
1

2
1

2
1

3
2sin

3
2sinsin

3
2cos

3
2coscos

3
2 πθπθθ

πθπθθ

θ sss

sss

ssK

.   (3.37) 

The angle θ is defined as 
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∫ += met ψωθ
       (3.38) 

ωe is the frequency of the supply voltages  

Ψm is the initial angle of the reference frame.  

The transformation to the desired reference (in this case the synchronous 

reference frame) frame is obtained by Equation (3.39).  

( )( ) abcssqdso fKf θ=        (3.39) 

( )( ) abcssqdso VKV θ=        (3.40) 

[ ]T
odqqdso VVVV =        (3.41) 

[ ]T
cbaabc VVVV = .       (3.42) 

The voltage equations expressed in the matrix form: 

















+−−
−+−

−−
+
















 +
















=

















cba

cba

cba
dc

c

b

a

c

b

a

cs

bs

as

MMM
MMM

MMM
V

I
I
I

pL
I
I
I

r
V
V
V

2
2

2
  

3
            .   (3.43) 

Multiplying the above equation by the transformation matrix Ks(θs) 
















+
















×
















−+
















+
















=

















o

d

q
dc

o

d

q

o

d

q

o

d

q

os

ds

qs

M
M
M

V

I
I
I

I
I
I

pL
I
I
I

r
V
V
V

  
2

       
000
00
00

            ω
ω

.  (3.44) 

The voltages for the boost rectifier in the qd reference frame from Equation 

(3.44), 

2
dcq

dsqsqsqs

VM
LILpIrIV +++= ω

     (3.45) 

2
dcd

qsdsdsds
VMLILpIrIV +−+= ω

     (3.46) 



 38
 
 

ooso LpIrIV +=        (3.47) 

Vqs, Vds are the q and d-axis voltages 

Iqs, Ids are the q and d-axis currents 

Mqs, Mds are the q and d-axis modulation signals. 

As the system is balanced, the zero sequence voltage is zero. However if there 

were some unbalance in the system the zero sequence voltage would reflect the 

unbalance in the system. Equations (3.45) to (3.47) are the voltage equations for the boost 

rectifier in the synchronous reference frame. The capacitor voltage equation (3.26) needs 

to be transformed to obtain the complete model of the boost rectifier.  

The voltage equations are transformed by multiplying the equations by the 

transformation matrix, Equation (3.37). However, the transformation of the capacitor 

voltage equation is done by replacing the currents in the abc reference frame in terms of 

the qdo currents (synchronous reference frame) using the inverse transformation.  

( ) 1  −= T
s

T
qdo

T
abc KII        (3.48) 

( )
( ) ( )































 +






 +







 −






 −=−

1
3

2sin
3

2cos

1
3

2sin
3

2cos

1sincos
1

πθπθ

πθπθ

θθ

θ

ss

ss

ss

ssK

   (3.49) 

 

Similarly, the modulation signals in the abc reference frame are expressed in 

terms of the qdo modulation signals using the same method as above. 

( ) 1  −= T
s

T
qdo

T
abc KMM       (3.50) 
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The capacitor voltage equation expressed in terms of the modulation signals in the 

abc reference frame (Equation (3.26)) is 

( )
L

dc
ccbbaadc R

VIMIMIMVCp     −++=     (3.51) 

( )abc
T

abcdc MIVCp   =        (3.52) 

[ ]cba
T

abc IIII =        (3.53) 
















=

c

b

a

abc

M
M
M

M  .       (3.54) 

Substituting for the abc reference frame current and modulation signals using 

equations (3.48) and (3.50) 

( ) ( )( )abcs
T

s
T

qdodc MKKIVCp 11
  −−

= .     (3.55) 

Equation (3.55) is simplified by evaluating ( ) ( ) 11 −−

s
T

s KK  

( )















=−

300
05.10
005.1

1
ssK θ .      (3.56) 

Substituting Equation (3.56) in (3.51) 

( )
L

dc
oodsdsqsqsdc R

VIMIMIMCpV −++= 2
2
3 .    (3.57) 

As the system is balanced, the capacitor voltage equation consists of only the q 

and d axis components, as the three phase currents add up to zero. 

( )
L

dc
dsdsqsqsdc R

VIMIMCpV −+=
2
3      (3.58) 
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The system equations for the boost rectifier in the synchronous reference frame 

are given by Equations (3.45) to (3.47) and (3.58). The next section illustrates the 

dynamic simulation of the system. The steady-state analysis, and unity power factor 

operation of the boost rectifier are dealt with in section 3.8.  

 
 

3.7 Dynamic Simulation of Three-Phase Boost Rectifier 

 

The dynamic simulation of the three-phase boost rectifier is carried out using the 

following equations (Section 3.6). 





 −−++= 312111 3

1
3
1

3
2 SSSVLpIrIV dcaaas     (3.59) 





 −+−++= 312111 3

1
3
2

3
1 SSSVLpIrIV dcbbbs    (3.60) 





 +−−++= 312111 3

2
3
1

3
1 SSSVLpIrIV dccccs     (3.61) 

L

dc
cbadc R

VISISISCpV −++= 312111 .     (3.62) 

The switching functions for the rectifier are obtained by sine-triangle PWM. The 

modulation signals are chosen to have a magnitude of 0.5 and the frequency of the 

modulation signals (which is equal to the frequency of the supply voltages) is taken as 

60Hz. The load resistance is assumed to be 100Ω  and the three-phase balanced voltages 

(on the input side) are 
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





 −=

6
377cos180 πtVas    r  = 0.1Ω 







 −−=

3
2

6
377cos180 ππtVbs   C = 150 µF 







 +−=

3
2

6
377cos180 ππtVcs .  L = 6.4 mH  

RL = 50 Ω 

Figure 3.10 shows the output voltage Vdc, load current IL , and the dc output 

current Ip. The waveforms show the starting as well as the steady state response of the 

rectifier. Figures 3.11, 3.12, and 3.13 show the phase current, phase voltage, and 

modulation signals for all three phases, �a�, �b�, and �c�. The plots show that the voltage, 

currents, and modulation signals to be balanced.   

 

 
Figure 3.10: Simulation results for the rectifier, from top : (a) output dc voltage Vdc, (b) load 

current  IL, (c) dc output current Ip. 

 
 
  (a) 
 
 
 
 
 
  (b) 
 
 
 
 
 
  (c) 
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Figure 3.11: Simulation results for the rectifier, from top: (a) phase �a� current Ia, (b) phase 

�b� current   Ib, (c) phase �c� current Ic. 

 

 
Figure 3.12: Simulation results for the rectifier, from top: (a) phase �a� voltage Va, (b) phase 

�b� voltage Vb, (c) phase �c� voltage Vc. 

 
 
  (a) 
 
 
 
 
 
  (b) 
 
 
 
 
 
  (c) 
 

 
 
  (a) 
 
 
 
 
 
  (b) 
 
 
 
 
 
  (c) 
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Figure 3.13 Simulation results for the rectifier, from top: (a) modulation signal for phase �a� 

Ma, (b) modulation signal for phase �b� Mb, (c) modulation signal for phase �c� Mc. 

 

3.8 Steady � State Analysis  

 

The steady-state analysis of the system is done using the state equations of the 

system in the synchronous reference frame, as the variables in the equation are time-

invariant with respect to the frame of reference. The steady-state analysis of any system 

is carried out to study the nature of the system at steady state and use the analysis to 

control the response of the system. 

2
dcqs

dseqsqsqs

VM
LILpIrIV +++= ω      (3.63) 

2
dcds

qsedsdsds
VMLILpIrIV +−+= ω      (3.64) 

 
 
  (a) 
 
 
 
 
 
  (b) 
 
 
 
 
 
  (c) 
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( )
L

dc
dsdsqsqsdc R

VIMIMCpV −+=
2
3      (3.65) 

The steady state equations of the system are obtained by setting the differential 

terms to zero.  

0=== odsqs pVpIpI  

2
dcqs

dseqsqs

VM
LIrIV ++= ω       (3.66) 

2
dcds

qsedsds
VMLIrIV +−= ω       (3.67) 

oso rIV =         (3.68) 

( )
L

dc
oodsdsqsqs R

VIMIMIM −++= 2
2
30     (3.69) 

As the system is balanced, the zero sequence voltage is equal to zero (3.68) and 

the zero sequence component of the current in Equation (3.69) is equal to zero. 

Therefore, the equations used in the steady state analysis are 

2
oq

dsqsqs

VM
LIRIV ++= ω

      (3.70) 

2
VM

LIRIV d
qsdsds +−= ω

      (3.71) 

( )
L

dc
dsdsqsqs R

VIMIM −+=
2
30

 .     (3.72) 

The boost rectifier system is studied under a condition of unity power factor. The 

power factor angle is the angle between the input voltage and current, and for unity 

power factor the angle is equal to zero. The importance of a system operating under unity 
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power factor  lies in the fact that under this condition the system outputs maximum 

power.  

The condition for unity power factor is for the reactive power �Q� of the system to 

be equal to zero. The expression for the reactive power of the system can be derived from 

the apparent power equation given by 

( )*

2
3

qdsqds IVS =        (3.73) 

dsqsqds jVVV +=         (3.74) 

dsqsqds jIII += .       (3.75) 

Therefore,  

( ) ( )dsqsdsqs jIIjVVS +×+=
2
3 .     (3.76) 

Separating the real and imaginary parts, the expressions for real and reactive 

power can be obtained as 

( )dsdsqsqs IVIVP +=
2
3        (3.77) 

( )qsdsdsqs IVIVQ −=
2
3 .      (3.78) 

Alignment of the voltage vector with the q-axis sets the d-axis component of the 

voltage to be equal to zero; therefore the d-axis current is also equal to zero.  

0=dsV , 0=dsI          (3.79) 

Applying the above condition, the equations for the rectifier (3.70) to (3.72) are 

expressed as 

2
dcqs

qsqs

VM
rIV +=          (3.80) 
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2
0 dcds

qse
VMLI +−= ω         (3.81) 

( )qsqs
L

dc IM
R
V =×

3
2 .         (3.82) 

Having derived the equations for the system to operate under unity power factor, 

to obtain the operating condition, the range of values of Mq and Mds are expressed as a 

function of the output dc voltage of the system. Using the relationship between the q and 

d-axis modulation signals and the dc voltage, the operating point can be determined for 

the system to operate at a certain output dc voltage under a condition of unity power 

factor between the input currents and voltages.  

From Equation (3.81) 

L
VMI
e

dcds
qs ω2

= .        (3.83) 

Substituting for Iq in Equation (3.80)  

2
dcqs

e

dcds
qs

VM
L
VrM

V +=
ω

.      (3.84) 

Rearranging Equation (3.84)  

L
VrM

V
V

M
e

dcds

dc

qs
qs ω2

2
−= .      (3.85) 

Also, eliminating the q-axis current (3.83) in equation (3.82) 

Lds

e
qs RM

LM
3

4ω= .       (3.86) 

Using Equations (3.85) and (3.86) the q and d-axis modulation signals can be 

solved for as functions of the output dc voltage.  
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Solving Equations (3.85) and (3.86) results in a quadratic equation in Mq and Md. 

The steady state plots in Figures 3.14 and 3.15 show the variation of one of the solutions 

of both the q and d-axis modulation indexes as a function of the dc voltage. The load 

resistance is varied and the frequency is assumed to be constant at ωe = 377 rad/sec. The 

load resistance is varied as RL = 30Ω, 60Ω, and 150Ω. The calculated values of the q and 

d-axis modulation index for the dc voltage varying between 300V and 1000V are plotted 

in Figures 3.14 and 3.15, respectively. As can be seen from Figure 3.14, the varying of 

the load resistance does not have too much of an effect on the variation of the q-axis 

modulation signal; however, the d-axis modulation signal varies significantly with 

changing load resistance.  

 

 
Figure 3.14: Variation of Mq with the dc voltage with varying load resistance of RL = 30Ω, 

60Ω, and 150Ω, 
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Figure 3.15: Variation of Md with the dc voltage with varying load resistance of RL = 30Ω, 

60Ω, and 150Ω. 
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CHAPTER 4 

SERIES AND PARALLEL BOOST RECTIFIERS 

 

4.1 Introduction 

 
 

The use of parallel power converters, parallel dc-dc converters have become more 

common in the past decade. However the use of parallel three-phase converters has not 

yet been explored extensively. One unique feature with parallel three-phase converters is 

the potential zero-sequence circulating current [B.3]. The zero-sequence circulating 

current exists when the parallel connection of the rectifiers share the same input source, 

as shown in Figure 4.1. However the parallel rectifier connection considered in this 

chapter assumes independent sources for the two rectifiers. The analysis in this chapter 

shows a degree of freedom in the parallel connection of rectifiers that is used for power 

partitioning between the rectifiers. The effect of the power-partitioning factor α is studied 

under the steady state operation of the rectifiers. 

The series connection of boost rectifiers considered in this chapter allows three 

output voltages that can be used in various applications. However, unlike the case of the 

parallel connection of the rectifiers, the series connection does not have the degree of 

freedom that allows for the power partitioning.  

The first section lays out the modeling of the parallel connection of the rectifiers 

using the model of the boost rectifier developed in Chapter 3. The steady state analysis 

and the condition for unity power factor operation for the parallel connection of the boost 
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rectifiers is presented in section 4.2.2, and section 4.2.3 shows the dynamic simulation 

results  

aS11 aS21 aS31

aS12 aS22 aS32

1asV 1aI

1bI

1cI
1bsV

1csV LR

bS11 bS21 bS31

bS12 bS22 bS32

2aI

2bI

2cI

1pI

2pI

LI

2
dcV

2
dcV

o

 
Figure 4.1: Topology of parallel connection of boost rectifiers with zero circulating currents 

 

for the parallel rectifier connection with sources of same and different frequencies 

operating at unity power factor. The analysis carried out for the parallel rectifiers in 

sections 4.2 to 4.4 is repeated for the series connection of the rectifier in sections 4.3.  

A unique feature of paralleling rectifiers, as mentioned earlier is the zero 

circulating current in the circuit. The circulating current is present because at any instant 

of time two devices in each converter are �ON�, thereby creating a path for current 

through two devices in the first converter and two devices in the second converter. 
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4.2 Parallel Rectifiers 

4.2.1 Model of Parallel Rectifiers 

 

The parallel connection of boost rectifiers used in this chapter is shown in Figure 

4.2. The modeling of the rectifier follows the modeling of the single boost rectifier 

developed in Chapter 3.  

For the parallel configuration, the boost rectifiers are connected in parallel at the 

output, i.e. the two rectifiers share the same output capacitor and load resistance. The 

method of modeling of the parallel rectifiers is to derive the voltage equations for each 

rectifier independently and then develop the equation at the output capacitor of the 

system by combining the output dc currents. This is explained in detail in the ensuing 

sections. 

The model equations of each rectifier are exactly the same as that for the single 

boost rectifier derived in Chapter 3. The switching functions for each rectifier satisfy the 

same conditions as explained for the single boost rectifier, i.e. at no instant of time should 

two switches be ON� simultaneously as it would short-circuit the capacitor at the output. 

The model equations for each rectifier are presented separately following which the 

complete model of the parallel rectifiers will be presented. The conditions satisfied by the 

switching functions for rectifier A are shown in Equations (4.1) to (4.3).  

11211 =+ aa SS         (4.1) 

12221 =+ aa SS         (4.2) 

13231 =+ aa SS         (4.3)  
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ar

aS11 aS21 aS31
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1cI
1bsV

1csV
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cr

aL
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2asV 2aI
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2
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2
dcV
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Figure 4.2: Topology of parallel connection of boost rectifiers with independent sources 

 

The parameters for rectifier �A� are shown in Table 4.1. 

Table 4.1: Parameters for rectifier �a� 
 

Vas1, Vbs1, Vcs1 Voltages on AC-side 

Ia1, Ib1, Ic1 Phase currents 

ra, rb, rc Resistance per phase 

La, Lb, Lc Inductance per phase 

Ip1 Dc current at the output of the rectifier 

IL Load current  

Vdc Output dc voltage 

S11a, S21a, S31a Switching functions for top devices 

S12a, S22a, S32a Switching functions for bottom devices 
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The equations are presented for each rectifier separately as 

Rectifier �A� 

The phase voltages for rectifier A can be expressed in terms of the switching 

functions for the rectifier as 

( ) no
dc

aaaas VVSLpIrIV +−++=
2

12 11111     (4.4) 

( ) no
dc

abbbs VVSLpIrIV +−++=
2

12 21111     (4.5) 

( ) no
dc

acccs VVSLpIrIV +−++=
2

12 31111 .    (4.6) 

The neutral voltage, (Equation 4.7), solved for using Equations (4.4) to (4.6) is 

expressed in terms of the switching functions of the top devices for Rectifier �a�.  

[ ]3222
3 312111 −++−= aaa
dc

no SSSVV      (4.7) 

Substituting for the neutral voltage in Equations 4.4 to 4.6 in terms of the 

switching functions, the phase voltages can be expressed in terms of the switching 

functions as 





 −−++= aaadcaaas SSSVLpIrIV 312111111 3

1
3
1

3
2    (4.8) 





 −+−++= aaadcbbbs SSSVLpIrIV 312111111 3

1
3
2

3
1    (4.9) 





 +−−++= aaadccccs SSSVLpIrIV 312111111 3

2
3
1

3
1 .   (4.10) 

The dc current at the output of the rectifier is expressed in terms of the switching 

functions of the top devices and the phase currents. 

1311211111 cabaaap ISISISI ++=      (4.11) 
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Equations (4.8) to (4.11) are the state equations for rectifier �a� in the parallel 

rectifier. Similarly, the model equations for the second rectifier, rectifier �b� can be 

derived as below. 

Rectifier �b� 

The switching functions for rectifier �b� satisfy the same conditions as described 

for �a�,  

11211 =+ bb SS         (4.12) 

12221 =+ bb SS         (4.13) 

13231 =+ bb SS  .       (4.14)  

 

The parameters for this rectifier are defined in Table 4.2. 

 
Table 4.2:  Parameters for rectifier �b� 

 

Vas2, Vbs2, Vcs2 Voltages on AC-side 

Ia2, Ib2, Ic2 Phase currents 

ra, rb, rc Resistance per phase 

La, Lb, Lc Inductance per phase 

Ip2 Dc current at the output of the rectifier 

IL Load current  

Vdc Output dc voltage 

S11b, S21b, S31b Switching functions for top devices 

S12b, S22b, S32b Switching functions for bottom devices 
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The phase voltage equations for rectifier �b� and the dc current at the output of the 

rectifier are expressed in Equations (4.15) to (4.18). The equations are exactly the same 

as that derived for the single boost rectifier as well as �rectifier �a�,  

( ) no
dc

baanoas VVSLpIrIVV +−++=+
2

12 11222    (4.15) 

( ) no
dc

bbbbs VVSLpIrIV +−++=
2

12 21222     (4.16) 

( ) no
dc

bcccs VVSLpIrIV +−++=
2

12 31222     (4.17) 

2312212112 cbbbabp ISISISI ++= .     (4.18) 

Eliminating the term for the neutral voltage in Equations (4.15) to (4.17) , the 

phase voltages are 





 −−++= bbbdcaaas SSSVLpIrIV 312111222 3

1
3
1

3
2    (4.19) 





 −+−++= bbbdcbbbs SSSVLpIrIV 312111222 3

1
3
2

3
1    (4.20) 





 +−−++= bbbdccccs SSSVLpIrIV 312111222 3

2
3
1

3
1    (4.21) 

2312212112 cbbbabp ISISISI ++= .     (4.22) 

As the two rectifiers, �a� and �b� are connected in parallel at the output, the 

capacitor voltage equation for the parallel rectifiers is modified from that derived for the 

single three-phase boost rectifier. The capacitor voltage equation is the nodal equation, 

and expresses the current flowing through the capacitor at the output of the rectifiers as 

the difference of the dc current Ip and the load current IL. For the rectifiers connected in 

parallel the current through the capacitor is the difference of the sum of the dc currents 
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and the load current of rectifier �a� and �b. Therefore, the capacitor voltage equation for 

the parallel rectifiers can be expressed as 

[ ]Lppdc IIICpV −+= 21 ,      (4.23) 

with the load current defined as  

L

dc
L R

VI =         (4.24) 

( )
L

dc
cbbbabcabaaadc R

VISISISISISISVCp     231221211131121111 −++++= .  (4.25) 

The switching functions are expressed in terms of the modulation signals using 

the following general equation.  

2
1 MS +=         (4.26) 

Substituting for the switching functions in terms of the modulation signals, the 

capacitor voltage equation: 

. ( )
L

dc
ccbbaaccbbaadc R

VIMIMIMIMIMIMVCp     222222111111 −+++++=  (4.27) 

Ma1, Mb1, and Mc1 are the modulation signals for rectifier �a� and Ma2, Mb2, and 

Mc2 are the modulation signals for rectifier �b�. 

Transformation of the state equations to the qd (synchronous) reference frame 

simplifies the analysis, as the variables are then time invariant with respect to the 

reference frame. Also transformation would allow the steady state analysis of the parallel 

connection of the rectifiers to be studied.  

The voltage equations for the system are transformed by multiplying using the 

transformation matrix given in Equation (4.29). 
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( )( ) abcssqdso fKf θ=        (4.28) 

( )

( )

( )































 +






 −







 +






 −

=

2
1

2
1

2
1

3
2sin

3
2sinsin

3
2cos

3
2coscos

3
2 πθπθθ

πθπθθ

θ sss

sss

ssK

   (4.29) 

Applying the above transformation (4.28), the voltage equations for the parallel 

rectifier expressed in the synchronous reference frame are 

2
1

11111
dcq

dseqsqsqs

VM
LILpIrIV +++= ω

    (4.30) 

2
1

11111
dcd

qsedsdsds
VMLILpIrIV +−+= ω

    (4.31) 

111 ososo LpIrIV +=        (4.32) 

2
2

22222
dcq

dseqsqsqs

VM
LILpIrIV +++= ω

    (4.33) 

2
2

22222
dcd

qsedsdsds
VMLILpIrIV +−+= ω

    (4.34) 

222 ososo LpIrIV += .       (4.35) 

Vqs1, Vqs2, Vds1, Vds2 are q and d axis voltages for rectifier �a� and �b�, 

respectively. 

Iqs1, Iqs2, Ids1, Ids2 are q and d axis currents for rectifier �a� and �b�, respectively, 

and Vos1 and Vos2 are the zero sequence voltages for each rectifier. 

Mqs1, Mds1, Mqs2, and Mds2 are the q and d axis components of the modulation 

signals for rectifier �a� and �b�, respectively. 



 58
 
 

As the system is assumed to have balanced voltages, the zero sequence voltages 

for both rectifier �a� and �b� are equal to zero. Therefore, the voltage equations for the 

parallel rectifier system are Equations (4.30), (4.31), (4.33), and (4.34). 

The capacitor voltage equation for the system (4.27) is transformed to the 

synchronous reference frame by replacing the abc components of the currents and 

modulation signals with the q and d-axis components using the inverse transformation 

matrix Ks
-1. 

( ) ( )( )abcs
T

s
T

qdodc MKKIVCp 11
  −−

=      (4.36) 

( )
L

dc
oodsdsqsqsoodsdsqsqsdc R

VIMIMIMIMIMIMCpV −+++++= 222212111111 22
2
3  

          (4.37)  

Since the system is balanced, the zero sequence components of the currents are 

equal to zero. 

( )
L

dc
dsdsqsqsdsdsqsqsdc R

VIMIMIMIMCpV −+++= 221211112
3    (4.38) 

4.2.2 Steady State Analysis 

 

Setting the differential terms in the dynamic equation to zero results in the steady 

state equations for the system. The analysis is performed to obtain the values of the q and 

d-axis modulation signals for each rectifier to operate the rectifiers at unity power factor.  

2
1

1111
dcq

dseqsqs

VM
LIrIV ++= ω

     (4.39) 

2
1

1111
dcd

qsedsds
VMLIrIV +−= ω

     (4.40) 
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2
2

2222
dcq

dseqsqs

VM
LIrIV ++= ω

     (4.41) 

2
2

2222
dcd

qsedsds
VMLIrIV +−= ω

     (4.42) 

( )
L

dc
dsdsqsqsdsdsqsqs R

VIMIMIMIM −+++= 221211112
30    (4.43) 

As in the case of the single boost rectifier system, the parallel rectifiers are 

studied under a condition of unity power factor. The need to operate any system at unity 

power factor arises from the fact losses are minimum at this point of operation. This is 

because the current and voltage on the input side of the rectifier are in phase. This 

condition is applied when the reactive power is equal to zero. 

( )qsdsdsqs IVIVQ −=
2
3        (4.44) 

 Setting the d-axis voltage and currents  to be equal to zero in Equations (4.39) to 

(4.43) 

2
1

11
dcq

qsqs

VM
rIV +=

       (4.45) 

2
0 1

11
dcd

qse
VMLI +−= ω

      (4.46) 

2
2

22
dcq

qsqs

VM
rIV +=

       (4.47) 

2
0 2

22
dcd

qse
VMLI +−= ω

      (4.48) 

( )
L

dc
qsqsqsqs R

VIMIM −+= 12112
30 .     (4.49) 



 60
 
 

To determine the operating point for each rectifier under unity power factor, for a 

specific value of dc voltage, the q and d-axis modulation signals for each rectifier need to 

be determined. From Equations (4.45) to (4.49) it can be seen that the number of 

variables are greater than the number of equations, i.e. the variables to be determined are 

Iqs1, Iqs2, Mqs1, Mqs2, Mds1, and Mds2 (six variables ) and the number of equations are five. 

To solve for the variables, an additional constraint is applied to the parallel rectifier 

system. The constraint applied is power partitioning between the rectifiers. The total 

power of the two rectifiers is partitioned by considering a factor α , where α  denotes the 

ratio in which the power total power is distributed between the two rectifiers. 

Considering the power equations for each rectifier: 

( )11111 2
3

dsdsqsqs IVIVP +=       (4.50) 

( )22222 2
3

dsdsqsqs IVIVP += .      (4.51) 

 

Let the total power be P , 

where 21 PPP += .       (4.52) 

Applying the condition for unity power factor, 021 == dsds VV   

( ) 22

11

2

1

1 qsqs

qsqs

IV
IV

P
P =

−
=

α
α .      (4.53) 

Therefore,  

( ) 22111 qsqsqq IVIV αα =− .      (4.54) 

Therefore, using the additional equation describing the power partitioning of the 

system, the variables can be calculated. 
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Using the above equations (4.45) � (4.49) and (4.54) the steady state plots for the 

parallel rectifier system are presented. The system has been studied under varying dc 

voltages and power partitioning factors. The load resistance has been kept constant and 

the dc voltage has been varied between 300V and 1000V. The power for each rectifier 

has been calculated considering the factor α and has been plotted as a function of the q-

axis modulation index for each rectifier.  

The effect of alpha on the output power of each rectifier is evident from the 

steady-state plots as an increase in alpha for one rectifier decreases the power and vice 

versa for the second rectifier. 

The parameters used for each rectifier are the same and are shown in Table 4.3. 

 

Table 4.3: Parameters used for parallel rectifiers 
 







 −=

6
377cos180 πtVas   







 −−=

3
2

6
377cos180 ππtVbs  







 +−=

3
2

6
377cos180 ππtVcs  

r  = 0.1Ω 

L = 6.4 mH 

C = 150 µF 

RL = 30 Ω 
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Figure 4.3: Variation of the q-axis and d-axis modulation index with the output dc voltage 

varying between 300V and 100V at a constant load resistance of RL = 100Ω for varying values of 
α for rectifier �a� 

 
Figure 4.4: Variation of the q-axis and d-axis modulation index with the output dc voltage 

varying between 300V and 100V at a constant load resistance of RL = 100Ω for varying values of 
α for rectifier �b� 
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� 
Figure 4.5: Variation of the q-axis modulation index and power, with the dc voltage varying 

between 300V and 100V at a constant load resistance of RL = 100Ω for varying values of α for 
rectifier �a� 

 

 
Figure 4.6: Variation of the q-axis modulation index and power, with the dc voltage varying 

between 300V and 100V at a constant load resistance of RL = 100Ω for varying values of α for 
rectifier �b� 
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 From Figures 4.3 to 4.6, for a constant load resistance and power, an 

increase in the dc voltage increases the value of the q-axis modulation index, and a 

decrease in the d-axis modulation index. Also for an increase in the power partitioning 

factor , the value of the q-axis modulation signal decreases. 

The steady state analysis enables the determination of the operating point by 

selection of the dc voltage and the corresponding values of the q and d-axis modulation 

signals. The dynamic simulation in the next section shows one such operating point on 

the steady state curve chosen to operate the system at unity power factor. 

 
 
4.2.3 Dynamic Simulation 

 

The dynamic simulation of the parallel boost rectifiers has been carried out under 

two different conditions. The first assumes both the independent sources to operate with 

the same supply frequency. The second considers the sources to have different 

frequencies. The parameters used in the simulation are the same as in Table 4.3. 

 
Figure 4.7: Simulation results for the parallel rectifier, from top : (a) output dc voltage Vdc, 

(b) load current  IL 

   
 
  (a) 
 
 
 
 
 
 
  (b) 
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Figure 4.8: Simulation results for the parallel rectifier, from top: (a) output dc current 
rectifier �a� Ip1, (b) output dc current rectifier �b� Ip2 

 

 
Figure 4.9:  Simulation results for the parallel rectifier, phase -a input voltage and current for 

rectifier �a� 

 

   
 
  (a) 
 
 
 
 
 
 
  
 (b) 
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Figure 4.10: Simulation results for parallel rectifier, phase -a input voltage and current for 
rectifier �b� 

 

 
Figure 4.11: Simulation results for the parallel rectifier, phase voltages from top: (a) rectifier 

�a�, (b) rectifier �b� 

 

   
 
  (a) 
 
 
 
 
 
 
  
 
  (b) 
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Figure 4.12: Simulation results for the parallel rectifier, phase currents from top: (a) rectifier 

�a�, (b) rectifier �b� 

 

 
Figure 4.13: Simulation results for the parallel rectifier, from top : (a) output dc voltage Vdc, 

(b) load current  IL 

 

   
 
  (a) 
 
 
 
 
 
 
  
 
 
  (b) 

   
 
  (a) 
 
 
 
 
 
 
  
 
  
  (b) 
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Figure 4.14: Simulation results for the parallel rectifier, from top : (a) output dc current 

rectifier �a� Ip1, (b) output dc current rectifier �b� Ip2 

 

 
Figure 4.15: Simulation results for the parallel rectifier, phase -a input voltage and current 

for rectifier 

 

   
 
  (a) 
 
 
 
 
 
 
   
 
  (b) 
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Figure 4.16: Simulation results for the parallel rectifier, phase -a input voltage and current 

for rectifier 

 

 
Figure 4.17: Simulation results for the parallel rectifier, phase voltages from top: (a) rectifier 

�a�, (b) rectifier �b� 

 

   
 
  (a) 
 
 
 
 
 
 
   
 
  (b) 
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Figure 4.18: Simulation results for the parallel rectifier, phase currents from top: (a) rectifier 

�a�, (b) rectifier �b�. 

 

The simulation for the parallel rectifier system has been performed and the results 

are as shown in Figures 4.7 to 4.18. The first set of figures, Figures 4.7 to 4.12 show the 

response of the parallel rectifier system when the sources on the input side of the rectifier 

have the same supply frequency of ωe1 = ωe2 = 377 rad/sec. Figure 4.7 shows the output 

voltage of the parallel rectifier system and the load current. Figure 4.8 shows the dc 

current at the output of both rectifier �a� and �b�. The nature of the dc current waveform  

is evident from Equations 4.18 and 4.22. Figures 4.9 and 4.10 show the input voltage and 

current (phase��a�) for each rectifier to be in phase i.e. the operation of the rectifiers at 

unity power factor. The input voltages and currents for both rectifiers are shown in 

Figures 4.11 and 4.12.  

   
 
  (a) 
 
 
 
 
 
 
  
 
  (b) 
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The second set of Figures 4.13 to 4.18 is obtained by taking the input sources of 

the two rectifiers to be of different frequencies generates, ωe1 = 377 rad/sec and ωe2 = 565 

rad/sec. The output voltage and load current are shown in Figure 4.13; the dc current for 

each rectifier is shown in Figure 4.14. Figures 4.15 and 4.16 show the unity power factor 

operation and Figures 4.17 and 4.18 show the phase voltages and currents for each 

rectifier. 

 

4.3 Series Rectifier 

 

Series boost rectifiers can be applied to a large range of applications based on the 

specific area of application required. The series connection of the rectifiers can be use as 

three independent voltage sources, assuming the accessibility of the voltages depending 

on the configuration of the system. 

  In present day systems, due to the increased complexity of system models, the 

requirements for more dc sources has increased. Therefore a scheme where for the same 

system configuration, multiple supplies can be drawn is very advantageous.  

 The system configuration studied in this section allows the voltage across each of 

the series connected rectifiers as each rectifier has a capacitor at the output as shown in 

Figure 4.19. 

The circuit configuration considered involves the sharing of one load resistance 

for both the rectifiers; however, the system can be operated with independent load 

resistances for each rectifier. 
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Figure 4.19: Topology for series rectifier connection 

 

4.3.1 Model of Series Rectifier 

 

The method of modeling of the series connection of the boost rectifiers is exactly 

the same as that adopted for the parallel rectifiers in section 4.2. Each rectifier is modeled 

independently and as the rectifiers are connected in series at the output, modeling series 

connection of the rectifiers is included on the output side of the rectifiers. As the model 

of each rectifier is exactly the same as the model derived in Chapter 3 the model 

equations for the rectifier in the abc reference frame are repeated below 





 −−++= aaadcaaas SSSVLpIrIV 312111111 3

1
3
1

3
2    (4.55) 
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



 −+−++= aaadcbbbs SSSVLpIrIV 312111111 3

1
3
2

3
1    (4.56) 





 +−−++= aaadccccs SSSVLpIrIV 312111111 3

2
3
1

3
1    (4.57) 

1311211111 cabaaap ISISISI ++=      (4.58) 





 −−++= bbbdcaaas SSSVLpIrIV 312111222 3

1
3
1

3
2    (4.59) 





 −+−++= bbbdcbbbs SSSVLpIrIV 312111222 3

1
3
2

3
1    (4.60) 





 +−−++= bbbdccccs SSSVLpIrIV 312111222 3

2
3
1

3
1    (4.61) 

2312212112 cbbbabp ISISISI ++= .     (4.62) 

Equations (4.55) to (4.58) are the model equations for rectifier �a� and (4.59) to 

(4.62) are the model equations for rectifier �b�. 

The parameters used in the equations for each rectifier are the same as in Tables 

4.1 and 4.2.  

The capacitor voltage equations for each rectifier are 

L

dc
c R

VIpCpV −= 11        (4.63) 

L

dc
c R

VIpCpV −= 22 .       (4.64) 

Vc1 is the voltage across the capacitor for rectifier �a�. 

Vc2 is the voltage across the capacitor for rectifier �b�. 

As the rectifiers are connected in series at the output, the output voltage is the sum 

of the individual voltages of the boost rectifiers, and can be expressed as 
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21 ccdc VVV +=  .       (4.65) 

To perform the steady state analysis, the model equations for the system are 

transformed to the synchronous reference frame using the transformation matrix: The 

method of transformation is as explained in the previous section. 

( )

( )

( )































 +






 −







 +






 −

=

2
1

2
1

2
1

3
2sin

3
2sinsin

3
2cos

3
2coscos

3
2 πθπθθ

πθπθθ

θ sss

sss

ssK

   (4.66) 

The capacitor voltage equations for each rectifier are transformed to the 

synchronous reference frame by substituting for the abc reference frame currents and 

modulation signals in terms of the inverse transformation matrix and the qdo currents and 

modulation signals, as explained in Chapter 3.  

Hence the model equations for the series boost rectifiers in the synchronous 

reference frame are 

2
1

11111
dcq

dseqsqsqs

VM
LILpIrIV +++= ω

    (4.67) 

2
1

11111
dcd

qsedsdsds
VMLILpIrIV +−+= ω

    (4.68) 

111 ososo LpIrIV +=        (4.69) 

2
2

22222
dcq

dseqsqsqs

VM
LILpIrIV +++= ω

    (4.70) 

2
2

22222
dcd

qsedsdsds
VMLILpIrIV +−+= ω

    (4.71) 

222 ososo LpIrIV += .       (4.72) 
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Vqs1, Vqs2, Vds1, Vds2 are q and d axis voltages for rectifier �a� and �b� respectively. 

Iqs1, Iqs2, Ids1, Ids2 are q and d axis currents for rectifier �a� and �b�, respectively, 

and Vos1 and Vos2 are the zero sequence voltages for each rectifier. 

Mqs1, Mds1, Mqs2, and Mds2 are the q and d axis components of the modulation 

signals for rectifier �a� and �b�, respectively. 

The capacitor voltage equations in the synchronous reference frame are 

( )
L

dc
oodsdsqsqsc R

VIMIMIMCpV −++= 1111111 2
3     (4.73) 

( )
L

dc
oodsdsqsqsc R

VIMIMIMCpV −++= 2222222 2
3 .   (4.74) 

Assuming the voltages and currents to be balanced, the zero sequence currents 

and voltages are equal to zero. 

 

4.3.2 Steady State Analysis 

 

Setting the differential terms in the equation to be equal to zero results in the 

steady state equations for the system.  

2
1

1111
dcq

dseqsqs

VM
LIrIV ++= ω

     (4.75) 

2
1

1111
dcd

qsedsds
VMLIrIV +−= ω

     (4.76) 

2
2

2222
dcq

dseqsqs

VM
LIrIV ++= ω

     (4.77) 

2
2

2222
dcd

qsedsds
VMLIrIV +−= ω

     (4.78) 
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( )
L

dc
dsdsqsqs R

VIMIM −+= 11112
30      (4.79) 

( )
L

dc
dsdsqsqs R

VIMIM −+= 22222
30 .     (4.80)

 

The next step in the analysis is to determine the system equations in the 

synchronous reference frame under unity power factor condition. The procedure followed 

is the same as for the parallel rectifiers; therefore, setting the d-axis current and voltage to 

zero, the system equations at unity power factor are 

2
1

11
dcq

qsqs

VM
rIV +=

       (4.81) 

2
0 1

11
dcd

qse
VMLI +−= ω

      (4.82) 

2
2

22
dcq

qsqs

VM
rIV +=

       (4.83) 

2
0 2

22
dcd

qse
VMLI +−= ω

      (4.84) 

( )
L

dc
qsqs R

VIM −= 112
30        (4.85) 

( )
L

dc
qsqs R

VIM −= 222
30  .      (4.86)

 

To determine the operating point of the series rectifier for a particular value of 

output voltage, the q and d axis modulation signals have to be determined. The unknown 

parameters for the system are the q and d-axis modulation signals and the q axis voltages 

for both rectifiers. The total number of unknowns (6) is equal to the number of equations, 

hence the additional constraint applied in the case of the parallel rectifiers cannot be 

applied for the series connection of the boost rectifiers.  
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The steady state plots in Figures 4.20 and 4.21 show the variation of the q and d-

axis modulation signals with varying dc voltage for a constant load resistance. The 

voltage across each rectifier is varied between 80 V and 550V. The parameters used for 

each rectifier �a� and �b� in the simulation as well as the steady state analysis are in 

Tables 4.4 and 4.5 respectively. 

                                Table 4.4: Parameters for rectifier �a� 
 







 −=

6
377cos40 πtVas   







 −−=

3
2

6
377cos40 ππtVbs   







 +−=

3
2

6
377cos40 ππtVcs   

r  = 0.1Ω 

L = 6.4 mH 

C1 = 135µF 

RL = 100 Ω 

 
                                   Table 4.5: Parameters for rectifier �b� 

 







 −=

6
377cos40 πtVas   







 −−=

3
2

6
377cos40 ππtVbs   







 +−=

3
2

6
377cos40 ππtVcs   

r  = 0.1Ω 

L = 6.4 mH 

C = 150 µF 

RL = 30 Ω 
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The plots shown below, illustrate the variation of the q and d-axis modulation 

signals with the varying values of dc voltage. The load resistance and operating 

frequency are assumed to be constant.  

 
Figure 4.20: Variation of the q and d-axis modulation signals, with the dc voltage varying 

between 80V and 550V for varying load resistances RL = 100Ω, 150Ω and 200Ω, for rectifier �a� 

 
Figure 4.21: Variation of the q and d-axis modulation signals with the dc voltage varying 

between 80V and 550V for varying load resistances RL = 100Ω, 150Ω and 200Ω,for rectifier �b� 
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4.3.3 Dynamic Simulation 

 

The dynamic simulation of the series rectifier has been performed for a given 

operating point to achieve unity power factor operation for both the rectifiers. The 

sources are assumed to have the same frequency and hence the modulation signals have 

the same frequency ωe1 = ωe2 = 377 rad/sec.     

 

 
Figure 4.22: Simulation results for the series rectifier, from top: (a) output dc voltage for 

rectifier �a� Vc1, (b) output dc voltage for rectifier �b� Vc2, (c) sum of output voltages for Vc1+ Vc2 , 
(c)load current  IL 

   
  (a) 
 
 
 
  (b) 
 
 
   
 
  (c) 
 
 
   
  (d) 
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Figure 4.23: Simulation results for the series rectifier, from top : (a) output dc current 

rectifier �a� Ip1, (b) output dc current rectifier �b� Ip2 

 

 
Figure 4.24: Simulation results for the series rectifier, phase -a input voltage and current for 

rectifier �a� 

   
 
  (a) 
 
 
 
 
 
 
   
 
   
  (b) 
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Figure 4.25: Simulation results for the series rectifier, phase -a input voltage and current for 

rectifier �b� 

 

 
Figure 4.26: Simulation results for the series rectifier, phase voltages from top: (a) rectifier 

�a�, (b) rectifier �b� 

   
 
  (a) 
 
 
 
 
 
 
   
 
   
  (b) 
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Figure 4.27:  Simulation results for the series rectifier, phase currents from top: (a) rectifier 

�a�, (b) rectifier �b�. 

 

The results of the dynamic simulation are in Figures 4.22 to 4.27. Figure 4.22 

shows the output voltage of each rectifier to reach a steady state value of 170V. The sum 

of the voltages and the load current are shown as well. Figure 4.21 shows the dc current 

at the output of each rectifier, and Figures 4.24 and 4.26 show the phase �a� voltage and 

current to be in phase, i.e. operation of each rectifier with unity power factor. Figures 

4.26 and 4.27 show the phase voltages and currents for each rectifier.  

 

4.4 Parallel Rectifiers with Common Input Source  

 

The model of the parallel connection of the three-phase boost rectifiers considered 

in section 4.2, assumes the rectifiers to have independent input sources.  

 

   
 
  (a) 
 
 
 
 
 
 
   
 
   
  (b) 
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Figure 4.28: Circuit topology for parallel rectifiers with a common input source 

 

The advantage of assuming independent sources rests in the fact that the zero 

sequence circulating current (a unique feature of the parallel rectifier topologies), is 

absent. As explained earlier, this is due to the absence of a path for the flow of the 

current. The topology of the parallel rectifiers considered in this section assumes a 

common input voltage source. In this case, as the rectifiers share the same input, a path 

exists for the flow of the zero sequence circulating current. The topology considered in 

this circuit is as shown in Figure 4.28.  
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4.4.1 Model of Parallel Rectifiers 

 

The model equations for the parallel rectifiers are the same as that derived in 

section 4.2, however in this case, the terms for the zero sequence currents and voltages 

are included in the modeling.  

The model equations for each rectifier in the parallel rectifier topology are defined 

as below. Equations 4.87 to 4.89 are the voltage equations in the abc reference frame for 

Rectifier A, and 4.90 to 4.92 are the voltage equations for Rectifier B in the abc reference 

frame.  

( ) no
dc

aaaas VVSLpIrIV +−++=
2

12 11111     (4.87) 

( ) no
dc

abbbs VVSLpIrIV +−++=
2

12 21111     (4.88) 

( ) no
dc

acccs VVSLpIrIV +−++=
2

12 31111     (4.89) 

( ) no
dc

baaas VVSLpIrIV +−++=
2

12 11222     (4.90) 

( ) no
dc

bbbbs VVSLpIrIV +−++=
2

12 21222     (4.91 

( ) no
dc

bcccs VVSLpIrIV +−++=
2

12 31222     (4.92) 

The parameters used in the above equations are defined in Tables 4.1 and 4.2. The 

capacitor voltage equation for the parallel rectifiers is the same as Equation 4.25, as in 

both cases the rectifiers are connected in parallel at the output.  

( )
L

dc
cbbbabcabaaadc R

VISISISISISISVCp     231221211131121111 −++++=   (4.93) 
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The dc currents at the output of each rectifier can be expressed in terms of the 

switching functions and the phase currents as in Equations 4.94 and 4.95. 

1311211111 cabaaap ISISISI ++=      (4.94) 

2312212112 cbbbabp ISISISI ++= .     (4.95) 

  The analysis performed on the parallel rectifiers in this section has been carried 

out in the synchronous frame of reference, with the frequency of the reference frame 

being equal to the frequency of the input ac voltages. The transformation to the 

synchronous reference frame has been carried out using the transformation matrix 

defined in Equation 4.29.  

The voltage equations for the parallel rectifiers in the synchronous reference 

frame are for Rectifiers A and B are defined in Equations 4.96 to 4.98 and 4.99 to 4.101 

respectively.  

2
1

1111111
dcq

dsqsqsqs

VS
ILpILIrV +++= ω     (4.96) 

2
1

1111111
dcd

qsdsdsds
VSILpILIrV +−+= ω     (4.97) 

no
dcq

ososos V
VS

pILIrV +++=
2
1

11111      (4.98) 

222222222
dc

qdsqsqsqs
VSILpILIrV +++= ω     (4.99) 

222222222
dc

dqsdsdsds
VSILpILIrV +−+= ω     (4.100) 

no
dc

oososos VVSpILIrV +++=
2222222      (4.101) 
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The switching functions for the two rectifiers in the synchronous reference frame 

are defined by Equations 4.102 to 4.107.  

3
2

3
2cos2

3
2cos2cos2 3121111 ×














 ++






 −+= πθπθθ aaaq SSSS    (4.102) 

3
2

3
2sin2

3
2sin2sin2 3121111 ×














 ++






 −+= πθπθθ aaad SSSS    (4.103) 

( )[ ]
3
132 3121111 ×−++= aaao SSSS      (4.104) 

3
2

3
2cos2

3
2cos2cos2 3121112 ×














 ++






 −+= πθπθθ bbbq SSSS    (4.105) 

3
2

3
2sin2

3
2sin2sin2 3121112 ×














 ++






 −+= πθπθθ bbbd SSSS    (4.106) 

( )[ ]32
3
1

3121112 −++= bbbo SSSS      (4.107) 

Sq1, Sd1, and So1 are the q, d and zero components of the switching functions for 

Rectifier A, and Sq2, Sd2, and So2 are the q, d, and zero components of the switching 

functions for Rectifier B.  

The capacitor voltage equation for the parallel rectifier topology in the 

synchronous reference frame is  

[ ]
L

dc
osoddqqosoddqqdcp R

VISISISISISISVC −+++++= 222222111111 22
2
3  (4.108) 

In this case, as the zero sequence currents exist in the system, the terms are 

retained in the capacitor voltage equation.  

For the system under consideration, the sum of the six phase currents are equal to 

zero, i.e.  
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0222111 =+++++ cbacba IIIIII      (4.109) 

Equation 4.109 can be rewritten as 

( ) ( ) 0
3
1

3
1

222111 =+++++ cbacba IIIIII     (4.110) 

From the definition of the zero sequence currents, equation 4.110 can be 

expressed in terms of the zero sequence currents of the two rectifiers as 

021 =+ osos II         (4.111) 

21 osos II −=⇒         (4.112) 

Also, as the two rectifiers share the same input voltage source,  

21 osos VV =         (4.113) 

Using Equations 4.98 and 4.101, in Equation 4.113 

( )
2212211221121
dc

ooosososososos
VSSpILpILIrIrVV −+−+−==    (4.114) 

( ) 2211221121 2 osososos
dc

oo pILpILIrIrVSS −+−=−⇒    (4.115) 

Substituting Equation 4.113 in 4.115 

( ) ( ) ( ) 12112121 2 osos
dc

oo pILLIrrVSS +++=−     (4.116) 

Therefore, using Equation 4.116, the zero sequence circulating currents for each 

rectifier Ios1  and Ios2 can be determined.  
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4.4.1 Steady State Analysis  

 

The steady state analysis of the parallel rectifiers has been performed. The q and 

d-axis voltage equations at steady state are the same as Equations 4.39 to 4.42. The 

difference in the analysis of the parallel rectifier topology is the determination of an 

expression for the zero sequence current at steady state.  

 The qd voltage equations for the rectifiers at steady state are 

2
1

11111
dcq

dsqsqs

VS
ILIrV ++= ω       (4.117) 

2
1

11111
dcd

qsdsds
VSILIrV +−= ω       (4.118) 

2222222
dc

qdsqsqs
VSILIrV ++= ω      (4.119) 

2222222
dc

dqsdsds
VSILIrV +−= ω      (4.120) 

The capacitor voltage equation at steady state is 

( )[ ]
L

dc
osooddqqddqq R

VISSISISISIS −−++++= 12122221111 2
2
30    (4.121) 

The Equation for the zero sequence circulating current can be determined at 

steady state using the harmonic balance technique.  Harmonic balance technique for a 

linear system states that, for a given system, for example the output (current) will have 

the same form as the input (voltage). For example, if the voltage (input) has the form as 

in Equation 4.122, then the current (output) has the same form as the input as in Equation 

4.123. The current may be shifted in phase with respect to the voltage.  
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( ) [ ]tj
va eVtVV ωθω Recos =+=    

vVV θ∠=         (4.122) 

( ) [ ]tj
ia eItII ωθω Recos =+=    

iII θ∠=         (4.123) 

The zero sequence current, which is a function of the difference of the zero 

sequence switching functions for each rectifier, is third harmonic, i.e. the frequency of 

the zero sequence current is three times the frequency of the input voltage, and this 

property of the zero sequence current is illustrated in Figure 4.29. Using Equation 4.116, 

the difference of the fundamental component of the zero sequence switching signals can 

be expressed as 

 ( ) [ ]θψω j
eoo eStSSS 3321 Re3cos =−=−   

ψ−∠= 33 SS  , teωθ 3=       (4.124) 

 
Figure 4.29: Phase �a� voltage and zero sequence current 
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As the zero sequence current has the same form as 21 oo SS − , it can be expressed 

as 

[ ]θj
oo eII Re=         (4.125) 

Substituting Equation 4.124 and 4.125 in 4.116. 

( ) [ ] ( ) [ ] [ ]θθθ jdcj
o

j
o eSVeIpLLeIrr 32121 Re

2
ReRe =+++    (4.126)  

Applying Harmonic balance technique, the peak current in the equation 4.126 can 

be expressed as [A.12]. 

( ) ( ) ( ) 3212121 2
3 SVILLjIpLLIrr dc

oeoo =++++++ ω    (4.127) 

The steady state equation for the zero sequence current can then be determined as 

( ) ( ) 32121 2
3 SVILLjIrr dc

oeo =+++ ω      (4.126) 

Therefore 

( ) ( )2121

3

32 LLjrr
SV

I
e

dc
o +++

=
ω

     (4.127) 

 

4.4.1 Dynamic Simulation  

 

The dynamic simulation for the parallel rectifier topology has been carried out 

under different conditions. The effect of the neutral voltage on the nature of the zero 

sequence current has been illustrated, as well as the effect of the zero sequence voltage 

(Vpn), on the magnitude of the dc voltage. Certain conditions that have been simulated 
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illustrate the large effect of the zero sequence circulating current on the waveform of the 

phase current of the rectifiers.  

The method of determination of the modulation signals for the parallel rectifier 

scheme implemented is the discontinuous pulse-width modulation [B.10]. In this method 

of PWM, the generalized expression for the neutral voltage has been used, Equation 

4.128. The modulation signals have been determined using the expression for the 

generalized neutral voltage, Equation 4.129. 

 

)1()21(5.0 maxmin −+−−= ααα VVVV dpn     (4.128) 

dddipip VVVVVVM 5.0/)1(5.0/)21(5.0/ maxmin −+−−+= ααα    (4.129) 

The simulation results shown in Figures 4.30 and 4.31 illustrate the operation of 

the parallel rectifiers assuming the neutral voltage to be equal to zero, i.e. Vpn is assumed 

to be equal to zero. The dc voltage shown in Figure 4.30(a) reaches a steady state value 

of 500V. The switching frequencies for the two rectifiers are taken to be equal to 10 kHz 

and 5 kHz respectively. As the frequencies are different there is a zero sequence 

circulating current as shown in Figure 4.30(b). The relationship between the zero 

sequence currents as defined in Equation 4.112 is illustrated in Figure 4.30(b). The 

parameters used in the simulation are defined in Table 4.6.  

The second set of Figures for this simulation 4.30(c) and 4.30(d) illustrate the 

phase �a� voltage and current for each rectifier. The effect of the zero sequence current on 

the phase current can be seen from the plots.  
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Figure 4.30 Simulation results for the parallel rectifier, from top: (a) output dc voltage, (b) 

zero sequence currents Ios1 and Ios2  (c) phase �a� voltage and current (scaled by a factor 10) for 
rectifier A, (d) phase �a� voltage and current for rectifier B for Mq= 0.7, and Md = 0.07 

 

 

 
 
 
(a) 
 
 
 
 
 
 
 
(b) 
 
 
 
 
 
 
 
 
 
 
 
 
(c) 
 
 
 
 
 
 
 
 
(d) 
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                                Table 4.6: Parameters for rectifier �A� and �B� 
 

Parameter Rectifier A Rectifier B 

asV  ( )t377cos200  ( )t377cos200  

bsV  






 −

3
2377cos200 πt  






 −

3
2377cos200 πt  

csV  






 +

3
2377cos200 πt  






 +

3
2377cos200 πt  

r    0.1Ω 0.2Ω 

L  6.4 mH 8.0 mH 

C1  1200µF 1200µF 

RL   50 Ω 50 Ω 

fs 10 kHz 5 kHz 

 
The phase currents in both Figures 4.30(a) and 4.30(b) have been scaled by a 

factor 10 to better illustrate the nature of the waveform, therefore the values of the phase 

currents when compared to the value of the zero sequence currents are not very large, 

hence the effect of Ios1 and Ios2  on the phase currents is evident. 

The second set of simulation results, Figure 4.31(a) and 4.31(b) assume α to be 

equal to 0.5 for each of the rectifiers, which corresponds to the classical space vector 

PWM .  

For the condition of α to be equal to 0.5, the output dc voltage reaches a steady 

state value of 500V, similar to the case when the neutral voltage is assumed to be equal to 

zero. The zero sequence currents in this case are illustrated in Figures 4.31(b). In this 

case, the peak value of the zero sequence currents is slightly smaller as compared to the 

previous case. Figures 4.31(c) and 4.31(d) show the input phase voltage and current for 

each rectifier. In this case as well the current has been scaled in the plot to illustrate the 

effect of the zero sequence current.  
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Figure 4.31: Simulation results for the parallel rectifier, from top: (a) output dc voltage, (b) 
zero sequence currents Ios1 and Ios2  (c) phase �a� voltage and current (scaled by a factor 10) for 

rectifier A, (d) phase �a� voltage and current for rectifier B for Mq= 0.7, and Md = 0.07 
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(b) 
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(d) 
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The third set of results have been obtained assuming two different values of α  for 

the rectifiers, α = 0.5, and α = 0.4  respectively. In this case, the output voltage is slightly 

less than the previous two cases. The major difference however lays in the nature of the 

zero sequence currents of the rectifiers. In this case the currents have a dc offset equal to 

the dc value of the zero sequence currents. The phase currents have been scaled in 

magnitude as in the previous cases in Figures 4.32(c) and 4.32(d).  

The final simulation performed is performed using generalized discontinuous 

pulse-width modulation. In this method, the α is determined using Equation 4.130.  

 

βα −=1         (4.130) 

( )[ ]δωβ ++= t3 CosSgn 15.0    

 

 The value of δ used in the simulation is �π/3 for rectifier B, and rectifier A 

is assumed to have α = 0.5. As can be seen from the simulation, the zero sequence current 

is almost equal in magnitude to the phase current. Therefore the effect of the zero 

sequence currents on the phase currents is large. The nature of the phase current is 

illustrated in Figures 4.33(c) and 4.33(d). The dc voltage is close to the values that were 

obtained in the previous simulations, 500V. 
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Figure 4.32: Simulation results for the parallel rectifier, from top: (a) output dc voltage, (b) 
zero sequence currents Ios1 and Ios2  (c) phase �a� voltage and current (scaled by a factor 10) for 

rectifier A, (d) phase �a� voltage and current for rectifier B for Mq = 0.7, and Md = 0.07 

 
 
 
(a) 
 
 
 
 
 
 
 
(b) 
 
 
 
 
 
 
 
 
 
 
 
 
(c) 
 
 
 
 
 
 
 
 
(d) 
 
 
 



 97
 
 

 
 

 
 

Figure 4.33: Simulation results for the parallel rectifier, from top: (a) output dc voltage, (b) 
zero sequence currents Ios1 and Ios2  (c) phase �a� voltage and current (scaled by a factor 10) for 

rectifier A, (d) phase �a� voltage and current for rectifier B for Mq = 0.7, and Md = 0.07 
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The analysis in this section aims at illustrating the effect of the neutral voltage Vpn   

on the magnitude of the zero sequence currents in the circuit. 

In the first set of results, the zero sequence voltage is assumed to be equal to zero. 

The zero sequence current at this condition has a value slightly larger than the case where 

Vpn is calculated assuming α equal to 0.5 for both the rectifiers.  

To illustrate the nature of the change in α on the zero sequence currents, the third 

simulation is performed with α set equal to 0.5 for rectifier A and 0.4 for rectifier B. In 

this case the zero sequence currents are dc and the effect of the currents on the waveform 

of the phase currents is seen in the form of a dc offset of the phase currents equal to the 

magnitude of the zero sequence currents. 

The generalized discontinuous pulse width modulation is used in calculating the 

neutral voltage. The zero sequence currents in this case are very large values and have a 

large effect on the phase currents, thereby illustrating the drawbacks of the GDPWM 

method in this scheme.  Other possible cases of δ have not been simulated due to the 

huge effect of the zero sequence current on the system when considering generalized 

discontinuous pulse-width modulation.  
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CHAPTER 5 

MODELING OF AND PARAMETER DETERMINATION 

OF THREE-PHASE INDUCTION MACHINE 

  
5.1 Introduction 

 

With almost universal adoption of an a.c. system of distribution of electric energy for 

light and power, the field of application of a.c. motors has widened considerably during 

recent years. 

The three-phase induction machine is widely used in a variety of applications as a 

means of converting electrical power to mechanical work.  

The application of the induction machine as a generator has grown in the recent years 

specifically in areas of non-conventional energy sources, e.g wind power. The increase in 

the use of the induction machine as a generator is due to the inherent advantages of the 

machine such as low cost, reduced maintenance, rugged and simple construction, brush-

less rotor (squirrel cage), and so on. 

This chapter discusses the basic operation and the model of a three-phase induction 

machine. As the model of the machine in the abc and the qd reference frame are fairly 

familiar, the basic equations are defined and the equivalent circuit of the machine is 

developed in the synchronous reference frame. Three different models of the induction 

machine are derived based on the model equations of the system in the qd reference 

frame.  
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Following the derivation of the different models is the parameter determination of the 

induction machine with a detailed description of the various tests performed. 

 

5.2 Basic Operation of an Induction Machine 

 
In a three-phase induction machine, alternating current is supplied to the stator 

winding directly and to the rotor bars by induction from the stator. Balanced three-phase 

stator and rotor currents create stator and rotor component mmf waves of constant 

amplitude rotating in the air-gap at synchronous speed and therefore stationary with 

respect to each other regardless of the mechanical speed of the rotor. The resultant of 

these mmf waves creates the resultant air-gap flux density wave. Interaction of the flux 

wave and the rotor mmf wave gives rise to the torque.  

The operation of an induction machine as a motor or a generator is governed by the 

operating slip of the machine. With a positive operating slip, the machine operates as a 

motor and converts electrical to mechanical energy. With a negative slip, the machine 

operates as a generator and converts mechanical to electrical energy. The model 

equations for a generator and motor are the same except for the direction of current flow.  

The equivalent circuit of a three-phase induction machine is given in Figure 5.1.  

lsLsr

phV
mL

-

cr

lrL

rr

 
Figure 5.1: Per-phase equivalent circuit for a three-phase induction machine 
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                                    Table 5.1 Parameters of per-phase equivalent circuit 
 
 

Vph = per phase voltage 

rs = stator resistance per phase 

rr = rotor resistance per phase 

Lls = per phase stator leakage inductance 

Llr = per phase rotor leakage inducatance 

rc =  core loss resistance 

Lm = magnetizing inductance 

                                           
 

The parameters in the equivalent circuit are defined in Table 5.1. The model of 

the three-phase induction machine in the abc and qd reference are explained in detail in 

the next section. 

5.2 Model of Induction Machine 

 

The model of a three-phase induction machine is developed assuming the three 

phase stator windings to be identical sinusoidally distributed windings, displaced by 120o 

with Ns equivalent turns per phase. For the modeling of the machine, the rotor windings 

are also assumed to be identical and sinusoidally distributed windings 120o  apart with Nr 

turns. For the analysis and also the transformation to the synchronous reference frame, 

the positive direction of the magnetic axes coincides with the direction of the vectors 

used in transformation.  

The voltage equations of the machine in the abc reference frame are 
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abcsabcssabcs pirV λ+=        (5.1) 

abcrabcrrabcr pirV λ+= .       (5.2) 

Equation (5.1) is the stator voltage equation for the induction machine in terms of 

the staot flux linkages λabcs , the stator resistance rs and the stator currents iabcs 

where [ ]csbsas
T

abcs iiii =  

 [ ]csbsas
T

abcs λλλλ = . 

Similarly the rotor voltage equation, expressed in Equations (5.2) has parameters 

referred to the rotor. λabcr is the rotor flux linkage and iabcr is the rotor current in the 

complex form. 

The flux linkages for the stator and the rotor can be defined in terms of the stator 

and rotor currents. Equation (5.3) shows the relationship between the fluxes and currents 

for the stator and rotor. 

( ) 















=









abcr

abcs

r
T

sr

srs

abcr

abcs

i
i

LL
LL

λ
λ

     (5.3) 

The inductance matrices are defined in Equations (5.4) [A.3] 




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











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

+−−

−+−

−−+
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mslsmsms

msmslsms

msmsmsls

LLLL

LLLL
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2
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2
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2
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2
1
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1
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











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

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+−−

−+−

−−+
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2
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2
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1

2
1
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





























 −






 +







 +






 −







 −






 +

=

rrr

rrr

rrr

srsr L

θπθπθ

πθθπθ

πθπθθ

cos
3

2cos
3

2cos

3
2coscos

3
2cos

3
2cos

3
2coscos

L    (5.4) 

Lls and Lms are the stator leakage and magnetizing inductances, respectively, Llr 

and Lmr are the rotor leakage and magnetizing inductances and Lsr is the amplitude of the 

mutual inductances between the stator and rotor windings. 

Equations (5.1) and (5.2) can be expressed with respect to the stator. This is 

achieved by referring the rotor parameters to the stator using the turn�s ratio for the stator 

and rotor. 

The voltage equations for the induction machine with respect to the stator side are 

given in Equation (5.5). 

( ) 







′








′+′′

′+
=









abcr

abcs

rr
T

sr

srss

abcr

abcs

i
i

LprLp
LppLr

v
v

    (5.5) 

where    r
r

s
r r

N
Nr

2









=′  . 

As can be seen from the nature of the equations defined for the induction machine 

in the abc reference frame, the inductances are time varying with respect to the rotor 

speed , hence reference frame transformation is performed to render the variables time 

invariant.  

The transformation of the equations in the abc reference frame to the qdo 

reference frame, in this case the synchronous reference frame renders the variables time 

invariant. The transformation to a reference frame of arbitrary speed ω is carried out 

using the following transformation matrix. 
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( )( ) abcssqdso fKf θ=        (5.6) 

( )

( )

( )































 +






 −







 +






 −

=

2
1

2
1

2
1

3
2sin

3
2sinsin

3
2cos

3
2coscos

3
2 πθπθθ

πθπθθ

θ sss

sss

ssK

   (5.7) 

where θs  is defined as 

∫ += ms t ψωθ
.       

 (5.8) 

Ψm is the initial angle of the reference frame.  

The frame of reference chosen is the synchronous reference frame where ω = ωe 

i.e. the frequency of the reference frame is the same as the frequency of the stator 

voltages.  

The voltage equations for the induction machine after transformation to the 

synchronous reference frame are 

dseqsqssqs pIrV λωλ ++=       (5.9) 

qsedsdssds pIrV λωλ −+=       (5.10) 

osossos pIrV λ+=        (5.11) 

( ) drreqrqrrqr pIrV λωωλ −++=      (5.12) 

( ) qrredrdrrdr pIrV λωωλ −−+=      (5.13) 

ororror pIrV λ+= .       (5.14) 

Vqs, Vds are the stator q and d-axis voltages. 

Iqs, Ids are the stator q and d-axis currents. 
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Vqr, Vdr are the rotor q and d-axis voltages. 

Iqr, Idr are the rotor q and d-axis currents. 

The q and d-axis stator and rotor flux linkages λqs, λds, λqr, and λdr can be 

expressed in terms of the stator and rotor q and d-axis currents as 

















=









qs

qr

sm

mr

qs

qr

I
I

LL
LL

λ
λ

      (5.15) 






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

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




=









ds

dr

sm

mr

ds

dr

I
I

LL
LL

λ
λ

.      (5.16) 

Expanding the above equations, 

qsmqrrqs ILIL +=λ        (5.17) 

qssqrmqr ILIL +=λ        (5.18) 

drmdssds ILIL +=λ        (5.19) 

drrdsmdr ILIL +=λ .       (5.20) 

As the induction machine is assumed to have balanced three-phase voltages, the 

zero sequence components of the stator and rotor voltages are equal to zero. Therefore 

Equations (5.11) and (5.14) are set to zero. 

The torque equation for the induction machine [A.3] expressed in terms of the 

stator and rotor currents is given by 

( )qrdsdrqse iiiiPT −=
4

3 .       (5.21) 

Using the model equations for the induction machine, the equivalent circuit for 

the machine in the synchronous reference frame can be developed as shown in Figure 

5.2(a) and 5.2(b). 
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Figure 5.2(a) q-axis equivalent circuit in an arbitrary reference frame for the three-phase 

induction machine 

 

qsωλlsL
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- +
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+ -
rr

drI
drV

 
Figure 5.2(b): d-axis equivalent circuit in an arbitrary reference frame for the three-phase 

induction machine 

 

Figure 5.2(a) shows the equivalent circuit for the q-axis in an arbitrary reference 

frame with a speed equal to ω. Similarly the d-axis equivalent circuit is shown in Figure 

5.2(b). 

The model equations of the machine have been expressed in terms of the stator q 

and d-axis currents, stator q and d-axis fluxes, and the rotor q and d-axis fluxes. Using  

the model equations of the induction generator in terms of all six variables involves large 

amounts of calculations. Therefore, the model is simplified and expressed in terms of 

four out of the six variables. 
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To design any control system using the model equations of an induction machine 

would involve expressing the equations in terms of the desired state variables. This 

reduces the steps in calculation and thereby simplifies the entire scheme.  

There are three different models of the induction machine discussed in this 

chapter for which the derivation for each will be detailed: 

Rotor flux model 

Stator flux model 

Natural variables model.  

 

5.2.1 Stator-Flux Model of Induction Machine 

 

The stator-flux model of the induction machine is the representation of the 

machine model equations in terms of the stator currents and stator fluxes of the induction 

machine. The model equations of the induction machine are 

dseqsqssqs pIrV λωλ ++=       (5.21) 

qsedsdssds pIrV λωλ −+=       (5.22) 

( ) drreqrqrrqr pIrV λωωλ −++=      (5.23) 

( ) qrredrdrrdr pIrV λωωλ −−+=      (5.24) 

To obtain the stator flux model of the induction machine, the rotor fluxes and 

currents are expressed in terms of the stator fluxes and currents. As Equations (5.21) and 

(5.22) are already expressed in terms of the desired variables, the rotor equations are 

modified as follows. 
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Equations (5.17) to (5.20) express the q and d-axis stator and rotor flux linkages 

in terms of the currents. Rearranging Equation (5.17) 

qs
m

s
qs

m
qr I

L
L

L
I −= λ1 .       (5.25) 

Substituting for the rotor q-axis currents in Equation (5.18)  

qsqs
m

r
qr IL

L
L  1+= λλ        (5.26) 

where  







−=

m

rs
m L

LL
LL

 
 1 .  

Similarly, the d-axis rotor fluxes and currents can be expressed in terms of the d-

axis stator currents and fluxes as by first expressing the d-axis rotor current in terms of 

the stator currents and fluxes using Equation (5.19) and then eliminating the d-axis rotor 

current in Equation (5.20) resulting in Equations (5.27) and (5.28). 

ds
m

s
ds

m
dr I

L
L

L
I −= λ1        (5.27) 

dsds
m

r
dr IL

L
L  1+= λλ        (5.28) 

Using Equations (5.25), (5.26), (5.27), and (5.28) the q and d-axis rotor fluxes and 

currents can be eliminated in Equations (5.23) and (5.24). 

As the induction machine has a squirrel cage rotor, the q and d-axis rotor voltages 

are equal to zero. Therefore Equations (5.23) and (5.34) are 

( ) drreqrqrr pIr λωωλ −++=0      (5.29) 

( ) qrredrdrr pIr λωωλ −−+=0 .     (5.30) 

Substituting for the rotor fluxes and currents in Equation (5.29) 
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Simplifying the above equation results in the state equation for the q-axis stator 

current for the stator flux model of the machine 

( ) ds
m

rr
dsreqs

m

r
qs

m

r
qsqs L

LILV
L
L

L
rrIpIL λωωωλ +−−−−= 11    (5.32) 

( )rssr
m

LrLr
L

r += 1 .         

Similarly to obtain the state equation for the d-axis stator current for the stator 

flux model of the machine, Equations (5.26), (5.27), and (5.28) are substituted in the d-

axis rotor Equation (5.30).  

( ) 







+−−








++








−= qsqs

m

r
redsds

m

r
ds

m

s
ds

m
r IL

L
L

IL
L
L

pI
L
L

L
r         1 0 11 λωωλλ  (5.33) 

Simplifying the above equation: 

( ) qs
m

rr
qsreds

m

r
ds

m

r
dsds L

LILV
L
L

L
rrIpIL λωωωλ −−+−−= 11 .   (5.34) 

Therefore, the stator flux model equations for the induction machine are given by 

Equations (5.21), (5.22), (5.32), and (5.33). 

 

5.2.1 Rotor-Flux Model of Induction Machine 

 

The second model considered in this chapter is the rotor flux model of the 

induction machine. This model uses the stator currents and the rotor fluxes as state 

variables in the model equations for the machine. 
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Using the equations for the induction machine in the synchronous reference frame 

the machine equations can be modified in terms of the desired state variables. 

The q-axis rotor current can be expressed in terms of the currents and the rotor 

fluxes using Equation (5.18) 

qs
r

m
qr

r
qr I

L
L

L
I −= λ1        (5.35) 

The desired model requires the stator q and d-axis fluxes and currents to be 

expressed in terms of the rotor fluxes and stator currents.  

From Equation (5.20) the d-axis rotor current is 

ds
r

m

r

dr
dr I

L
L

L
I −=

λ
.       (5.36) 

Eliminating the rotor currents in Equations (5.17) and (5.19) results in expressions 

for the stator q and d axis fluxes in terms of the desired state variables for the system.  

.1








−+= qs

r

m
qr

r
mqssqs I

L
L

L
LIL λλ      (5.37) 

Simplifying Equation (5.37) 

.qr
r

m
qsqs I

L
L

IL += σλ        (5.38) 

where 
r

m
s L

L
LL

2

−=σ     

      

Following the same method as described for the q-axis stator flux, the d-axis 

stator flux can be expressed in terms of the desired state variables as 

.dr
r

m
dsds I

L
L

IL += σλ        (5.39) 
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Substituting Equations (5.38) and (5.39) in (5.21) 

dr
r

mr
qr

r

mr
dseqsqsqs L

L
L
Lr

ILpILrIV λωλω σσ +−++= 2    (5.40) 

where 2

2

r

mr
s L

Lr
rr += .         

Similarly the d-axis voltage equation, 

qr
r

mr
dr

r

mr
qsedsdsds L

L
L
Lr

ILpILrIV λωλω σσ +−−+= 2 .   (5.41) 

The terms for the rotor currents in equations in (5.29) and (5.30) are eliminated 

using Equations (5.35) and (5.36), respectively. 

( ) drreqrqs
r

mr
qr

r

r pI
L
Lr

L
r λωωλλ −++−=0     (5.42) 

( ) qrredrds
r

mr
dr

r

r pI
L
Lr

L
r λωωλλ −−+−=0     (5.43) 

Rearranging Equations (5.40), (5.41), and (5.42) and (5.43), the state equations 

for the induction generator can be expressed in terms of the desired state variables. 

dr
r

mr
qr

r

mr
dseqsqsqs L

L
L
Lr

ILrIVpIL λωλω σσ −+−−= 2    (5.44) 

dr
r

mr
qr

r

mr
dsedsdsds L

L
L
Lr

ILrIVpIL λωλω σσ +++−= 2    (5.45) 

( ) drreqs
r

mr
qr

r

r
qr I

L
Lr

L
rp λωωλλ −−+−=     (5.46) 

( ) qrreds
r

mr
dr

r

r
dr I

L
Lr

L
rp λωωλλ −++−=     (5.47) 
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The final model discussed in this chapter is the model of the induction machine in 

terms of the natural variables, discussed in the next section. 

 

5.2.1 Natural Variables Model of Induction Machine 

 

The natural variables of the machine are the electromagnetic torque, reactive torque, 

and the rotor flux. The terms natural variables arises from the fact that these variables can 

be easily related to and also these terms are reference frame independent. Therefore the 

model of the machine in this form can be used in implementing various types of control 

schemes. One such scheme is illustrated in [C.1]. 

The equations for the natural variables are as follows: 

( )dsqrqsdre IIkT λλ −=        (5.48) 

( )qsqrdsdrr IIkT λλ +=        (5.49) 

22
drqrrr λλλ +=        (5.50) 

where    
r

m

L
LP

4
3 . 

The first step in obtaining the model of the machine in terms of the natural 

variables is differentiating Equations (5.48) to (5.50). 

( )qrdsdsqrdrqsqsdre pIpIpIpIkpT λλλλ −−+=    (5.51) 

( )qrqsqsqrdrdsdsdrr pIpIpIpIkpT λλλλ +++=    (5.52) 

drdrqrqrrr ppp λλλλλ 22 +=       (5.53) 
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To express Equations (5.51) to (5.53) in terms of the natural variables, Equations 

(5.21) to (5.24) are modified. The method followed is detailed below. 

Rearranging Equations (5.44) and (5.45) results in the desired state equation for 

the stator currents.  

dsedrr
r

m
qr

r

mr
qsqsqs I

LL
L

LL
LrrIV

L
pI ωλωλ

σσσ

−−+−= 2

1    (5.54) 

qseqrr
r

m
dr

r

mr
dsdsds I

LL
L

LL
LrrIV

L
pI ωλωλ

σσσ

+++−= 2

1    (5.55) 

2

2

r

rrs

LL
Lr

L
rr

σσ

+=  

The equations for the rotor q and d-axis fluxes are  

( ) drreqs
r

mr
qr

r

r
qr I

L
Lr

L
rp λωωλλ −−+−=     (5.56) 

( ) qrreds
r

mr
dr

r

r
dr I

L
Lr

L
rp λωωλλ −++−= .    (5.57) 

Substituting Equations (5.54) to (5.57) in(5.51) to (5.53) 

( ) rrr
r

m
rre

r

r
dsqrqsdre LL

kL
TT

L
r

rVV
L
kpT λωωλλ

σσ

−−







+−−=    (5.58) 

( ) ( )22
re

rrr

mr
rrr

r

m
err

r

r
dsdrqsqrr TT

kL
Lr

LL
kL

TT
L
r

rVV
L
kpT ++++








+−+=

λ
λωωλλ

σσ

 

                                                                                                                         (5.59) 









+

−
= r

r

mr
rr

r

r
rr T

kL
Lr

L
r

p λλ 2 .      (5.60) 

Therefore the model equations for the induction machine in terms of the natural 

variables are given by Equations (5.58) to (5.60). 
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The natural variables model of the induction machine can also be expressed in 

terms of the stator flux in place of the rotor flux. The model equations are derived as 

below. The method used in the derivation is the same as that used for the model of the 

natural variables in terms of the rotor flux. 

The second model of the induction machine in terms of the natural variables has 

the electromagnetic torque, reactive torque, and the stator flux defined as follows: 

 ( )dsqsqsdse IIkT λλ −=       (5.61) 

( )dsdsqsqsr IIkT λλ +−=       (5.62) 

22
dsqsss λλλ += .       (5.63) 

To obtain the desired model, Equations (5.61) to (5.63) are differentiated. 

( )qsdsdsqsdsqsqsdse pIpIpIpIT
k

λλλλ −−+=1     (5.64) 

( )dsdsdsdsqsqsqsqsr pIpIpIpIpT
k

λλλλ +++=−1    (5.65) 

( )dsdsqsqsss ppp λλλλλ += 2       (5.66) 

Rearranging Equations (5.21) and (5.22) results in the state equation for the q and 

d-axis stator fluxes. 

dseqssqsqs IrVp λωλ −−=       (5.67) 

qsedssdsds IrVp λωλ +−=       (5.68) 

Rearranging Equations (5.32) and (5.34) 

ds
r

qs
r

r
dssqss

r

rs
qsqs LLL

r
IIr

L
rL

L
V

L
pI λωλω

σσσσ

−+−







+−=

11    (5.69) 
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qs
r

ds
r

r
qssdss

r

rs
dsds LLL

r
IIr

L
rL

L
V

L
pI λωλω

σσσσ

+++







+−=

11 .   (5.70) 

Substituting Equations (5.66) to (5.69) in Equations (5.64) to (5.66). 









−−








+−







 −
−







 −
= ss

r
rre

r

sr
sds

qsqs
qs

dsds
e L

kTT
L
Lrr

L
V

L
IL

V
L

ILkpT λωω
λλ

σσσ

σ

σ

σ 1     

                                                                                                                         (5.71)  

( )221
re

ss

s
err

r

sr
sss

r

r
ds

dsds
qs

qsqs
e TT

k
rTT

L
Lrr

LLL
rV

L
ILV
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IL
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+−
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
−




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

 +
−







 +
−=

λ
ωλλλ

σσσ

σ

σ

σ

          (5.72) 

( ) r
s

dsdsqsqsss T
k
rVVp 22 −+= λλλ      (5.73) 

Equations (5.71) to (5.73) are the model equations for the induction machine in 

terms of the natural variables Te,, Tr, and λss.  

Having derived the model of the induction machine using three different state 

variables, the next section illustrates the method of determination of the parameters of the 

induction machine. 

5.2 Parameter Determination of an Induction Machine 

The determination of the parameters of an induction machine involves three different 

tests, namely the blocked rotor test, no-load test, and dc test. The equivalent circuit of a 

three-phase squirrel cage induction machine is shown in Figure 5.3 [A.2]. 
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Figure 5.3: Equivalent circuit of three phase induction machine including the core loss 

resistance 

The calculation of the different parameters of the equivalent circuit involves 

making the following assumptions: 

The stator and rotor leakage inductances are assumed to be equal i.e. 

lrls LL = . 

The core loss resistance rc is neglected. 

The simplified equivalent circuit of the three-phase induction machine is shown in 

Figure 5.4.  

The dc test is used to determine the stator resistance. The test involves applying a 

dc voltage across any of the two of the three terminals of the induction machine. The 

lsL
sr

phV
mL

-
lrL

rr
phI

 
Figure 5.4: Simplified equivalent circuit for three-phase induction machine. 
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voltage applied divided by the current flowing through the two windings gives the 

sum of the resistance for each winding. Therefore on a per-phase basis,  

dc

dc
s I

Vr
2
1= .        (5.74) 

The second test performed is the blocked rotor test, sometimes referred to as the 

short circuit test. This test is performed by blocking the rotor so it cannot rotate. A three-

phase balanced voltage is applied to the stator windings and to rotor is held stationary. 

The voltage applied is usually low as the input impedance of the machine is very low 

thereby giving rise to very high stator currents. The voltage applied is increased until the 

current through the stator windings reaches the rated current, as applying a higher current 

can cause overheating of the stator windings. The test involves measuring the power, 

voltage and current flowing through the induction machine when the rotor is prevented 

from spinning. For this case the slip is equal to one and the equivalent circuit is as in 

Figure 5.5.  

As can be seen from Figure 5.5, the magnetizing inductance is neglected as the 

test is performed at low voltages. At low voltages the core loss resistance and 

lsL
sr

scV

-
lrL

rrscI

 
Figure 5.5 Equivalent circuit for short-circuit test 
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magnetizing inductances are very small, and can therefore be neglected in the 

calculations. Therefore the equivalent short-circuit impedance is 

( ) ( )

( ) 1

21

2      Xjrr

XXjrrZ

rs

rssc

++=

+++=
      (5.75) 

( )rssc rrR +=         (5.76) 

.2       

2

2

1

X

XX sc

=

=
        (5.77) 

As the stator resistance is calculated using the dc voltage test, the rotor resistance 

and stator and rotor leakage inductances are calculated using the short-circuit test.                             

The rotor resistance is calculated as 

sscr rRr −=         (5.78) 

where scR  is calculated using the measured values as in Table 5.2. 

The stator and rotor leakage impedances, which are assumed to be equal are 

calculated by calculating the equivalent reactance of the equivalent circuit for the short 

circuit test, as expressed in Equation (5.78). 

 

                           Table 5.2: Measurements for short circuit test 
 
 

Voltage 

(Volts) 

Current 

(Amps) 

Power 

(Watts) 

3.47 6.2 94.13 
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The third test performed is the no-load test. This test is performed to calculate the 

magnetizing inductance.  

For the no load test, the symmetrical three phase induction machine is supplied by 

a system of symmetrical three-phase voltages and the machine is uncoupled from its load. 

Thus, the speed is close to the synchronous speed and it follows that the slip is very small 

( )0≈s and it is assumed that there are no rotor currents. Readings are taken of the stator 

currents and the input power at various input voltages and rated supply frequency. The 

equivalent circuit for the no-load test is in Figure 5.6. The equivalent impedance for the 

no load test is 

.      nlnl

nl

nl
nl

jXR

I
V

Z

+=

=

       (5.79) 

 

lsL
sr
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-
lrL

rr
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Figure 5.6 Equivalent circuit for no-load test 
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As can be seen from the equivalent circuit, the no-load resistance is equal to the 

stator resistance and the reactance is equal to the sum of the stator leakage reactance and 

magnetizing reactance. As the stator leakage reactance and resistance have been 

calculated from the other two tests performed, the magnetizing reactance is calculated. 

snl rR =         (5.80) 

mnl XXX += 1        (5.81) 

1XXX nlm −=        (5.82) 

f
X

L m
m π2

=         (5.83) 

Hz 60 frequencysupply ==f  

The results for the no-load test are in Table 5.3. 

 

Table 5.3: Experimental readings for no-load test 
 

Voltage 

(Volts) 

Current 

(Amps) 

10.36 2.31 

20.03 1.06 

23 0.96 

27.1 0.964 

30 0.979 

40 1.17 

50.04 1.39 

52.7 1.46 

56.5 1.54 

60.9 1.66 

70.32 1.917 

80.99 2.19 

90.01 2.463 

100.15 2.785 

109.65 3.11 

119 3.5 

121.96 3.66 
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For a given operating frequency, the magnetizing inductance varies substantially as 

the supply voltage changes. Therefore the no load test is performed for terminal voltages 

ranging from small to large. The magnetizing inductance is then calculated for each value 

of voltage and current measured. The variation of the magnetizing inductance with 

changing input voltage is plotted in Figure 5.7, and the variation of the magnetizing 

inductance with the magnetizing flux linkage is given in Figure 5.8.  

 

. 
Figure 5.7: Variation of magnetizing inductance with input phase voltage 
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Figure 5.8: Variation of magnetizing inductance with magnetizing flux linkage 
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CHAPTER 6 

STEADY-STATE ANALYSIS OF VSI-ASSISTED 

INDUCTION GENERATOR  
 
 

 

6.1 Introduction 

 
 

The induction generator-rectifier system dealt with so far is used for the 

generation of dc power has been illustrated in Chapter 5. The system proposed is an 

induction generator connected to a boost rectifier, which uses the dc side capacitor of the 

boost rectifier for self-excitation. Further analysis on the proposed model will be 

discussed in the later chapters.  

The scheme studied in this Chapter is a �voltage-source inverter assisted� 

induction generator. The converter is connected to a battery to enable bi-directional flow 

of power. The direction of flow would be dependant on the load condition. The type of 

power generated in this scheme is �ac�.  

This chapter proposes a model, which has three-phase capacitors, connected 

across the stator windings of the machine. The capacitors are used to maintain a 

consistent load voltage. Steady-state analysis of is studied for the different conditions of 

the system to illustrate the bi-directional flow of power.  
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6.2 System Model  

 
 

The system model used in the analysis is as shown in Figure 6.1. The system 

includes a boost rectifier. The main feature of the boost rectifier in the operation of this 

model is the bi-directional power flow capability of the rectifier.  

The operation of the system is such that the capacitors connected at the terminals 

of the generator are used for marinating a constant voltage across the load, and the 

generator is self-excited by the voltage-source converter connected to the stator windings 

through a three-phase transformer. Depending on the load condition, the system can 

either absorb power or supply power for charging of the battery.  

 

VOLTAGE
SOURCE

CONVERTER

IG

LOAD

C

rc

rc

rc

Lc

Lc

Lc

C1

Rs

Vdc

TRANSFORMER

 
 

Figure 6.1: Proposed system model 
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During the process of self-excitation, the voltage-source inverter provides the 

required reactive power. This is provided by the capacitor on the dc-side of the converter. 

However, it has been shown that the voltage stability of the induction generator is poor 

when the rotor speed and load conditions vary. Therefore there have been some schemes 

proposed whereby the required active power by the load, if in excess of the input rotor 

mechanical power is supplied by a battery connected to the dc side of a three-phase 

rectifier. One such scheme has been proposed for a dual-winding generator [C.26].  

The advantage of using a boost rectifier is the bidirectional flow of power. When 

the generated power is in excess, the power flow is towards the battery, thereby the 

charging of the battery takes place. However, when the active power required by the load 

is in excess of the mechanical power of the rotor, the difference is supplied by the battery 

on the dc side of the rectifier. The inclusion of a battery allows for the bi-directional flow 

of power. There are schemes proposed that do not include the battery [C.26]. However in 

the case where there is no battery, an additional switch is used in the capacitor leg of the 

converter for control of the dc voltage across the capacitor.  

The model also includes a transformer which provides isolation between the two 

parts of the system, i.e. the rectifier side and generator side. The transformer is also used 

in appropriate matching of the current on the two sides. As the battery voltage determines 

the value of the voltages at the output of the converter, the matching of the two sides is 

essential.  

The following section illustrates the model of the battery used. The proposed 

model is illustrated and the model equations derived.  
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6.2.1 Steady-State Model of Battery 

 

The model of the battery used is illustrated in Figure 6.2. The voltage at the 

output of the battery is the voltage input to the converter for the proposed scheme.  

At steady state, the model of the battery can be represented as in Figure 6.3. This 

is because at steady state the current through the capacitor is equal to zero, hence the 

capacitor is an open circuit. The dynamic equations for the battery are 

1r
VICpV o

b −=        (6.1) 

2

1
1 r

VICpV c
b −=        (6.2) 

sbcd rIVVV ++= 1 .       (6.3) 

r2

r3

C 1

C

Ib

V o

r1

V

V 1

V d

 
Figure 6.2: Equivalent circuit model of battery 
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Id

Vdc

 
Figure 6.3: Simplified model of battery 

 

Therefore, the model equations for the battery at steady state are 

dcbso VIRV +=  

where 321 rrrRs ++= , is equal to the sum of the resistances in the circuit.  

The simplified equivalent circuit is shown in Figure 6.3.  

 
 
6.2.2 Overall System Model 

 
The overall system model is obtained by using the equations of the induction 

generator and boost rectifier derived in the previous chapters. The model equations of the 

induction generator are 

dseqsqssqs pIrV λωλ ++=       (6.3) 

qsedsdssds pIrV λωλ −+=       (6.4) 

( ) drreqrqrr pIr λωωλ −++=0      (6.5) 

( ) qrredrdrr pIr λωωλ −−+=0 .     (6.6) 
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The parameters used in the qd model equations for the induction machine have 

been derived in Chapter 5, and are therefore not repeated here.  

The model equations for the boost rectifier have been derived in Chapter 3. The 

equations are 

2
dcqs

dcceqccqs

VM
ILIrV ++= ω      (6.7) 

2
dcds

qccedccds
VMILIrV +−= ω      (6.8) 

( )
L

dc
dsdsqsqs R

VIMIM −+=
2
30  .     (6.9) 

The parameters used in the above model equations are defined in Table 6.1.  

 

                                      Table 6.1: Parameters used in model equations 
 
 

Iqc q-axis primary side current  

Idc d-axis primary side current 

Iqf q-axis secondary side 
current 

Idf d-axis secondary side 
current 

IqL q-axis load current 

IdL d-axis load current 

N Transformer turns ratio 

Zo Load impedance 

Zc Line impedance 
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Having defined the parameters used in the model equations, the model equations 

for the overall system are derived.  

The first step is the determination of the state equations for the currents on the 

machine side of the system. The dynamic equations expressed in the qd reference frame 

are 

qLqfqsdseqs IIICVCpV −−−=+ω      (6.10) 

qLdfdsqseds IIICVCpV −−−=−ω      (6.11)  

dLoeqloqLoqs ILpILIrV ω++=       (6.12) 

qLoedlodLods ILpILIrV ω−+=       (6.13) 

( ) qsdcceqccqcc
dq nVILpILIr

VM
+++−= ω

2     (6.14) 

( ) dsqccedccdcc
dd nVILpILIrVM

+−+−= ω
2     (6.15) 

( )dcdcqcqsbd IMIMIpVC +−=
2
3

1
.     (6.16) 

 

 To simplify the analysis, the system equations (6.10) to (6.16) are 

expressed using the complex form. The complex form is as defined by Equation (6.17). 

The complex form of the q and d-axis voltage is expressed and the same method is 

applied to the remaining variables in the model equations. 

dsqsqds jVVV +=        (6.17) 
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Using the above definition, the complex form model equations are as expressed in 

Equations (6.18) to (6.21). 

qdLqdfqdsqdseqdsp IIICVjVC −+=− ω      (6.18) 

qdLoeqdloqdLoqds ILjpILIrV ω−+=      (6.19) 

( ) qdsqdcceqdccqdcc
dqd nVILjpILIr

VM
+−+= ω

2
    (6.20) 

( )qdcqdbd IMalIpVC *
1 Re

2
3−=      (6.21) 

 

Using the equations in (6.18) to (6.21), the steady state analysis of the system is 

performed. The analysis is carried out by setting the terms with the differential operator 

to be equal to zero. Applying this condition, the model equations of the system at steady 

state are as in 6.22 to 6.25. 

pdLqdfqdsqdse IIIcVj −−−=− ω      (6.22) 

qdLoqds IZV =         (6.23) 

qdsqdcc
dqd nVIZ

VM
+=

2
      (6.24) 

( )qdcqdb IMalI *Re
2
3−=       (6.25) 

 

The steady state analysis aims at studying the nature of variation of the dc voltage 

and the battery current for varying load conditions and operating slips. Also the 

magnitude of the modulation index of the rectifier and the q and d-axis modulation 
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signals are calculated for specific conditions. The derivation of the expressions to 

determine the parameters is detailed.  

The primary side currents can be expressed in terms of the secondary side current 

and the turns ration as 

qdcqdf nII = .        (6.26) 

The method of simplification of the model equations at steady state involves 

expressing the stator voltages in terms of the current on the primary side. 

The stator currents can be expressed in terms of the stator voltages and the 

machine parameters. The derivation is dealt with in detail in Chapter 8, and is repeated in 

Equation 6.27. 

k
V

I qds
qds =         (6.27) 

where k is defined by the parameters of the induction machine.  
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The variables used in Equation 6.28 are defined in Chapter 8.  

Also from Equation 6.23, the load current can be expressed in terms of the stator 

voltages and load impedance as 

o

qds
qdL Z

V
I = .        (6.29) 
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Substituting Equations (6.28) and (6.29) in (6.23) a relationship between the stator 

voltages and Iqdc  can be determined.  

 qds
o

eqdcqdf V
Zk

CjnII 







−−==

11ω      (6.30) 

 

qds
qdc V

Y
nI

=⇒
1

       (6.31) 

o
e Zk
cjY 11

1 −−= ω        (6.32) 

Using Equations 6.31 in 6.34, the relationship between Iqdc and in terms of the q 

and d-axis modulation signals is obtained. 

qdcc
dqd I

Y
nZ

VM




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
+=

1
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c
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Therefore, the relationship between the magnitude of the modulation index and 

the dc voltage can be determined by substituting Equations 6.34 in 6.25. 
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The method of analysis assumes the variables 
b

d

I
VM 2

 to be equal to a constant 

1σ , where 1σ  is known for a fixed value of saturation in the machine. 
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Having determined the equation for the modulation index, dc voltage, and battery 

current in terms of known parameters, the following analysis is performed to obtain an 

expression for the dc voltage. 

Dividing Equation 6.24 by 6.37 

1
22 σ

ω qdsqdcceqdccbqd nVILjIr

M

IM +−
=      (6.39) 
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Separating the real and  imaginary terms in equation 6.24, i.e. expressing the q 

and d-axis components of the modulation signals separately, 

12
knVILIr

VM
qsdcceqcc

dq =++= ω      (6.40) 

22
knVILIrVM

dsqccedcc
dd =+−= ω      (6.41) 

Dividing Equations (6.40) by (6.41) results in an equation relating the q and d-

axis modulation signals in terms of known quantities for a fixed condition of magnetizing 

flux. 

( )
( ) z

nVILIr
nVILIr

M
M

dsqccedcc

qsdcceqcc

d

q =
+−
++

=
ω
ω

     (6.42) 

dq zMM =         (6.43) 

From Equation (6.40)  

( )
1

1

2
σ

ω
γ qsdcceqcc nVILIr ++

=  .     (6.44) 

Therefore, substituting 6.43 in 6.37 
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11
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γ
.      (6.45) 

Substituting the expression for the q-axis modulation index in 6.40,  

 1

21
211

kV

z

I db =×






 +γ

.      (6.46) 

From the model of the battery derived in section 6.2.1, the battery current can be 

expressed as 
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s

od
b R

VVI −= .       (6.47) 

Using Equations 6.46 and 6.47, a quadratic equation in terms of the dc voltage Vdc 

is obtained which is used to calculate the dc voltage across the capacitor.  

 ( ) sdod R
z

kVVV 





 +=− 211

112γ     (6.48) 

 0112 211
2 =






 +−− sdod R

z
kVVV γ     (6.49) 

Using the above equations, the steady state analysis is performed for the system. 

In this case, the main feature of the system is studied, whereby the dc current from the 

battery can flow in both directions. This also illustrates the bidirectional power flow 

capability of a boost converter.  

The plots illustrated are obtained for varying load conditions. The effect of 

saturation is considered in the induction generator. For a particular value of magnetizing 

flux, the corresponding values of the stator q and d-axis voltages as well as the stator 

currents are fixed. Correspondingly, from Equation 6.29 the load current is fixed. 

Therefore, the current on the secondary side and hence the primary side of the 

transformer are fixed. Using these conditions and values, the corresponding values of the 

dc voltage as well as the battery current are determined. The variables are plotted as 

functions of the magnetizing flux. Also the load is varied to show the positive and 

negative values (bi-directional) flow of the battery current.  

As the equation obtained to calculate the dc voltage is a quadratic equation, there 

are two possible solutions for the values of the dc voltage. However, only one is possible  
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Figure 6.4: Variation of Vd with magnetizing flux λm for a load resistance of RL=100Ω and  

L = 50mH 
 

given the operating conditions. This is illustrated graphically and explained in 

detail with respect to the plots obtained. The parameters used in the analysis are in Table 

6.2. 

Figures 6.4 to 6.10 are obtained by calculating the dc voltage Vd under two 

specified conditions of slip. The plots obtained illustrate the two extreme conditions, one 

when the active power required by the load is lower than the rotor mechanical power; in 

this case, the surplus power is supplied to the battery, charging the battery. This condition 

is illustrated in Figure 6.4. From the model of the battery, the internal voltage is set to 

24V. Therefore the charging of the battery is shown by the increasing value of Vd in 

Figure 6.4. Corresponding to the charging of the battery is the direction of flow of the 

battery current. The current convention used in this model is assuming a positive 
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direction to be the flow of current into the battery. Therefore, Figure 6.5 illustrates the 

battery current corresponding to the charging of the battery.  

Figures 6.6 and 6.7 are the q and d-axis modulation signals and the magnitude of 

the modulation index, respectively. As the load determines the operating condition, only 

one root of the quadratic equation results in a possible point of operation. Using the 

calculated values of Vd the q and d-axis modulation signals and the magnitude of the 

modulation index are calculated.  

In the first case, the load is assumed to be really large; therefore the load current 

drawn is very small, RL = 100Ω, and L = 50mH. The plots are obtained for two different 

operating slips, s = -0.04, and s = -0.08. 

 

 
Figure 6.5: Variation of Id with magnetizing flux λm for a load resistance of RL=100Ω and   

L = 50mH 
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Figure 6.6: Variation of  Mq and  Md with magnetizing flux λm for a load resistance of 
 RL = 100Ω and L = 50mH 

 

Figures 6.8 to 6.10 illustrate the second operating condition, i.e. discharge of the 

battery. For this operating condition, the load connected to the induction generator is 

assumed to be very small; therefore the active power requirement is greater than the rotor 

mechanical power. This corresponds to a condition of discharging of the battery. As in 

the previous case, the internal battery voltage is assumed to be equal to 24V. The plots 

are obtained for two operating slip conditions, s = -0.04, and s = -0.08. The load in the 

case if assumed to be RL = 10Ω, and L = 5mH. 
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Figure 6.7: Variation of M with magnetizing flux λm for a load resistance of RL=100Ω and  

L = 50mH 

 
 

Figure 6.8: Variation of Vd with magnetizing flux λm for a load resistance of RL= 10Ω and   
L = 5mH 
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Figure 6.9: Variation of Id with magnetizing flux λm for a load resistance of RL = 100Ω and  

L = 50mH 

 
 

Figure 6.10: Variation of  Mq and  Md with magnetizing flux λm for a load resistance of       
RL = 100Ω and L = 50mH 
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Figures 6.11 to 6.16 are obtained assuming the machine to be operating under a 

condition of minimum copper loss. The condition of minimum copper loss is derived in 

Chapter 8, and is determined by the operating slip satisfying the condition, shown in 

Equation 6.50. In this case as well the analysis is carried out for two extreme operating 

conditions, causing both charging and discharging of the battery. Figure 6.11 illustrates 

the charging of the battery from 24V to 55V. The corresponding battery currents are 

plotted in Figure 6.12. The loads for both the conditions are assumed to be the same as in 

Figures 6.4 to 6.10. 

( ) 1

1

22
2

2

−+

−=

mrrs
rs

r LrLr
rr

s
ω

      (6.50) 

 

 
Figure 6.11: Variation of Vd with magnetizing flux λm for a load resistance of RL = 100Ω and 

L = 50mH under minimum loss condition. 
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Figure 6.12: Variation of Id with magnetizing flux λm for a load resistance of RL = 100Ω and 
L = 50mH under minimum loss condition. 

 
Figure 6.13: Variation of  Mq and  Md with magnetizing flux λm for a load resistance of       

RL = 100Ω and L = 50mH under minimum loss condition. 
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Figure 6.14: Variation of Vd with magnetizing flux λm for a load resistance of RL = 10Ω and 

L = 5mH under minimum loss condition. 

 

 
Figure 6.15: Variation of Id with magnetizing flux λm for a load resistance of RL = 10Ω and   

L = 5mH under minimum loss condition. 
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Figure 6.16: Variation of  Mq and  Md with magnetizing flux λm for a load resistance of       

RL = 10Ω and L = 5mH under  minimum loss condition. 

 

Figures 6.14 to 6.16 show the discharging conditions of the battery. The dc 

voltage, battery current, and corresponding values of the q and d-axis modulation signals 

are plotted. The analysis performed show the two extreme operating conditions of the 

proposed system.  

Table 6.2: Parameters used in analysis 
 
 

Ω= 54.1sr  Ω= 2.0cr  

Ω= 9088.0rr  sec/300radr =ω  

HLls 004.0=  VVo 24=  

HLlr 004.0=  Ω= 7.0sR  

mHLc 5=   
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CHAPTER 7 

MODELING OF THREE-PHASE INDUCTION 

GENERATOR- RECTIFIER SYSTEM 

 
7.1 Introduction 

 
 

Induction generators are used in a large number of applications in the area of non-

conventional energy sources e.g. wind-powered electricity. The primary reason for the 

increase in the use of induction generators in wind power generation is the fact that 

induction machine can be made to work as a self- excited induction generator, and 

thereby does not require an independent source to produce the excitation magnetic field. 

The different methods of operation of an induction generator are [C.18]: 

• Polyphase AC Supply 

• VSI Inverter with DC Supply 

• CSI Inverter with DC Supply 

• Capacitive Self-Excitation 

• VSI Self-Excitation 

• CSI Self-Excitation. 

Each mode of operation is schematically represented in Figure 7.1.  
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Figure 7.1: Generator modes of operation in an induction machine, from top: (a) poly-phase ac 
supply, (b) VSI with dc supply, (c) CSI with dc supply, (d) VSI self-excitation, (e) capacitive 

self-excitation, (f) CSI self-excitation 
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Operation of the induction generator can be obtained by the connection of the 

machine to a poly-phase supply. When the machine is driven at a speed greater than the 

synchronous speed of the machine, the direction of active power is reversed. Similarly for 

the connection of a voltage source inverter to a dc supply, the reversal in the direction of 

the dc current indicates a change in the direction of active power flow. For the connection 

of the CSI to a dc supply, the dc voltage changes direction when the machine is operating 

as a generator. 

An important feature of induction machines, as mentioned earlier, is the ability for 

the machine to self-excite. There are two possible methods, both illustrated in Figure 7.1 

(d) and 7.1(f). In the case shown in Figure 7.1(d), the reactive power supplied by the 

poly-phase source in Figure 7.1 9(a) is now supplied by the capacitor 

  

7.2 System Model 

 

The method of self -excitation studied in detail is the converter-driven method. In 

this method, the capacitor on the dc side of the rectifier acts like a three-phase capacitor 

connected across the terminals of the stator windings, the system configuration is shown 

in Figure 7.2. During the startup process of the generator, the converter provides the 

required excitation (with the dc capacitor), and as the generator voltage builds up the 

converter operates as a rectifier, rectifying the ac power from the generator to dc power. 
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Figure 7.2: Induction generator-boost rectifier system model 

 

The first step in the development of the scheme is the generator model, following 

which the model, the boost rectifier model is summarized and finally the combined model 

developed.  

The model of a three-phase induction generator is the same as the induction motor 

detailed in Chapter 5. The model equations for the machine derived in Chapter 5 assumes 

a positive direction of current for the operation of the machine as a motor; therefore, the 

machine equations for the generator operation are exactly the same as the motor except 

for the direction of current. The induction generator model equations are given by 

Equations (7.1) to (7.4). 

dseqsqssqs pIrV λωλ ++=       (7.1) 

qsedsdssds pIrV λωλ −+=       (7.2) 

( ) drreqrqrr pIr λωωλ −++=0      (7.3) 

( ) qrredrdrr pIr λωωλ −−+=0      (7.4) 
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( )qrdsdrqse iiiiPT −=
4

3        (7.5) 

Vqs, Vds are the stator q and d-axis voltages 

Iqs, Ids are the stator q and d-axis currents 

Vqr, Vdr are the rotor q and d-axis voltages 

Iqr, Idr are the rotor q and d-axis currents 

λqs, λds, λqr and λdr  are the stator and rotor q and d-axis flux linkages. 

The model equations expressed in terms of the stator currents and rotor fluxes are 

used in the control scheme formulated in Chapter 9. The system equations for the 

generator are therefore expressed in terms of the desired variables. The model equations 

derived in Chapter 5, Equations (5.44) to (5.47) are repeated below. 

dr
r

mr
qr

r

mr
dseqsqsqs L

L
L
Lr

ILrIVpIL λωλω σσ −+−−= 2     (7.6) 

dr
r
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r

mr
dsedsdsds L

L
L
Lr

ILrIVpIL λωλω σσ +++−= 2     (7.7) 

( ) drreqs
r

mr
qr

r

r
qr I

L
Lr

L
rp λωωλλ −−+−=       (7.8) 

( ) qrreds
r

mr
dr

r

r
dr I

L
Lr

L
rp λωωλλ −++−=       (7.9) 

The torque equation for the generator in terms of the desired state variables is 

( )dsqrqsdre IIkT λλ −=          (7.10) 

r

m

L
LPk

4
3= . 
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The model equations for the boost rectifier system have been derived in Chapter 

3; the equations are repeated in 7.11 to 7.14. 

2
dcq

dseqsqsqs

VM
LILpIrIV +++= ω        (7.11) 

2
dcd

qsedsdsds
VM

LILpIrIV +−+= ω        (7.12) 

dcooso VLpIrIV ++=          (7.13) 

( )
L

dc
oodsdsqsqsdc R

VIMIMIMCpV −++= 2
2
3       (7.14) 

Vqs, Vds are the q and d-axis voltages 

Iqs, Ids are the q and d-axis currents 

Mqs, Mds are the q and d-axis modulation signals 

RL= Load resistance 

C = dc side capacitor 

r =resistance per phase 

ωe = frequency of input voltages 

L= inductance per phase 

Vdc = output dc voltage. 

The expression for the q and d-axis voltages in terms of the q and d-axis 

components of the modulation signals has been derived in Chapter 3 and is repeated 

below in Equations 7.15 and 7.16. 

2
dcq

qs

VM
V =           (7.15) 
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2
dcd

ds
VM

V =           (7.16) 

( )
L

dc
dsdsqsqsdc R

VIMIMCpV −+=
2
3        (7.17) 

 

From Figure 7.2, the q and d-axis voltages of the boost rectifier Equations (7.15) 

and (7.16) are equal to the q and d-axis stator voltages for the induction generator.  

Using Equations (7.6) to (7.9) and (7.15) to (7.17), the combined model of the 

induction generator-boost rectifier system is derived.  

As explained earlier, the model equations for the induction generator should 

incorporate a reversal in the current direction. This is included in the capacitor voltage 

equation for the boost rectifier. 

( )
L

dc
dsdsqsqsdc R

VIMIMCpV −+−=
2
3       (7.18) 

Therefore the model equations of the induction generator boost rectifier system 

are summarized below: 
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    (7.19) 
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    (7.20) 

( ) drreqs
r

mr
qr

r

r
qr I

L
Lr

L
rp λωωλλ −−+−=       (7.21) 

( ) qrreds
r

mr
dr

r

r
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L
Lr

L
rp λωωλλ −++−=       (7.22) 
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( )
L

dc
dsdsqsqsdc R

VIMIMCpV −+−=
2
3 .       (7.23) 

 

The model equations derived for the generator-rectifier system is used in the 

steady-state analysis as well as the derivation of the control scheme for the induction 

generator-rectifier using rotor flux vector control.  
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CHAPTER 8 

STEADY-STATE EXCITATION OF INDUCTION 

GENERATOR �RECTIFIER SYSTEM 

 

8.1 Introduction 

 

The dynamic model of a three-phase induction generator-boost rectifier system 

has been detailed in Chapter 7. The steady state operation of the system is studied in 

detail in this chapter. The effect of saturation on the performance of an induction machine 

has been studied extensively in [C.1]. The effect of saturation is incorporated in the 

model of the system by using the variation of the magnetizing inductance Lm with the 

magnetizing flux linkage λm, which is experimentally obtained.  

Various studies have been made based on the response of the induction generator 

with respect to the change in magnetizing flux. The magnetizing flux, and its effect on 

the self- excitation process of an induction machine is illustrated in [C.3]. 

This chapter studies the excitation requirements of an induction generator, 

accounting for saturation in the generator. The measure of the self-excitation 

requirements primarily used is the magnitude of the modulation index of the three-phase 

boost rectifier.  

To augment the detailed analysis, the operation of the induction machine is 

studied and the effect of minimizing the copper loss in the system is shown graphically 
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by numerous plots. The effect of the different parameters affecting the system is 

exhaustively studied and illustrated.  

 

8.2 Steady-State Model 

 

The model equations of the system, derived in Chapter 7 are expressed in terms of 

the rotor fluxes and stator currents; however, the steady state analysis performed 

considers the equations for an induction machine in terms of the stator currents, stator 

fluxes, rotor currents, and rotor fluxes in the complex form. The dynamic equations of an 

induction machine are 

dseqsqssqs pIrV λωλ ++=       (8.1) 

qsedsdssds pIrV λωλ −+=       (8.2) 

( ) drreqrqrrqr pIrV λωωλ −++=      (8.3) 

( ) qrredrdrrdr pIrV λωωλ −−+= .     (8.4) 

The variables used in Equations (8.1) to (8.4) are defined in Table 8.1, and the 

system model is shown in Figure 8.1. 
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Figure 8.1: System model 
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                            Table 8.1:Variables used in machine equations 
 

Vqs Q-axis voltage (V) 

Vds D-axis voltage (V) 

Iqs Q-axis current (A) 

Ids D-axis current (A) 

λqs, λqr Qaxis stator and rotor fluxes 
(Wb) 

λds, λdr D-axis stator and rotor fluxes 

(Wb) 

rs Per phase stator resistance (Ω) 

rr Per phase rotor resistance (Ω) 

ωe Frequency of stator voltages 
(rad/sec) 

ωr Rotor speed (rad/sec) 

 
 

To reduce the number of Equations to simplify the analysis, equations (8.1) to 

(8.4) are expressed in the complex form. The complex form defines the variables using 

the �j� operator that represents the variable as 90o apart in space. The variables of the 

machine are defined in the complex form as below. 

dsqsqds jVVV +=        (8.5) 

drqrqdr jVVV +=        (8.6) 

drqrqdr jλλλ +=        (8.7) 

dsqsqds jλλλ +=        (8.9) 

Using the above definitions for the complex form currents, voltages, and fluxes, 

the model equations for the induction machine in the complex form are 

qdseqdsqdssqds jpIrV λωλ −+=      (8.9) 



 156
 
 

qdssqdrqdrrqdr jpIrV λωλ −+= ,     (8.10) 

where the slip frequency is defined as 

eres sωωωω =−=        (8.11) 

e

res
ω

ωω −= .        (8.12) 

As the generator is a squirrel cage induction generator, the rotor voltages are 

equal to zero, i.e.  

0=qdrV .        (8.13) 

Therefore Equation (8.10) can be rewritten as: 

qdssqdrqdrr jpIr λωλ −+=0 .      (8.14) 

The steady state analysis is performed by using the complex form model 

equations for the induction machine and setting the differential terms in the equations to 

be equal to zero. Therefore, 

qdseqdssqds jIrV λω−=        (8.15) 

qdssqdrrqdr jIrV λω−= .      (8.16) 

The model equations for the boost rectifier connected to the generator is derived 

in Chapter 7. The capacitor voltage equation for the boost rectifier-induction generator 

system is given by 

 ( )
L

dc
dsdsqsqsdc R

VIMIMCpV −+−=
2
3 .     (8.17) 

Equation (8.17) can also be expressed as 

( )
L

dc
qdsqdsdc R

VIMalCpV −−= *Re
2
3      (8.18) 
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The parameters for Equation (8.16) are defined in Table 8.2. 

                     Table 8.2:Variables used in capacitor voltage equation 
 
 

Mqs Q-axis component of modulation index 

Mds D-axis component of modulation index 

Iqs Q-axis current (A) 

Ids D-axis current (A) 

Vdc Output DC voltage (V) 

RL Load resistance  (Ω) 

C DC-side capacitor (mF) 

 

dsqsqds jMMM += .       (8.19) 

The steady-state capacitor voltage equation for the boost rectifier is 

( )
L

dc
qdsqds R

VIMal −−= *Re
2
30 .      (8.20) 

Therefore the model equations for the induction generator �rectifier system in the 

complex form are summarized below. 

qdseqdssqds jIrV λω−=        (8.21) 

qdssqdrr jIr λω−=0        (8.22) 

( )
L

dc
qdsqds R

VIMal −−= *Re
2
30       (8.23) 

 

8.3 Variation of Lm with Magnetizing Flux 
 

The importance of the effect of the magnetizing flux is illustrated using Figures 

8.1 and 8.2, which has been experimentally obtained as described in Chapter 5. 
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Figure 8.1: Variation of magnetizing inductance with peak magnetizing flux at a constant 

frequency 

 
Figure 8.2: Variation of magnetizing inductance with peak phase voltage at a constant input 

frequency. 
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Figure 8.1 shows the variation of the magnetizing flux Lm with the magnetizing 

flux linkage and Figure 8.2 shows the variation of the magnetizing inductance with the 

phase voltage. 

In the self-excited induction generator, the variation of the magnetizing 

inductance is the main factor in the dynamics of voltage buildup and stabilization. The 

process of voltage buildup occurs due to the remnant flux in the core.  

The curve in Figure 8.2 can be expressed by Equation (8.24). 

0281.04583.07486.0 2 ++−= mmmL λλ     (8.24) 

 

8.4 Analysis At Rated Slip 

8.4.1 Influence of Magnetizing Flux on �M� 

 

 Having established the effect of the magnetizing flux linkage on the 

magnetizing inductance, this section details the effect of the magnetizing flux linkage on 

the magnitude of the modulation index required for excitation of the generator. 

 As mentioned earlier, the steady state analysis aims at determining the 

value of the magnitude of the modulation index required for excitation of the generator 

for a constant load resistance and rotor speed. The first part of the analysis assumes a 

constant slip for the generator, and the second section studies the system under a 

condition of minimum copper loss. 

 Using the complex form model equations of the generator-rectifier system, 

(8.21) to (8.23), the stator voltage equation is expressed in terms of the stator fluxes. The 

derivation is laid out in detail. 
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The stator and rotor currents can be expressed in terms of the flux linkages using 

Equation (8.25). 

 









×







=









qdr

qds

rm

ms

qdr

qds

I
I

LL
LL

λ
λ

     (8.25) 









×







−

−
=









qdr

qds

sm

mr

qdr

qds

LL
LL

DI
I

λ
λ1

     (8.26) 

2
mrs LLLD −=  

From Equation (8.26), the stator and rotor currents expressed in terms of the stator 

and rotor fluxes are 

qdr
m

qds
r

qds D
L

D
L

I λλ −=       (8.27) 

qds
m

qdr
s

qdr D
L

D
LI λλ −= .      (8.28) 

Substituting for Iqds, Equation (8.27) in Equation (8.21) 

qdseqdr
m

qds
r

sqds j
D
L

D
L

rV λωλλ −





 −= .    (8.29) 

Simplifying the above equation 

( ) qdrsqdsesqds BjTV λλω +−=       (8.30) 

D
Lr

T rs
s = , 

D
LrB ms

r
−= .  

Similarly, for the rotor voltage Equation, (8.28) is substituted in (8.22) 

qdssqds
m

qdr
s

r j
D
L

D
L

r λωλλ −





 −=0      (8.31) 
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( ) qdsrqdrsrr BjTr λλω +−=0       (8.29) 

D
Lr

T sr
r = , 

D
LrB mr

s
−= . 

Using Equation (8.31), the rotor fluxes can be expressed in terms of the stator 

fluxes: 

( ) qds
sr

r
qdr jT

B λ
ω

λ
−
−= .       (8.33) 

Substituting (8.33) in (8.27) the current Iqds can be expressed in terms of the stator 

fluxes as 

( ) qds
sr

rm
qds

r
qds jT

B
D
L

D
LI λ

ω
λ

−
−×−=      (8.34) 

( ) qds
sr

mrr
qds jTD

LB
D
L

I λ
ω 








+

+= .     (8.35) 

Also, substituting Equation (8.33) in (8.30), the stator voltage equation can be 

expressed in terms of the stator fluxes 

( ) ( ) qds
sr

rs
esqds jT

BB
jTV λ

ω
ω 








−

−−= .     (8.36) 

As derived in Chapter 5, the stator voltages, which are also the input voltages to 

the boost rectifier, can be expressed in terms of the modulation signals and the output dc 

voltage.  

2
dcqds

qds

VM
V =        (8.37) 

Substituting Equation (8.37) in (8.36) 

( ) ( ) qds
sr

rs
es

dcqds

jT
BB

jT
VM

λ
ω

ω 







−

−−=
2

.    (8.38) 
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Rearranging Equation (8.38) the stator flux λqds can be expressed in terms of the 

modulation signal Mqds.  

( ) ( )






−

−−
=

sr

rs
es

dcqds
qds

jT
BB

jT

VM

ω
ω

λ
2

     (8.39) 

The constraining equation for the excitation of the induction generator-boost 

rectifier system is the capacitor voltage equation (8.23). The capacitor voltage equation at 

steady state relates the load current and the dc current at the output of the rectifier.  

( )*Re
2
3

qdsqds
L

dc IMal
R
V −=       (8.40) 

Substituting Equation (8.35) in (8.40), the current in Equation (8.40) can be 

eliminated and the equation can be expressed in terms of the stator flux as 

( ) 









×







+

−×−= qds
sr

mrr
qds

L

dc

jTD
LB

D
LMal

R
V λ

ω
*Re

3
2 .   (8.41) 

Finally, substituting Equation (8.38) in (8.41) relates the magnitude of the 

modulation index �M� with the magnetizing inductance. 

( ) ( ) ( ) 























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


−

−−
×







+

−×−=

sr
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es

dcqds

sr

mrr
qds

L

dc

jT
BB

jT

VM
jTD

LB
D
L

Mal
R
V

ω
ω

ω
2

Re
3
2 *  (8.42) 

Equation (8.42) can be simplified as 

( ) ( ) ( ) 

























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−−
×
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




+

−×−=
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mrr

L
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BB
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jTD

LB
D
L

alM
R

ω
ω

ω
2

1Re1
3
2 2  (8.43) 
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where 22
dq MMM +=       (8.44) 

( ) ( ) ( )

.

2

1Re

1
3

22













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
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








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−

−−
×
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
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
+

−×

×−=
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rs
es

sr

mrr

L

jT
BBjT

jTD
LB

D
L

al

R
M

ω
ω

ω

 (8.45) 

Equation (8.45) is used to calculate the modulation index required for excitation 

of the generator for a fixed value of magnetizing flux, i.e. for every point on the Lm vs. 

λm curve, there is a value of �M� for which the excitation of the generator would occur, 

for a fixed load resistance, rotor speed and slip. The variation of the magnitude of the 

modulation index �M� with λm  is shown on Figure 8.3. 

The machine parameters used for the steady state analysis in this chapter are 

given in Table 8.3 

As can be seen from Equation (8.45), the magnitude of the modulation index is 

independent of the output dc voltage; hence the variation of the modulation index is 

studied for different load resistances. 

 

Table 8.3:Parameters of 2 hp induction machine used in steady state analysis 
 
 

Ω= 54.1sr  

Ω= 9088.0rr  

HLls 004.0=  

HLlr 004.0=  
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Figure 8.3: Variation of modulation index with the magnetizing inductance for a constant 

load resistance and slip s = -0.04. 

 

Figure 8.3 is obtained by assuming the slip to be constant, the slip chosen in this 

case is the rated slip of the machine, s = -0.04. The load resistance is varied for each plot 

as RL= 45Ω, 50Ω, 60Ω, and 70Ω. For each value of load resistance the magnetizing 

inductance is varied and the corresponding values of the modulation index are calculated. 

As can be seen from Figure 8.3 as the load resistance increases, the range of the 

modulation index decreases, i.e. for a load resistance of RL = 45Ω the modulation index 

required can vary up to 1, for a higher load resistance RL = 60Ω, the modulation index 

increases to a maximum value of 0.95. 
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The above set of figures assumes the rotor speed to be constant; however, at 

different rotor speeds, the magnitude of the modulation index required for excitation 

varies. This is illustrated in Figure 8.4. Figure 8.4 graphically shows the variation of the  

 
 

Figure 8.4: Variation of modulation index with the rotor speed for fixed magnetizing flux 
and load resistance. 

 

modulation index with the rotor speed for a fixed value of magnetizing inductance 

(λm=0.25Wb). In this case the slip is chosen as in the previous case to be equal to the 

rated slip. The rotor speed ωr is varied between 150 and 350 rad/sec, and the 

corresponding values of �M� are calculated. The plot is repeated for different load 

resistances. 

In the above figure, as in the previous case, with an increase in the load resistance, 

the modulation index values decrease. In this case, the load resistance is varied between 

45Ω, 50Ω, 60Ω, and 70Ω. The rotor speed is varied between 150 rad/sec and 300 rad/sec. 
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Figures 8.3 and 8.4 are represented as three-dimensional plots as well as contour 

plots to better illustrate the nature of variation. 

Figure 8.5 shows the variation of the modulation index with changing load 

resistance and magnetizing flux as a three-dimensional plot. The load resistance is varied 

between 30 and 150Ω. The magnetizing flux is varied between 0 and 0.6 Wb.  

The variation of the magnitude of the modulation index with the rotor speed and 

load resistance is shown in Figure 8.7. The range of load resistances plotted for are 30 to 

150Ω, and the rotor speed is varied between 150 and 350 rad/sec. 

Another parameter used in the analysis is defined as 

LRMR 2
0 2

3= .       (8.46) 

Assuming a constant rotor speed and load resistance, the two parameters |M|2 and 

Ro are constant. However, as expressed in Equation 8.45, |M|2 is dependant on the 

magnetizing flux. Therefore, the parameter Ro can also be expressed as a function of λm.  

The parameter can be used as a measure of the load resistance that the system can 

be operated with for a fixed value of rotor speed and slip. The effect of the different 

operating slips on Ro is shown in Figure 8.9 as a three-dimensional plot and in Figure 

8.10 as a contour plot. 

Similarly, the variation of the parameter Ro with the operating slip and 

magnetizing flux is shown in Figure 8.9, and in Figure 8.10 as a three-dimensional plot. 

Figure 8.11 is a contour plot of the same.  In the analysis, the operating slip is varied 

from s =-0.02 to s =-0.08.  



 167
 
 

The graphical representation of the variables in the analysis has been done as two-

dimensional, three-dimensional and contour plots to fully illustrate the nature of 

variation. 

 
Figure 8.5: Variation of modulation index with the magnetizing flux and load resistance. 
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Figure 8.6: Variation of modulation index with the magnetizing flux and load resistance, 

illustrated as a contour plot. 

 

 
Figure 8.7: Variation of modulation index with the magnetizing flux and rotor speed 
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Figure 8.8: Variation of modulation index with the magnetizing flux and rotor speed 

 

 
Figure 8.9: Variation of Ro with magnetizing flux linkage for varying operating slips 
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Figure 8.10 Variation of Ro with the magnetizing flux and operating slip  

 
Figure 8.11 Variation of Ro with the magnetizing flux and operating slip  
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8.4.2 Influence of Magnetizing Flux �λm� on Output DC voltage 

 

The previous section illustrated the effect of the magnetizing flux on the 

modulation index. As can be seen from Figure 8.3, there are two different points on the 

M vs. λm  curve that satisfy the same value of the modulation index for two different 

values of magnetizing flux linkage. Therefore, theoretically at a constant load, rotor 

speed, and operating slip, there are generators that can be excited at the same value of the 

modulation index for two different values of magnetizing flux.  

This section studies the effect of the two operating points having the same 

modulation index and different values of magnetizing flux, on the output dc voltage of 

the rectifier.  

From the analysis in the previous section, Equation (8.45) is independent of the 

output dc voltage; therefore, the capacitor voltage equation at steady state is expressed in 

terms of the magnetizing flux without eliminating the term for the dc voltage. The 

derivation of the equation follows expressing the stator flux λqds in terms of the 

magnetizing flux.  

The magnetizing flux can be expressed in terms of the stator and rotor currents as 

( )qdrqdsmqdm IIL +=λ        (8.47) 

Substituting for the stator and rotor currents using Equations (8.27) and (8.28) in 

Equation (8.47), 

( ) ( )[ ]qdrmrqdsms
m

qdm LLLL
D
L λλλ −+−=     (8.48) 

[ ]qdrlrqdsls
m

qdm LL
D
L λλλ += .      (8.49) 
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Eliminating qdrλ using Equation (8.33), the magnetizing flux can be expressed in 

terms of the stator fluxes: 

( ) qds
sr

lrr
ls

m
qdm jT

LB
L

D
L λ

ω
λ 








+

−= .     (8.50) 

The magnetizing flux linkage has a q-axis and a d-axis component. The reference 

frame transformation angle of the voltage equations assumes the alignment of the q-axis 

with the magnetizing flux linkage. Hence, the d-axis magnetizing flux is assumed to be 

zero, and the d-axis magnetizing inductance is constant. However the q-axis magnetizing 

inductance is a function of the magnetizing flux, which is approximated by a polynomial 

given in Equation (8.24), also repeated below. 

0281.04583.07486.0
11

2 ++−
=

mmmqL λλ
    (8.51) 

The function in Equation (8.51) is illustrated in Figure 8.10. In this plot the 

reciprocal of the magnetizing inductance is plotted as a function of the magnetizing flux 

linkage. The magnetizing flux is varied between 0 and 0.6 Wb, and the corresponding 

values of (1/Lmq) are calculated. 
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Figure 8.12: Variation of the q-axis component of the magnetizing inductance with the peak 

magnetizing flux. 

( ) qds
sr

lrr
ls

m
qmm jT

LB
L

D
L λ

ω
λλ 








+

−==      (8.52) 

( )
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+

−
=

sr
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m

m
qds

jT
LB

L
D
L

ω

λλ       (8.53) 

Substituting Equation (8.53) in (8.41) results in an expression that can be used to 

calculate the range of dc voltages that the system can operate at for a fixed value of the 

modulation index. 

( )
( ) 




























+

−
×







+

−×−=

sr

lrr
ls

m

m

sr

mrr
qds

L

dc

jT
LB

L
D
LjTD

LB
D
L

Mal
R
V

ω

λ
ω

*Re
3
2  (8.54) 

Rearranging Equation (8.54), 
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( ) 
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







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
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−
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
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sr
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D
LjTD
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MalRV

ω

λ
ω

*Re
2
3 .  

           (8.55) 

The method of determining the range of dc voltages is explained below. 

For a fixed value of magnetizing flux, the corresponding value of the modulation 

index is calculated (as illustrated in section 8.4.1). For every value of �M�, the dc voltage 

contour is plotted by varying the q-axis component of the modulation index Mq and 

calculating the corresponding value of the d-axis modulation index to satisfy the value of 

M by Equation (8.56) to (8.58). 

MMM q ≤≤−        (8.56) 

22
dq MMM +=        (8.57) 

Hence 22
qd MMM +±= .      (8.58) 

Figures 8.11 to 8.14 illustrate the dc voltage contour for different load resistances 

(RL= 45Ω, 50 Ω, 60 Ω, and 70 Ω). By choosing a value of M the corresponding contours 

considering both the values of the magnetizing flux that satisfy the same value of �M� are 

plotted. As can be seen from Figure 8.13, the variation of the dc voltage with the q-axis 

modulation index is in the form of an ellipse. The voltages vary between positive and 

negative values as shown. The maximum value of the dc voltage that can be obtained 

with a modulation index of 0.85 at a load resistance of RL is close to 100V. However, 

considering the second (larger) value of the magnetizing flux that satisfies the same value 

of the modulation index, the maximum output dc voltage is almost 400V. The machine 
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parameters used in the steady state analysis is for a 2 hp induction machine and hence the 

second set of dc voltages is impractical. Therefore, the set of voltages considered are 

corresponding to the lower value of the magnetizing fluxes. As the dc voltages vary 

between positive and negative values, it would indicate the bidirectional flow of current. 

When the dc voltage is positive, current is flowing into the dc capacitor at the output of 

the rectifier, however when the dc voltage is negative it would indicate the reverse flow 

of current in the converter. The values of the q and d-axis modulation signals chosen for 

operation would determine the nature of the dc voltage, for a fixed level of saturation and 

load on the system.  

 

   

Figure 8.13: Variation of output dc voltage with the q-axis component of the modulation 
index for varying load resistances for first value of magnetizing flux 
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Figure 8.14: Variation of output dc voltage with the q-axis component of the modulation 

index for varying load resistances for second value of magnetizing flux 

 

Figures 8.13 and 8.14 show the variation of the output voltage with the q-axis 

component of the modulation index. 

Therefore the system under rated slip, at a fixed load resistance and magnetizing 

flux linkage, corresponds to a single operating point on the M vs. λm  curve. Using the 

value of the modulation index required for excitation of the generator, the range of dc 

voltages that the system can operate with can be obtained.  

Figures 8.15 and 8.16 illustrate the variation of the dc voltage with the d-axis 

component of the modulation index. The d-axis component of the modulation index is 

calculated using Equation (8.58). 
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Figure 8.15: Variation of output dc voltage with the d-axis component of the modulation 

index for varying load resistances for first value of magnetizing flux 

 

 
Figure 8.16: Variation of output dc voltage with the d-axis component of the modulation 

index for varying load resistances for second value of magnetizing flux 
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Figure 8.17: Variation of output power with the q-axis component of the modulation index 

for varying load resistances for the first value of magnetizing flux 

 

The variation of the output power with the q-axis modulation signal is shown in 

Figure 8.17. The effect of changing load resistance is illustrated, and the plot obtained is 

based on the dc voltages calculated using the lower of the two values of the magnetizing 

fluxes for one value of the modulation index.  

As can be seen from Figures 8.13 to 8.16, the nature of the variation of the dc 

voltage with the q-axis modulation signal is an ellipse. To further the analysis, the 

properties of an ellipse are applied to the analysis to obtain a simpler method of 

determination of the main characteristics of the dc voltage plot.  

The standard equation of an ellipse is a second order equation given by Equation 

8.59 as 

01111
2

1
2

1 =+++++ FyExDxyCyBxA .    (8.59) 
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The equation can be further simplified assuming the major and minor axes of the 

ellipse parallel to the x and y-axes. Under such an assumption, the standard equation of 

the ellipse can be expressed as 

12

2

2

2

=+
q
y

p
x .        (8.60) 

2*p = length of major axis  

2*q = length of minor axis 

Expressing Equation (8.59) as (8.60) involves transformation of the x and y 

coordinates, which is dependent on the nature of Equation (8.59) for the system. For 

Equation 8.55, as can be seen in Figures 8.13 to 8.16, the major and minor axes of the 

ellipse are inclined at an angle α with respect to the x and y axes. Therefore the first step 

in expressing Equation 8.55 in the form of 8.60 is expressing the dc voltage in terms of 

the q-axis modulation index. This is obtained by eliminating the d-axis modulation index 

in the equation using Equation 8.58.  

Simplifying Equation 8.55 results in Equation 8.61. 

 

( ) ( )
2222

2

3
2

slsm

smrslsmdsmlsmrq
dc

L LLb
bLLaLMLLLbaM

V
R ω

ωλωωλ
−

+++⋅
=−   (8.61) 

rmmrmr BLTLa λλ −=  

rlsrlsm BLTLLb −=  

Equation 8.56 can be simplified as 

dcq
L

qdc
L

d VM
kR
kk

M
k
k

V
kR

k
M 2

2

132
2
3

2
12

2
2

2

2
32

3
4

9
4

++=     (8.62) 

( )2
1 smlsmr LLLbak ωλ+⋅=  
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( )bLLaLk smrslsm ωλω +=2
 

2222
3 slsm LLbk ω−= . 

Substituting Equation 8.53, the dc voltage equation in 8.50 can be expressed in 

the form of a general equation for an ellipse as given in 8.54 

( ) 01 222 =++++ MVCMMBAV dcqqdc     (8.63) 

2
2

2

2
3

9
4

kR
k

A
L

=   2
3

2
1

k
k

B =  2
2

13

3
4

kR
kkC

L

= . 

To obtain Equation 8.58 in the form of Equation 8.55, the x and y coordinates are 

transformed by an angle α so as to eliminate the �xy� term in the equation. To obtain this, 

the angle is calculated using the following equation [A.11]. 

11
tan a

BA
C =

−−
=α        (8.64) 

1

2
1

2
1

11

cos b
a

=
+

+

=α       (8.65) 

1

2
1

2
1

11

sin c
a

=
+

−

=α       (8.66) 

The relationship between the transformed coordinates and the x and y coordinates 

are given by Equations 8.67 and 8.68. 

αα sincos 11 yxx −=        (8.67) 

αα cossin 11 yxy +=        (8.68) 
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Using the above equations, 8.63 to 8.68, in Equation 8.58 where Vdc is the y 

coordinate and Mq is the x coordinate, the equation 8.55 can be represented in the 

standard form of equation of an ellipse. 

( ) ( ) 02
11

2
1

2
1

2
1

2
111

2
1

2
1

2
1

2
1 =−+++++++ McbbBbAcVcCbcBcAbM dcq   (8.69) 
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
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
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+
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
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V

Mcb
V

T
Mcb

M dcq      (8.70) 

( )11
2
1

2
1

2
1 cCbcBcAbT +++=  

( )2
1

2
1

2
1 bBbAcV ++= . 

Therefore, using Equation 8.70, the nature of the ellipse can be determined. 

Comparing Equations 8.60 and 8.70, the major and minor axes lengths can be determined 

as 








 +−=
T

Mcbp
2

1122       (8.71) 








 +−=
V

Mcbq
2

1122 .      (8.72) 

The length of the major axis gives the peak value of the dc voltage that can be 

obtained for a fixed saturation level in the induction generator, and a fixed load 

resistance.  

The eccentricity of the ellipse can be determined using Equation 8.70 as 

p
qp 22 +=ε .        (8.73) 

Therefore, using Equation 8.70, the peak value of the dc voltage and the point of 

intersection of the ellipse with the x and y axes can be determined by calculating the 
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major and minor axes lengths. This method of analysis can prove useful in determining 

the dc voltage for a given magnetizing flux and load resistance in the induction generator-

rectifier system.  

Figures 8.18 to 8.19 illustrate the possible values of Vdc  that the system can 

achieve assuming different values of magnetizing fluxes. The major and minor axes 

lengths are determined from equations 8.71 and 8.72. The value of the magnetizing flux 

is varied between 0 and 0.6 Wb, and corresponding to three values of �M�, for a fixed 

load resistance and slip, RL = 40Ω and s = -0.06 the major and minor axes lengths are 

obtained as shown in Figures 8.18 and 8.19. 

 

 
Figure 8.18: Variation of major axis length with the magnetizing flux for different values of 

�M�, for a fixed load resistance, rotor speed and slip 
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Figure 8.19: Variation of minor axis length with the magnetizing flux for different values of 

�M�, for a fixed load resistance, rotor speed and slip 

 

 The next section studies the nature of response of the system at steady 

state, considering the effect of saturation and also under a condition of minimum copper 

loss in the machine. The condition of minimum copper loss is obtained and the analysis is 

detailed for the desired condition of operation of the machine. 

 

 
8.5 Analysis At Minimum Copper Loss 

8.5.1 Condition of Minimum Copper Loss 

 

The condition for minimum copper loss is obtained by minimizing the stator and 

rotor currents. This is achieved by first expressing the rotor currents in terms of the stator 

currents using the rotor voltage equations.  
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( ) drreqrqrr pIr λωωλ −++=0      (8.74) 

( ) qrredrdrr pIr λωωλ −−+=0      (8.75) 

Using Equations (8.11) and (8.12), 

res s
ss ωωω
−

==
1

.       (8.76) 

Substituting (8.76) in (8.74) and (8.75), 

dreqrqrr spIr λωλ ++=0       (8.77) 

qredrdrr spIr λωλ −+=0 .      (8.78) 

The rotor fluxes are expressed in terms of the currents as 

qrrqsmqr ILIL +=λ        (8.79) 

drrdsmdr ILIL +=λ .       (8.80) 

Substituting Equations (8.79) and (8.80) in (8.77) and (8.78), and solving for the q 

and d-axis rotor currents in terms of the q and d-axis stator fluxes, 

( ) ( )qsredsr
rer

me
qr ILsIr

Lsr
LsI ω

ω
ω −−

+
= 22

    (8.80) 

( ) ( )dsreqsr
rer

me
dr ILsIr

Lsr
LsI ω

ω
ω −

+
= 22

.    (8.81) 

The torque equation for the induction machine (from Chapter 5) expressed in 

terms of the stator and rotor currents is 

( )qrdsdrqse IIIIPT −=
4

3 .      (8.82) 

Substituting Equations (8.80) and (8.81) in (8.82), 

( )
( )22

22

2

4
3

dsqs
rer

rme
e II

Lsr
rLsPT +

+
=

ω
ω .     (8.83) 
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The equations for the stator and rotor copper losses are given by (8.84) and (8.85) 

( )22
lossper stator_cop 2

3
dsqss IIrP +=       (8.84) 

( )22
losser rotor_copp 2

3
drqrr IIrP += .      (8.85) 

The total copper loss in the machine is the sum of the stator and rotor copper loss: 

( ) ( )( )2222
losscopper 2

3
drqrrdsqss IIrIIrP +++= .    (8.86) 

To minimize Equation (8.86), the expressions for the rotor currents in terms of the 

stator currents, Equations (8.80) and (8.81) are substituted in Equation (8.86) resulting in 

( ) ( )
( ) ( )









+

+
++= 22

22

2
22

losscopper 2
3

dsqs
rer

mer
dsqss II

Lsr
Lsr

IIrP
ω

ω
.   (8.87) 

Simplifying Equation (8.87) 

( )
( ) ( )22

22

2

losscopper 2
3

dsqs
rer

mer
s II

Lsr
Lsr

rP +










+
+=

ω
ω

.    (8.88) 

Rearranging Equation (8.88) 

( )

( )22

22

2

4
3

1
dsqs

rer

rme
e II

Lsr
rLsP

T +=

+

×

ω
ω

.     (8.89) 

Eliminating ωe in (8.89) and substituting Equation (8.89) in (8.87) 

( )







+⋅

−
+−⋅= 22

2

2_ 1
12

mrrrrs
r

rs

mr

e
losscopper LrLr

s
s

s
srr

Lr
T

P
P ωω

ω
.   (8.90) 

The copper loss is minimized when  

( )22
2

1
1

mrrrrs
r

rs LrLr
s

s
s

srr ωω
ω

+⋅
−

=−⋅ .     (8.91) 

Simplifying equation (8.91) 
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( ) 0121 222
2

=−+







−+ ssLrLr

rr mrrs
rs

rω .     (8.92) 

Solving the above quadratic equation in terms of the slip 

( ) 1

1

22
2

2

−+

−=

mrrs
rs

r LrLr
rr

s
ω

.      (8.93) 

  

Figure 8.20: Variation of the slip with magnetizing flux linkage λm. 

 

Therefore to operate the induction generator at minimum copper loss, the 

operating slip of the machine is calculated using equation (8.93). 

From equation (8.93), it can be seen that the slip �s� is a function of the 

magnetizing inductance and therefore a function of the magnetizing flux linkage. Figure 

8.20 illustrates the response of the slip to varying magnetizing flux linkage. 
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As the magnetizing flux is increased from 0 to 0.6 Wb, the slip (calculated under 

a condition of minimum copper loss) increases up to a point and then decreases, this is 

obtained for a fixed rotor speed ωr, in this case the rotor speed ωr = 200 rad/sec. The 

nature of response of the slip to changing magnetizing flux linkage is similar to the 

response of the magnetizing inductance to varying magnetizing flux (Figure 8.1). 

 

8.5.2 Influence of Magnetizing Flux �λm� on �M� under Minimum Copper    

Loss 

 

Just as in the case of the analysis in section 8.4.1, the influence of the magnetizing 

flux on the magnitude of the modulation index is studied in this section. However unlike 

in section 8.4.1, the generator is operated under a condition of minimum copper loss. This 

is included by using the slip equation (8.76) to calculate the operating slip of the 

machine, unlike the analysis in section 8.4.1 where the rated slip is used as the operating 

slip of the generator. 

The method of determining the variation of the modulation index with the 

magnetizing flux is exactly the same as in section 8.4.1. The equation used to calculate 

the values of �M� for varying values of the magnetizing flux is 

 

( ) ( ) ( )
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1Re

1
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22
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 (8.94) 
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Figure 8.21: Variation of the magnitude of the modulation index with magnetizing flux 

linkage λm. 

 

By varying the magnetizing flux, the slip as well as the modulation index needs to 

be calculated, i.e. for every value of magnetizing flux, the operating slip (under minimum 

copper loss) is calculated using Equation (8.93). Using the calculated operating slip, for a 

fixed load resistance, the modulation index is calculated using Equation (8.94). The 

parameters of the machine are the same as in Table 8.3. 

Figure 8.21 is obtained for four different load resistance, RL = 40 to 70Ω. The 

magnetizing flux linkage is varied between 0 and 0.6 Wb, and the corresponding values 

of the magnitude of the modulation index are calculated for a constant rotor speed of,  

 ωr = 200 rad/sec.  
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Figure 8.22: Variation of the magnitude of the modulation index with magnetizing flux 

linkage λm.and load resistance RL  

 

The nature of the plot is different from the �M� vs. λm plot obtained for the case 

assuming constant rotor slip (rated slip). In this case, the modulation index calculation is 

dependant on the slip calculated for minimum loss, hence the nature of variation of the 

modulation index follows the same pattern as the variation of the slip for minimum loss 

(Figure 8.20). The plot in Figure 8.21 is obtained as a three-dimensional plot, as shown in 

Figure 8.22 and as a contour plot shown in Figure 8.23. 

The contour plot clearly illustrates the nature of variation of the modulation index 

with the varying magnetizing flux and load resistance.  
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Figure 8.23: Variation of the magnitude of the modulation index with magnetizing flux 

linkage λm and load resistance RL  

 

 
Figure 8.24: Variation of the magnitude of the modulation index with magnetizing flux 

linkage λm and load resistance RL  
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In Figure 8.23 and 8.24, the load resistance is varied between 30 and 150Ω. The 

magnetizing flux λm is varied between 0 and 0.6 Wb. 

The variation of the magnitude of the modulation index with the rotor speed is 

important, and therefore illustrated for the operation of the generator under minimum 

copper loss in Figures 8.24, 8.25 and 8.26. Figure 8.24 illustrates the variation under four 

different load conditions, and Figure 8.25 illustrates the variation of �M� with the rotor 

speed for a larger range of load resistances (10 Ω to 80Ω) as a three-dimensional plot. A 

contour plot of the same is shown in Figure 8.26. 

In Figure 8.25 and 8.26, the load resistances used are RL = 35Ω, 45 Ω, 55 Ω, and 

65 Ω. The rotor speed is varied between 150 and 350 rad/sec. 

 

 
Figure 8.25: Variation of the magnitude of the modulation index with magnetizing flux 

linkage λm and load resistance RL  
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Figure 8.26: Variation of the magnitude of the modulation index with magnetizing flux 
linkage λm and load resistance RL  

 

As seen from Figure 8.24, for a fixed load resistance, an increase in rotor speed 

requires a larger modulation index. Also a decrease in the load resistance decreases the 

value of modulation index required, for the same rotor speed. 

The parameter used as a measure of the load resistance that the system can handle 

is plotted as a function of the magnetizing flux and the operating slip. The ability for the 

system to be loaded is studied by varying the operating slip between a chosen range of 

values. However considering the system to be operating under minimum copper loss, the 

operating slip is calculated for each value of magnetizing flux, hence the nature of 

response of Ro is influenced by the slip calculation. 

The variation of Ro with the magnetizing flux, using the slip calculated by 

Equation 8.76 is shown in Figure 8.27. 
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Figure 8.27: Variation of the magnitude of the modulation index with magnetizing flux 

linkage λm and load resistance RL 

 

8.5.3 Influence of λm on Output DC voltage 

 

For a fixed value of magnetizing inductance, under minimum copper loss 

operation, the magnitude of the modulation index is fixed and corresponds to one point 

on the M vs λm curve. For each value of the modulation index, there is a range of values 

of the dc voltage at which the system can operate. From Figure 8.15, also there are two 

values of magnetizing flux that can be satisfying the same value of the modulation index 

(discussed in section 8.4). The dc voltage plots are obtained for each value of the 

magnetizing flux as shown in Figure 8.28. Considering four different operating  



 194
 
 

 
Figure 8.28: Variation of output dc voltage with the q-axis component of the modulation 

index for varying load conditions for the λm1 

 

conditions and the corresponding operating points from Figure 8.21 shows the effect of 

the change in load resistance. 

λm1 is the first (smaller), and λm2 is the second (larger) value of the flux linkage 

that satisfies the chosen value of the modulation index.  

The load resistance in Figures 8.28 to 8.31 has been varied between RL = 40Ω, 50Ω, 60Ω, 

and 70Ω. The range of dc voltages obtained when λm2 is considered, are very high and 

not possible practically as the machine parameters used are for a 2 hp induction machine. 

Therefore the set of voltages considered are the dc voltages calculated using the smaller 

value of the magnetizing flux λm1.  

The variation of the dc voltage with the d-axis modulation signal is shown in 

Figures 8.30 and 8.31. The nature of variation is the same as with the q-axis modulation 

index. 
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Figure 8.29: Variation of output dc voltage with the q-axis component of the modulation 

index for varying load conditions for the λm2 

 

 

 

Figure 8.30: Variation of output dc voltage with the d-axis component of the modulation 
index for varying load conditions for the λm1 
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Figure 8.31: Variation of output dc voltage with the d-axis component of the modulation 

index for varying load conditions for the λm2 

The output power of the rectifier is calculated for the set of dc voltages obtained 

for λm1.  The nature of variation of the output power with the q-axis modulation signal is 

illustrated in Figure 8.32. In this case, the y-axis divides the plot symmetrically.  

 

Figure 8.32: Variation of output power with the q-axis component of the modulation index 
for varying load conditions for the λm1 
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 The nature of the dc voltage contour is  the same as described in section 8.4.2. 

Therefore applying the same analysis, the major and minor axes of the dc voltage ellipse 

can be determined from Equations 8.71 and 8.72. In this case as well, the magnetizing 

flux is varied between 0 and 0.6 Wb. The modulation indexes used in the calculations are 

0.25, 0.5, and 0.75. The load resistance is kept constant at 40Ω and the slip is calculated 

using the minimum loss condition.  

 Figure 8.33 illustrates the variation of the major axis length with magnetizing 

flux, and Figure 8.34 shows the variation of the minor axis length with the magnetizing 

flux.  

 

 
Figure 8.33: Variation of major axis length with the magnetizing flux for different values of 

�M�, for a fixed load resistance, rotor speed  
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Figure 8.34: Variation of minor axis length with the magnetizing flux for different values of 

�M�, for a fixed load resistance, rotor speed  

 

This chapter discusses in detail the effect of saturation on the self-excitation 

requirements of the induction generator. The system is studied under two conditions: 

• Rated slip. 

• Slip calculated under a condition of minimum copper loss in the machine 

The detailed discussion develops the range of dc voltages that the system can 

operate at for a chosen magnetizing flux linkage value.  
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CHAPTER 9 

ROTOR FLUX VECTOR CONTROL OF THREE-PHASE 

INDUCTION GENERATOR-RECTIFIER SYSTEM 

 
9.1 Introduction 

 
 

The use of induction generators has been gaining importance since the increase in 

the use of unconventional energy sources, such as wind and small hydro because of the 

inherent advantages of the machine such as low maintenance and brushless construction.  

The control of an induction machine can be achieved broadly using two methods:  

Scalar control 

Vector control. 

The scalar control if an induction machine is achieved by control of the 

magnitude of the control variables. However, this control method assumes no coupling 

effect in the machine.  

Vector control of an induction machine can be carried out using either direct or 

indirect vector control methods, both of which are explained later in this chapter.  

This chapter lays out the vector control of an induction motor and applies the 

scheme to an induction generator, as the model of the motor and the generator are the 

same, except for the current directions.  

The proposed control scheme for the generator-rectifier system if put forth with a 

detailed derivation of the parameters of the controllers. The system is simulated under 

two conditions and the simulation results presented.  
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9.2 Vector Control of an Induction Machine 

 
 

In general, an electric motor can be thought of as a controlled source of torque.  

Independent control of the torque is achievable by control of the armature and 

field currents. In a separately excited DC machine, the armature and field currents can be 

controlled independently (as the currents are naturally decoupled). In the control of a dc 

machine, only the magnitude of the currents needs to be controlled in order to control the 

output torque and field flux independently, which is simple when compared to the control 

required for ac machines.  

The separately excited dc motor can be represented by block diagram, Figure 9.1 

The electromagnetic interaction between the field flux and the armature MMF 

results in two basic outputs:  

An induced voltage proportional to the rotor speed. 

An electromagnetic torque proportional to the armature current. 

 

ai

fλ

× TKfai λ

 
Figure 9.1: Block diagram representation of a separately excited dc motor. 
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In ac induction motor drives, a coordinated control of the stator current, 

magnitudes, frequencies, and phasors is required, hence the control is complex. 

Also in an induction machine, there is inherent coupling between the flux and 

torque. This is because the flux and torque are functions of the voltage or currents and 

frequency. Therefore, the method of control of an induction machine is more complex. 

 

9.3 Principle of Vector Control 

 
 

The principle of vector control can be explained by assuming that at all instants of 

time, the position of the rotor flux linkage phasor is known. The rotor flux is defined as 

λr, and the angle is defined as θf (field angle). The position is defined from a stationary 

reference.  

The principle of vector control of an induction machine aims at developing a 

model of the machine that is similar to a dc machine so as to simplify the control. As 

explained in the previous section, the control of a dc machine is simple as the two 

currents (armature and field) are independent, hence allowing for independent control of 

the field flux and the torque (or power in the case if a generator). 

To simplify the model of an induction machine, the components of the stator 

current that produce the torque and field flux (rotor flux) need to be decoupled. This 

achieved as explained below. 

The q and d-axis currents of an induction machine, as shown in the equivalent 

circuit, Figure 9.2 are obtained using Equation (9.1) 
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   (9.1) 

The stator current phasor can be expressed in terms of the q and d-axis currents. 

The magnitude and phase angle of the stator current phasor are expressed in Equations 

(9.2) and (9.3).  

( ) ( )22
dsqss III +=        (9.2) 









=

ds

qs

I
I1- tanθ         (9.3) 

The q and d-axis components of the stator currents are obtained by projecting the 

stator current on the q and d-axis, respectively.  
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drV

 

dsωλlsL
sr

qsV
mL

+ -
'
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Figure 9.2: Equivalent circuit model of induction machine in the synchronous reference 

frame. (a) d-axis (b) q-axis 
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The stator current Is produces both the rotor flux as well as the torque. The 

method used in implementing field control of an induction machine is resolving the stator 

current along the rotor flux vector, hence this component of the current, If would be the 

field producing current. The perpendicular component of the current is the torque 

producing component IT.  

The phasor representation of the stator currents (q and d-axis components) along 

with the flux alignment is illustrated in Figure 9.3.  

φ
sθ

Tθ

fθ

rθ
slθ

rλ

sv

qsv

e
qsv

e
dsv

qsi
T

e
qs ii =

f
e
qs ii =

dsv

dsi

si

Rotor
reference

frame

Stator
reference

frame

 
 

Figure 9.3:Phasor representation of the stator currents and flux alignment  
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The two components of the current If and IT are dc quantities at steady state as the 

relative speed with respect to the rotor field is zero. The rotor flux linkage has a speed 

equal to the sum of the rotor and slip speeds as defined in Equation 9.3, and is equal to 

the synchronous speed. Therefore orientation of λr amounts to considering the 

synchronous reference frames and hence the current and torque producing components of 

the currents are dc quantities. Obtaining the instantaneous position of the rotor flux 

phasor. The field angle can be calculated using Equation 9.4. 

( )dtslrf ∫ += ωωθ  

ωr  =  rotor speed  

ωsl  = slip frequency 

Vector control of induction machines can be subdivided into two categories as 

Direct field orientation 

Indirect field orientation. 

In direct field orientation, the rotor flux position is electrically determined by 

measuring the flux using Hall effect sensors, and in. Indirect schemes measure the rotor 

position and utilize the slip relation to compute the angle of the rotor flux relative to the 

rotor.  

 

9.4 Vector Control of an Induction Generator 

 

The control of an induction generator is implemented by applying the same 

technique used in the control of induction motors, as explained in the previous section. 
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Analogous to the DC motor, in the DC generator the main flux (due to the field 

current) and the load current can be controlled independently. The generated voltage in a 

DC generator is given by 

aa kE ϕω=         (9.2) 

Ea = armature generated voltage 

k = dependant on the armature winding 

φ = flux per pole 

ωa = angular speed of the armature. 

In the DC generator, an increase in the load increases the armature current without 

affecting the field current. The schematic for a dc generator is given in Figure 9.4. In an 

induction generator, the two components of the current control the power and flux, 

respectively. Field orientation control schemes in induction generators decouple the 

equations so as to obtain a form of the induction generator that can be treated as a DC 

generator.  

There are three different types of field-oriented control schemes that can be 

applied to induction generators: 

Rotor flux oriented 

Stator flux oriented 

Magnetizing flux oriented. 

+

-

 
Figure 9.4: Schematic of a separately excited dc generator. 
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The control scheme implemented in this chapter employs rotor flux orientation. 

The method of field orientation applied in this chapter is indirect field orientation 

(rotor field orientation). 

For an induction machine, indirect vector control is implemented using the model 

equations of the induction machine. 

dseqsqssqs pIrV λωλ ++=       (9.3) 

qsedsdssds pIrV λωλ −+=       (9.4) 

( ) drreqrqrr pIr λωωλ −++=0      (9.5) 

( ) qrredrdrr pIr λωωλ −−+=0      (9.6) 

To achieve field orientation, the resultant rotor flux linkage is aligned with the d-

axis to assume field orientation. Therefore the resultant flux linkage is equal to the d-axis 

rotor flux and the q-axis rotor flux is equal to zero, and the d-axis rotor flux is equal to 

the resultant rotor flux λr i.e. 

0=qrλ  

rdr λλ = .        (9.7) 

Substituting the above conditions in the rotor voltage Equations (9.5) and (9.6), 

the equations can be expressed as 

( ) rreqrr Ir λωω −+=0       (9.8) 

drdrr pIr λ+=0 .       (9.9) 

The field orientation in the dq variables can be represented as a phasor diagram, 

Figure 9.5. 
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Figure 9.5: Field orientation of the Orientation of rotor flux on d-axis  

 

The model developed for the induction generator implementing the field 

orientation explained above is presented. 

The q-axis rotor flux λqr can be expressed in terms of the stator and rotor q-axis 

currents as 

qrrqsmqr ILIL +=λ .       (9.10) 

Substituting the above conditions, Equation (9.7) in (9.8), the q-axis rotor current 

can be expressed in terms of the q-axis stator current as 

qs
r

m
qr I

L
LI −= .        (9.11) 

Similarly, the d-axis rotor current can be expressed in terms of the d-axis stator 

current and the rotor flux λr.  

 drrdsmdr ILIL +=λ       (9.12) 
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 drrdsmr ILIL +=λ  

Therefore, 

ds
r

m
rdr I

L
LI −= λ        (9.13) 

Substituting for the q and d-axis rotor currents in Equations (9.7) and (9.8), 

respectively, resulting in the following equations: 

 ( ) drr
m

ds L
I λτ+= 11       (9.14) 

 
r

r
r r

L=τ .       (9.15) 

 The slip can be calculated by substituting Equation (9.11) in (9.8) 

 ( )
r

qs

r

m
sre

I
T
L

λ
ωωω ⋅==− .     (9.16) 

Equation (9.12) has the same form as the field equation for a separately excited dc 

machine. 

The final step in the transformation of an induction machine to the model of a 

separately excited dc machine is obtained by the torque equation. 

The torque equation for an induction machine is  

( )qrdsdrqse iiPT λλ −=
4

3 .      (9.17) 

Substituting equation (9.7) in (9.17) 

( )rqse iPT λ
4

3=  .       (9.18) 

Therefore, from Equation (9.18) it is can be seen that the torque is a function of 

the product of the rotor flux and torque producing current, Iqs.  
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9.5 Controller Design for an Induction Generator-Rectifier System 

 

The control of the dc voltage is achieved by modeling the system using the 

technique of input-output linearization [A.4]. The model of the induction generator as 

derived is non-linear. 

The method of linearization used in the design of the control scheme is �Feedback 

linearization,� which is a method of exact linearization of the system model using the 

following method. 

A nonlinear compensation, which cancels the nonlinearities included in the 

system, is implemented as an inner feedback loop. 

A controller, which ensures stability and some predefined performance, is 

designed based in the conventional theory; 
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Figure 9.6: Generator system  
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this linear controller is implemented as an outer feedback loop. For example, 

consider the third order system 

( ) ( ) 3221 1sin xxxpx ++=       (9.19) 

where p is the differential operator
dt
dp = . 

3
5
12 xxpx +=         (9.20) 

uxpx += 2
13         (9.21) 

1xy =          (9.22) 

To generate a direct relationship between the output y and the input u, Equation 

(9.20) is differentiated, yielding 

1pxpy = .        (9.23) 

Therefore, from Equations (9.19) and (9.22) 

( ) ( ) 3221 1sin xxxpxpy ++== .     (9.24) 

As the output y is not directly related to the input �u�, the process of 

differentiation is carried out again. 

( ) ( )3212
2 ,,1 xxxfuxyp ++=      (9.25) 

where ( ) ( )( ) ( ) 2
12323

5
1321 1cos,, xxxxxxxxxf ++++= .   (9.26) 

There now exists an explicit relation between the input and output. If the control 

input is chosen to be of the form 

( )1
2 1
1 fv

x
u −

+
=        (9.27) 
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where v is a new input to be determined, the nonlinearity in the above equation is 

canceled and a simple linear double integration relationship between the input and output 

and �v� is obtained.  

The design of an ac controller for this double-integrator relationship is simple, 

because of the availability of linear control techniques. 

The next step in the analysis is to apply the feedback linearization control 

technique as explained above to the control of the induction generator. The induction 

machine equations expressed using the state variables adopted in this control scheme are 

as in Equations (9.28) to (9.31). 

The model equations for an induction generator in the d-q reference frame are 

dseqsqssqs pIrV λωλ ++=       (9.28) 

qsedsdssds pIrV λωλ −+=       (9.29) 

( ) drreqrqrr pIr λωωλ −++=0      (9.30) 

( ) qrredrdrr pIr λωωλ −−+=0 .     (9.31) 

The control scheme aims at using the rotor fluxes and stator currents as state 

variables to control the dc voltage at the output of the rectifier.  

Equations (9.28) � (9.31) are the system equations in the dq reference frame. The 

state variables in the equations include the stator currents and fluxes qsI , dsI , qsλ , dsλ and 

rotor currents and fluxes qrI , drI , qrλ , drλ , respectively.  The control scheme to be 

implemented has the stator currents and rotor fluxes as the state variables. The first step 

in the analysis is to express the system equations in terms of the desired state variables.  



 212
 
 

















=









qs

qr

sm

mr

qs

qr

I
I

LL
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λ
λ

      (9.32) 

i.e.  

qsmqrrqs ILIL +=λ        (9.33) 

. qssqrmqr ILIL +=λ        (9.34) 

Using the above set of equations, the rotor current can be expressed in terms of 

the stator currents and the rotor fluxes as 

qs
r

m
qr

r
qr I

L
L

L
I −= λ1 .       (9.35) 

Similarly the d-axis fluxes and currents are expressed in Equations (9.36) and 

(9.37). 

drmdssds ILIL +=λ        (9.36) 

drrdsmdr ILIL +=λ        (9.37) 

From Equation (9.37) the d-axis rotor current is 

ds
r

m

r

dr
dr I

L
L

L
I −=

λ
.       (9.38) 

Eliminating the rotor currents in Equations (9.33) and (9.36) results in expressions 

for the stator q and d axis fluxes in terms of the desired state variables for the system.  

.1








−+= qs

r

m
qr

r
mqssqs I

L
L

L
LIL λλ      (9.39) 

Simplifying Equation (9.39) 

qr
r

m
qsqs I

L
LIL += σλ        (9.40) 
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where 
r

m
s L

L
LL

2

−=σ        (9.41) 

Following the same method as described for the q-axis stator flux, the d-axis 

stator flux can be expressed in terms of the desired state variables as 

.dr
r

m
dsds I

L
L

IL += σλ        (9.42) 

Substituting Equations (9.35), (9.38), (9.40) and (9.42), in Equations (9.28) to 

(9.31) results in the desired system equations expressed in terms of the state variables for 

the control scheme.  

dr
r

mr
qr

r

mr
dseqsqsqs L

L
L
Lr

ILpILrIV λωλω σσ +−++= 2    (9.43) 

where 2

2

r

mr
s L

Lr
rr +=        (9.44) 

Similarly the d-axis voltage equation 

qr
r

mr
dr

r

mr
qsedsdsds L

L
L
Lr

ILpILrIV λωλω σσ +−−+= 2 .   (9.45) 

The q and d axis rotor voltage equations are expressed in Equations (9.44) and 

(9.45), respectively: 

( ) drreqrqs
r

mr
qr

r

r pI
L
Lr

L
r λωωλλ −++−=0     (9.46) 

( ) qrredrds
r

mr
dr

r

r pI
L
Lr

L
r λωωλλ −−+−=0 .    (9.47) 

Rearranging Equations (9.43) and (9.45) to (9.47), the state equations for the 

induction generator can be expressed in terms of the desired state variables. 
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dr
r

mr
qr

r

mr
dseqsqsqs L

L
L
Lr

ILrIVpIL λωλω σσ −+−−= 2    (9.48) 

dr
r

mr
qr

r

mr
dsedsdsds L

L
L
Lr

ILrIVpIL λωλω σσ +++−= 2    (9.49) 

( ) drreqs
r

mr
qr

r

r
qr I

L
Lr

L
rp λωωλλ −−+−=     (9.50) 

( ) qrreds
r

mr
dr

r

r
dr I

L
Lr

L
rp λωωλλ −++−=     (9.51) 

The dc voltage equation of the rectifier connected to the stator terminals of the 

induction machine is 

( )
L

dc
dsdsqsqsdc R

VIMIMCpV −+=
2
3 .     (9.52) 

Equations (9.46) to (9.51) and (9.52) are the state equations of the system, and are 

used in the controller design. 

The control scheme used in this system assumes the rotor flux to be aligned along 

the d-axis; thereby the value of the q-axis rotor flux is zero, i.e. 0=qrλ . 

The state equation for qrλ  is used to calculate the slip speed.  

( ) qrdrreqs
r

mr
qr

r

r
qr I

L
Lr

L
rp σλωωλλ =−−+=+    (9.53) 

where qrσ  is the output of the q axis rotor flux controller.  

Similarly the state equations for the system can be rewritten as 

qsdr
r

mr
qr

r

mr
dseqsqsqs L

L
L
Lr

ILVrIpIL σλωλω σσ =−+−=+ 2    (9.54) 

dsdr
r

mr
qr

r

mr
dsedsdsds L

L
L
Lr

ILVrIpIL σλωλω σσ =+++=+ 2    (9.55) 
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( ) drqrreds
r

mr
dr

r

r
dr I

L
Lr

L
rp σλωωλλ =−++=+ .   (9.56) 

( ) dcdsdsqsqs
L

dc
dc IMIM

R
V

CpV σ=+=+
2
3     (9.57) 

Equation (9.57) can be expressed as 

( ) dcdsdsqsqs
L

dc
dc IVIV

R
V

CpV σ=+=+ 3
2

2 .     (9.58) 

The outputs of the current controller qsσ  and dsσ are used to calculate the 

reference q and d axis voltages, qsV  and dsV . The equations used to calculate the reference 

values of the q-axis voltage, d-axis voltage, q-axis current, d-axis current and reference 

slip are obtained from Equations 9.53 to 9.58. 

( )
dr

qs

r

mr

dr

qr
re

I
L
Lr

λλ
σ

ωω ⋅+−=−      (9.59) 

( )[ ]
mr

r
qrredrds Lr

LI λωωσ −−=*      (9.60) 

qs
dsds

dc
qs V

iVI 1
3

* ⋅





 −=
σ       (9.61) 

dr
r

m
rqr

r

mr
dseqsqs L

L
L
LrILV λωλωσ σ +−+= 2

*     (9.62) 

qr
r

m
rdr

r

mr
qsedsds L

L
L
Lr

ILV λωλωσ σ −−−= 2
*     (9.63) 

There are three main loops in the control scheme, as shown in Figure 9.7.  
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Figure 9.7: Control Structure for machine 

 

The first loop is used to calculate the q axis current using the output of the dc 

voltage controller dcσ  and the output of the current controller qsσ  is used to calculate the 

reference q axis voltage *
qsV  

In the second loop, drσ  the output of the d-axis rotor flux controller is used to 

calculate the d-axis stator current dsI , and the output of the current controller dsσ  is used 

to calculate the d-axis reference voltage dsV . The third loop is used to calculate the slip as 

explained earlier.  

The reference voltages that are calculated using the current controllers, as 

explained above are fed to the inverter and the desired modulation signals are generated 

to control the dc voltage. This control scheme described above is as shown in Figure 9.8. 
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Figure 9.8: Control Structure 

The controllers used in this scheme are PI (proportional - integral) controller. The 

output if a PI controller is a function of the input, comprising of two parts, proportional 

and integral. The transfer function is given by Equation (9.64). 

( )
s
k

ksG i
p +=        (9.64) 

The procedure followed in determining the parameters of the PI controllers in the 

above scheme, involves determining the transfer function of each controller. The 

derivation of the transfer function for the q-axis current controller is explained in detail.  

The output of the q-axis current controller, as expressed in Equation (9.54): 

qsqsqs rIpIL += σσ        (9.65)  

where 
r

m
s L

L
LL

2

−=σ . The transfer function of the q-axis current controller is 

obtained using the output of the controller.  

The output of the current controller qsσ is expressed as 
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( )qsqs
i

pqs II
s

KK −





 += *σ .      (9.66) 

The transfer function of the q-axis current controller can be expressed as *
qs

qs

I
I

. 

From Equations (9.65) and (9.66) the transfer function of the q-axis current 

controller is obtained as below. 

( )qsqs
i

pqsqs II
s

K
KrIpIL −






 +=+ *

σ      (9.67) 







 +

s
K

K i
p  can be expressed as 







 +
p

KpK ip , the above equation can be 

rewritten differential form as 

( )( )qsqsipqsqs IIKpKrpIIpL −+=+ *2
σ . 

The transfer function expressed as a ratio of the output divided by the input of the 

controller is then expressed as 

( ) 33
2

33
*

ip

ip

qs

qs

KKrppL
KpK

I
I

+++
+

=
σ

.     (9.68) 

Similarly the transfer functions of the other controllers in the control scheme are 

obtained. The method of deriving the expression for the transfer functions is exactly 

above. The final expressions for the transfer functions are 

 

11
2

11
*

ip
r

r

ip

qr

qr

KK
L
rpp

KpK

+







++

+
=

λ
λ

     (9.69) 
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22
2

22
*

ip
r

r

ip

dr

dr

KK
L
rpp

KpK

+





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++

+
=

λ
λ

     (9.70) 

( ) 44
2

44
*

ip

ip

ds

ds

KKrppL
KpK

I
I

+++
+

=
σ

.     (9.71) 

The transfer function of the dc voltage controller is obtained using Equation 

(9.56). The equation for the transfer function is 

55
2

55
2

2

ip

ip

dc

dc

KpKCp
KpK

V
V

++
+

= .      (9.72) 

Using the transfer functions derived for each controller, the parameters of the 

controller can be determined by using the Butterworth Polynomial. As explained earlier, 

the controllers used are PI controllers. The parameters of each controller need to be 

determined, i.e. pK and iK . The method of determining the parameters involves 

comparing the coefficients of the transfer function of the controller with the coefficients 

of the Butterworth Polynomial. The Butterworth Polynomial has the form 

2
00

2 2 ωω ++ pp .       (9.73) 

The Butterworth method locates the eigen values of the transfer function 

uniformly on the left half of the s-plane on a circle of radius 0ω  with its center at the 

origin, as illustrated in Figure 9.9. The transfer functions of the controllers in this control 

scheme are of second order; thereby the coefficients of the denominator of the transfer 

function are compared with the second order Butterworth polynomial. Therefore the 

parameters of the controller are calculated using the following equations. 
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Figure 9.9: Pole placement using Butterworth polynomial  

The parameter �k� used in Figure 9.9 is equal to the number of poles in the left-

half s-plane. 

 

                   Table 9.1:Controller Parameters  
 

521 =−=
r

r
op L

rK ω  1002
01 == ωiK  
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The parameters of the controllers are calculated by choosing 0ω . Higher values of 

0ω  would mean a faster controller. 

 

9.6 Dynamic Simulation of the Induction Generator-Rectifier System 

Using Rotor Flux Vector Control 

 

The dynamic simulation has been carried out using the control scheme derived in 

the previous section, for the induction generator-rectifier system using indirect rotor flux 

vector control. 

The parameters of the system used in the dynamic simulation are shown in Table 

9.1. 

As explained in section 9.3, the q-axis rotor flux is set to zero by aligning the d-

axis with the rotor flux. Therefore, the q-axis rotor flux in the simulation is equal to zero, 

and the d-axis rotor flux (which is equal to the resultant rotor flux) is set to be equal to 

0.45 Weber. The reference dc voltage is chosen to be equal to 200V, and the load 

resistance is chosen to be equal to 100Ω.  

 

                 Table 9.1: Machine parameters used in dynamic simulation 
 

Ω= 54.1sr  

Ω= 9088.0rr  

HLls 004.0=  

HLlr 004.0=  
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Figure 9.10: Simulation results for starting process, from top: (a) electromagnetic torque Te  

(b) dc voltage Vdc, (c) phase �a� voltage Va  

 

The first set of simulation results Figures 9.11 to 9.21 show the starting and 

dynamic response of the induction generator-rectifier system. Figure 9.10(a) shows the 

buildup of the electromagnetic torque Te, output dc voltage and phase�a� voltage of the 

generator.  

The dc voltage reaches a steady state value of 200V in 0.5 seconds and remains 

constant. The electromagnetic torque is negative as the induction machine is generating, 

and the q-axis current is negative. The phase voltage (phase �a�) is purely sinusoidal as 

can be seen in Figure 9.10(c). 

The starting process of the q-axis voltage, d-axis voltage and load current is 

illustrated in Figure 9.11.  The load and d-axis voltage reach steady state values before 

the q-axis voltage.  

 
 
  (a) 
 
 
 
 
   
  (b) 
 
 
 
 
   
  (c) 
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The response of the stator voltage frequency, slip frequency, and the rotor speed 

can be seen in Figure 9.12. The rotor speed in this simulation is ramped up from 100 to 

240 rad/sec, the speed reaches a steady state value at 0.45 seconds. The rotor speed is 

kept constant at 240 rad/sec for this simulation. The slip frequency during the starting 

process is �4rad/sec.  

Figures 9.13, 9.14, and 9.15 show the dynamic response of the system to a load 

change from 100Ω to 25Ω.  

 

 
Figure 9.11: Simulation results for starting process, from top: (a) q-axis voltage Vqs (b) d-

axis voltage Vds, (c) load current IL  

 
 
  (a) 
 
 
 
 
   
  (b) 
 
 
 
 
   
  (c) 
 



 224
 
 

 
Figure 9.12: Simulation results for starting process, from top: (a) voltage frequency ωe (b) 

slip frequency ωs, (c) rotor speed ωr  

 

The load is changed at t = 1 sec and remains at 25Ω for the entire time of the 

simulation. As can be seen from Figure 9.13 (a), the load change (an increase in the load 

on the system) causes the electromagnetic torque to increase from �2 Nm to �8.5Nm. 

Also the change in the load causes the dc voltage to drop to 197.5 volts for less than 0.5 

seconds, thereby illustrating the effectiveness of the control scheme. The second set of 

plots, Figure 9.14, illustrate the nature of response of the q-axis voltage, d-axis voltage 

and the load current. As the load resistance is decreased, and the dc voltage is controlled 

at 200V, the load current increases by four times due to the proportionate decrease in the 

load resistance connected to the output of the rectifier. 

As mentioned earlier, the rotor speed is maintained at a constant value of 

240rad/sec. For an increase in the load on the system, the operating slip of the generator 

increases. The effect of the increase in the slip is seen on the stator voltage frequency ωe.  

 
 
  (a) 
 
 
 
 
   
  (b) 
 
 
 
 
   
  (c) 
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' 
Figure 9.13: Simulation results for dynamic process, from top: (a) electromagnetic torque Te  

(b) dc voltage Vdc, (c) phase �a� voltage Va  

 
Figure 9.14: Simulation results for dynamic process, from top: (a) q-axis voltage Vqs  (b) d-

axis voltage Vds, (c) load current IL  
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Figure 9.15: Simulation results for dynamic process, from top: (a) voltage frequency ωe  (b) 

slip frequency ωs, (c) rotor speed ωr  

 

The second simulation performed for the generator-rectifier system is to see the 

response of the system to varying rotor speeds for a constant load resistance. Figures 9.16 

to 9.21 show the starting process and dynamic response of the system for changing rotor 

speeds. The starting process is just the same as that shown in Figures 9.11 to 9.15. 

The stator voltage frequency, slip frequency, and the rotor speed are shown in 

Figure 9.16. The rotor speed is ramped to 240 rad/sec, and kept constant until t = 2 

seconds. 

 
 
  (a) 
 
 
 
 
   
  (b) 
 
 
 
 
   
  (c) 
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Figure 9.16: Simulation results for starting process, from top: (a) voltage frequency ωe  (b) 

slip frequency ωs, (c) rotor speed ωr  

 

 
Figure 9.17: Simulation results for starting process, from top: (a) q-axis voltage Vqs  (b) d-

axis voltage Vds, (c) load current IL  
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Figure 9.18: Simulation results for starting process, from top: (a) electromagnetic torque Te  

(b) dc voltage Vdc, (c) phase �a� voltage Va  

 

The starting process of the q and d-axis voltage is illustrated in Figure 9.17. As in 

the previous simulation, the q-axis stator voltage takes reaches a steady state value after 

the d-axis voltage and load current. The electromagnetic torque, dc voltage and phase �a� 

voltage is shown in Figure 9.18.  

After the system reaches steady state, the rotor speed is changed. The rotor speed 

is dropped to 200 rad/sec at t = 2 seconds and then increased to 240 rad/sec at t = 4 

seconds. The change in the rotor speed causes the q-axis voltage to drop to 90V during 

the period of time for which the rotor speed is 200 rad/sec and then increase to 109V 

when the rotor speed is increased to 240 rad/sec at t = 4 seconds. The d-axis voltage 

remains at a constant value during the change in the rotor speed, and the load current 

remains constant showing the stability of the dc voltage when the rotor speed is changed. 
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Figure 9.19: Simulation results for dynamic process, from top: (a) voltage frequency ωe  (b) 

slip frequency ωs, (c) rotor speed ωr  

 

 
Figure 9.20: Simulation results for dynamic process, from top: (a) q-axis voltage Vqs  (b) d-

axis voltage Vds, (c) load current IL  
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Figure 9.21: Simulation results for dynamic process, from top: (a) electromagnetic torque Te  

(b) dc voltage Vdc, (c) phase �a� voltage Va  

 

The nature of response of the electromagnetic torque, dc voltage, and phase �a� 

voltage to a change in rotor speed is shown in Figure 9.21. For a decrease in the rotor 

speed, the electromagnetic torque increases. The dc voltage remains unchanged and is 

constant at 200V.  

For a decrease in the rotor speed, the phase voltage of the generator decreases, 

and returns to the initial value (before the change in the rotor speed), when the rotor 

speed is increased from 200 rad/sec to 240 rad/sec. 

The effectiveness of the proposed control scheme in controlling the dc voltage of 

the rectifier is illustrated by the dynamic simulation results. To test the robustness of the 

controller design, the system is operated under varying load conditions and varying rotor 

speeds.  
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9.7 Experimental Results for Rotor Flux Vector Control Scheme 

 

The experimental results for the proposed vector control scheme are presented in 

this section. The nature of the experimental setup has been detailed in Chapter 11.  

Figure 9.22 shows the dynamic response of the line-line voltages, VAC, and VBC 

and the phase currents IA, and IB. The experimental waveforms have been obtained by 

running the machine at a constant rotor speed of 1320 rpm. The capacitor on the dc side 

of the rectifier is given an initial value of 20V. The reference dc voltage used is 220V.  

 

 
 

Figure 9.22: Dynamic response of the 2 hp induction generator. Reference dc voltage = 
220V , rotor speed= 1320 rpm , load resistance = 80 Ω. (a) line-line voltage, VAC (350 V/div); (b) 

line-to-line voltage VBC(350 V/div); (c) phase A current (7.5 A/div); (d) phase B current (7.5A 
/div) 
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Figure 9.23: Dynamic response of the 2 hp induction generator. Reference dc voltage = 

220V , rotor speed= 1320 rpm , load resistance = 80 Ω. (a) dc voltage Vdc(137.5 V/div); (c) d-axis 
rotor flux (1.36/div); (d) phase A modulation signal (1.36 /div) 

 

The voltage buildup of the generator during startup is shown, illustrating the 

increase in the line to line voltage from 0 to 130V. Figure 9.23 shows the increase in the 

dc voltage at the output of the rectifier, the d-axis rotor flux and the modulation signal for 

the phase �a�.  

The dc voltage, from Figure 9.23 increases from 20V to 220V. The increase in the 

dc voltage as well as the d-axis rotor flux is not a smooth buildup, however, the dc 

voltage tracks the reference dc voltage used. The values of the reference d-axis rotor flux 

used in the experiment is 0.25Wb. The modulation signal for phase �a� is shown in 

9.23(c).  
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Figure 9.24: Steady-state response of the 2 hp induction generator. Reference dc voltage 

=220V, rotor speed= 1320 rpm , load resistance = 80 Ω. (a) line-line voltage, VAC (350 V/div); 
(b) line-to-line voltage VBC(350 V/div); (c) phase A current (7.5 A/div); (d) phase B current (7.5A 

/div) 

 

Figures 9.24 and 9.25 show the operation of the generator at steady-state. The line 

to line voltages and phase currents are shown in Figure 9.24, and the dc voltage, d-axis 

rotor flux and the modulation signal for phase �a� are shown in Figure 9.25. As can be 

seen from Figure 9.22, the line to line voltages have some high frequency components. 

This is due to the switching transients of the boost rectifier. The phase currents are pure 

ac with no noise. The steady state value of the phase current of 3 amperes, and the line to 

line voltage has a steady state value of 110V.  

 

 
 
  (a) 
 
 
 
 
  (b) 
 
 
 
  
  (c) 
 
 
 
 
  (d) 
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Figure 9.25: Dynamic response of the 2 hp induction generator. Reference dc voltage = 

220V , rotor speed= 1320 rpm , load resistance = 80 Ω. (a) dc voltage Vdc(137.5 V/div); (c) d-axis 
rotor flux (1.36/div); (d) phase A modulation signal (1.36 /div) 

 

Similarly, the steady state waveforms for the dc voltage, d-axis rotor flux and 

phase �a� modulation signal is shown in Figure 9.25. The dc voltage reaches a steady 

state value of 220V, which is the same as the reference dc voltage. The d-axis rotor flux 

is a constant dc value, illustrating the effectiveness of the flux estimation algorithm used 

in the code. 

 

 
  (a) 
 
 
 
 
   
 
  (b) 
 
 
 
 
  
  
  (c) 



 235
 
 

CHAPTER 10 

 
CONTROL OF THREE-PHASE INDUCTION GENERATOR 

USING NATURAL VARIABLES 

  

10.1 Introduction 

  

Induction generator control has been implemented using the rotor flux model of 

the induction machine in Chapter 9. The control uses the synchronous reference frame to 

calculate the modulation signals required in switching the rectifier connected to the 

generator as shown in Figure 10.1.  

The implementation of a similar scheme that would use the stationary reference 

frame as the frame of transformation to obtain the desired modulation signals is proposed 

in this chapter. The model of the induction generator used in the control scheme in this 

chapter is the natural variables model. 

 

11S 21S 3 1S

12S 2 2S 32S

aI

bI

cI 1C LR

LI

Induction
generator

rω

 

Figure 10.1: System Model 
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The development of the model (explained in detail in Chapter 5), is briefly 

discussed here, and the derivation of the control scheme and parameters of the controller 

are discussed in detail. The system is operated under a condition of minimum loss [C.1, 

C.9].  

The proposed scheme is simulated and the robustness of the scheme is tested by 

seeing the response of the system under different conditions of rotor speed as well as 

load. 

The method of control, i.e. indirect vector control is implemented using the 

stationary reference frame; therefore, the rotor flux position does not need to be 

determined in order to implement the control scheme. The details of indirect vector 

control have been dealt with in detail in Chapter 9 and hence are not repeated here.  

 

10.2 Natural Variables Model of Induction Generator 

 
 

The model of the induction machine used in the control scheme proposed in this 

chapter is the natural variables model. 

The natural variables of the machine are the electromagnetic torque Te, the 

reactive torque Tr, and the rotor/stator flux. The natural variables are so called because 

these variables can be easily related to and also these terms are reference frame 

independent. 

The natural variables model (derived in Chapter 5) is summarized below 

( )dsqrqsdre IIkT λλ −=        (10.1) 

( )qsqrdsdrr IIkT λλ +=        (10.2) 
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22
drqrrr λλλ +=        (10.3) 

where    
r

m

L
LP

4
3 . 

The model equations of the induction generator expressed in terms of the rotor 

fluxes and stator currents as state variables (from Chapter 5) are expressed in Equations 

(10.4) to (10.7). 
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The model equations for the induction machine are obtained by differentiating 

equations (10.1) to (10.3) and using the voltage equations of the induction machine, 

Equations (10.4) to (10.7). 

( )qrdsdsqrdrqsqsdre pIpIpIpIkpT λλλλ −−+=    (10.8) 

( )qrqsqsqrdrdsdsdrr pIpIpIpIkpT λλλλ +++=    (10.9) 

drdrqrqrrr ppp λλλλλ 22 +=      (10.10) 

Substituting (10.4) to (10.7) in (10.8) to (10.10) 
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To complete the model of the induction generator-boost rectifier system, the 

capacitor voltage equation for the boost rectifier connected to the generator, as derived in 

Chapter 7 needs to be expressed in terms of the natural variables. The equation is derived 

as follows: 

( )
L

dc
dsdsqsqsdc R

VIMIMCpV −+=
2
3      (10.14) 

The desired equation is obtained by expressing the q and d-axis currents in terms 

of the natural variables, this is done as follows.  
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The currents can therefore be expressed as 

( )rqredr
rr

qs TTkI λλ
λ

+=       (10.16) 
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Substituting for the q and d-axis currents in Equation (10.14), the capacitor 

voltage equation expressed in terms of the natural variables is 

( ) ( )[ ]eqrrdrdsrqredrqs
rrl

dc
dcp TTMTTMk

R
VVC λλλλ

λ
−++−=+

2
32 .  (10.18) 

 Therefore, Equations 10.11 to 10.13 and 10.18 are the model equations of the 

induction generator-rectifier system in terms of the natural variables.  

 

10.2.1 Loss Minimization using Natural Variables Model 

 
 

The system, as mentioned earlier, is operated under a condition of minimum loss. 

The condition for minimum loss is obtained by expressing the total losses in the machine 

in terms of the natural variables and minimizing the loss equation [C.1].  

 The total losses in the system expressed in terms of the natural variables is 

obtained from [C.1] as 
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The loss is minimized when the rotor flux λrr is given by Equation (10.19) 
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The parameters used in Equation (10.20) are defined by Equations (10.21) to 

(10.22). 
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        (10.21) 

Therefore, using Equation (10.20), the reference rotor flux is calculated. As can 

be seen from the equation, the reference rotor flux is dependant on the values of the 

electromagnetic torque and reactive torque. Therefore, for a change in the rotor speed the 

electromagnetic torque varies and hence the calculated reference flux varies. This can be 

seen from the dynamic simulation results shown in section 10.4. 

 

10.3 Controller Design for Natural Variables Model  

 
 

The proposed control scheme for the induction generator-rectifier system is 

derived in this section.  

In this control scheme, as in the control scheme proposed in Chapter 9, the dc 

voltage is controlled and the modeling of the system is achieved using input-output 

linearization. The implementation of input-output linearization is described in detail in 

Chapter 9, and therefore not repeated here. The state equations derived in section 10.2 are 

used in the design of the controllers. 

There are five loops in the control scheme, each loop is used to calculate the 

reference value used in the controllers. The five loops are illustrated in Figure 10.2. 
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Figure 10.2: Control loops in proposed control scheme.  

 

The first loop is the dc voltage loop, which is used to calculate the reference 

electromagnetic torque. The second loop shown in Figure 10.2 is used to calculate the d-

axis voltage and correspondingly the modulation signal for the d-axis. Similarly, the q-

axis modulation signal is calculated using the reactive power control loop. The reference 

reactive power is calculated using the rotor flux control loop, and the reference rotor flux 
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is calculated using loss minimization, explained in the previous section. The parameters 

m1 and m2 are derived in the latter part of this section. 

The equations for the control scheme are summarized below. 

( ) rrr
r

m
rre

r

r
dsqrqsdre LL

kL
TT

L
r

rVV
L
kpT λωωλλ

σσ

−−







+−−=     (10.22) 

( ) ( )22
re

rrr

mr
rrr

r

m
err

r

r
dsdrqsqrr TT

kL
Lr

LL
kL

TT
L
r

rVV
L
kpT ++++








+−+=

λ
λωωλλ

σσ

 

         (10.23) 









+

−
= r

r

mr
rr

r

r
rr T

kL
Lr

L
r

p λλ 2       (10.24) 

( ) ( )[ ]eqrrdrdsrqredrqs
rrl

dc
dcp TTMTTMk

R
VVC λλλλ

λ
−++−=+

2
32    (10.25) 

From Equations (10.22) to (10.25) the output of the controllers in the proposed 

control scheme are defined.  

rr
r

mr
rre

r

r
ee LL

LkTM
L
kT

L
rrpT λωωσ

σσ
−−=








++= 1    (10.26) 

( )22
22 re

rrr

mr
rr

r

mr
err

r

r
rr TT

kL
Lr

LL
Lr

kTM
L
kT

l
r

rpT ++++=







++=

λ
λωσ

σσ

 (10.27) 

r
r

mr
rr

r

r
rrrr T

kL
Lr

L
rp 22 =+= λλσ      (10.28) 

( ) ( )[ ]drdsqrqsreqrdsdrqs
rrL

dc
dcpdc VVTTVVk

R
V

VC λλλλ
λ

σ ++−−=+=
2
32

2   (10.29) 

where m1 and m2 are defined as 

( )dsqrqsdr VVm λλ −=1        (10.30) 
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( )dsdrqsqr VVm λλ +=2 .       (10.31) 

The output of the controllers are defined as follows: 

eσ = output of electromagnetic torque controller 

rσ = output of reactive torque controller 

rrσ = output of rotor flux controller 

dcσ = output of dc voltage controller. 

Using the above definitions for the outputs of the four controllers in the control 

scheme, the equations used in calculating the reference quantities using the outputs of the 

controllers are derived as follows. The proposed control scheme is shown in Figure 10.3. 

As explained earlier, the reference electromagnetic torque is calculated using the 

output of the dc voltage controller. 
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 Figure 10.2: Control scheme using natural variables  
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 Using Equation (10.29)  
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Similarly, the reference reactive torque is calculated using the output of the rotor 

flux controller as 
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The reference rotor flux is calculated using Equation (10.20). 

The q and d-axis voltages used in calculating the modulation signals (in the 

stationary reference frame) are obtained using Equations (10.30) and (10.31). 

The calculated values of m1 and m2 are obtained using the outputs of the 

electromagnetic torque and reactive torque controller, respectively. The equations used in 

calculating the variables are 
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Therefore, the q and d-axis voltages are calculated using Equations 10.37 and 

10.38 
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The controllers used in this control scheme are PI (proportional integral) 

controllers. The PI controller has the following structure: 
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s
k

ksG i
p += .  

The output of each of the four controllers can be defined as  
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To design the PI controllers for the control scheme, the transfer function of each 

controller is obtained, using which the constant gain parameters of the PI controllers are 

calculated.  
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Similarly, the transfer functions of the three other controllers are obtained as 
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Having obtained the transfer functions for each controller, the parameters of the 

controller can be determined by using the Butterworth Polynomial. As explained earlier, 

the controllers used are PI controllers. The parameters of each controller need to be 

determined, i.e. pk and ik .  

The method of determining the parameters involves comparing the coefficients of 

the transfer function of the controller with the coefficients of the Butterworth Polynomial 

(as explained in Chapter 9). The Butterworth Polynomial has the form 

2
00

2 2 ωω ++ pp .       (10.44) 

The Butterworth method locates the eigen values of the transfer function 

uniformly on the left half of the s-plane on a circle of radius 0ω  with its center at the 

origin. 

Therefore comparing the coefficients of the transfer function with the coefficients 

of the second order Butterworth polynomial, the constant gain parameters of the 

controllers for the scheme are expressed as 
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102
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The parameters are therefore calculated using Equations (10.45) to (10.52) by 

selecting values of ωo.  

The dynamic simulation for the control scheme is performed and the results are 

presented in the next section. 

 

10.4 Dynamic Simulation of Control Scheme Using Natural Variables  

 

The simulation of the proposed control scheme has been performed under two 

different operating conditions. The first set of results illustrates the operation of the 

system under a constant rotor speed and varying load conditions.  

The second set of plots show the operation of the of the system under varying 

rotor speed and constant load conditions. 

Figures 10.3 and 10.4 show the starting process for the simulation of the induction 

generator (natural variables model) operating with a constant rotor speed and varying 

load. The parameters of the machine are in Table 10.1. 
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Table 9.1. Machine parameters used in dynamic simulation 
 

Per-phase stator resistance = Ω= 54.1sr  

Per-phase rotor resistance = 

Stator leakage inductance = HLls 004.0=  

Rotor leakage inductance = HLlr 004.0=  
 

 
 

Figure 10.3: Simulation results for starting process, from top: (a) dc voltage Vdc  (b) Load 
current voltage IL, (c) rotor speed ωr 

 

The load resistance is 100Ω and the reference dc voltage is 200V. The dc voltage, 

load current reach steady state values at t = 0.5 seconds. The rotor speed is ramped from 

100 rad/sec to 390 rad/sec, and kept constant for the entire period of the simulation. 

 Figure 10.4 shows the electromagnetic torque, Te, reactive torque Tr and rotor 

flux at the start of the simulation. The electromagnetic torque oscillates for 0.2 seconds 

and reaches steady state at 0.5 seconds. The electromagnetic torque is negative as the  

 
 
  (a) 
 
 
 
 
   
  (b) 
 
 
 
 
   
  (c) 
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Figure 10.4: Simulation results for starting process, from top: (a) electromagnetic torque Te  

(b) reactive torque Tr, , (c) rotor flux λrr  

 

machine is generating. The reactive torque Tr is positive and takes almost one 

second to reach a steady state value. Similarly, the rotor flux takes almost 1 second to 

reach a steady value of 0.12 Wb. 

The load resistance at the start of the simulation is 100Ω, at t = 2 seconds, the load 

resistance is decreased to 45 Ω, and the response of the system to the change in load with 

a constant rotor speed is shown in Figures 10.5 and 10.6. 

Figure 10.5 shows the response of the system to a change in the load resistance. 

The dc voltage is constant, hence showing the effectiveness of the dc voltage controller.  

The decrease in the load resistance is evident from the change in the load current. 

The load current increases from 2A to 4.5A. As mentioned earlier, the rotor speed is kept 

constant at 390 rad/sec. 
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  (b) 
 
 
 
 
   
  (c) 
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Figure 10.5: Simulation results for dynamic process, from top: (a) dc voltage Vdc  (b) Load 

current voltage IL, (c) rotor speed ωr 

 

 
Fig 10.6: Simulation results for dynamic process, from top: (a) electromagnetic torque Te  

(b) reactive torque Tr, (c) rotor flux λrr  
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The second set of results are obtained by performing the simulation under 

constant load and varying rotor speeds. In this case, the load resistance is kept constant at 

100 Ω.  The rotor speed is initially ramped to 390 rad/sec and at t = 2 seconds decreased 

to 300 rad/sec, and increased to 390 rad/sec at t = 4 seconds. The nature of response of 

the variables during the starting process, as illustrated in Figures 10.7 and 10.8 are similar 

to those obtained for the constant rotor speed varying load simulation, Figures 10.3 and 

10.4. 

Just as in the previous simulation, the variables plotted are the three natural 

variables, the rotor speed, dc voltage, and load current. In this simulation as well the 

reference dc voltage is 200V. 

 
 

Figure 10.7: Simulation results for starting process, from top: (a) electromagnetic torque Te  
(b) reactive torque Tr, (c) rotor flux λrr  
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Figure 10.8: Simulation results for starting process, from top: (a) dc voltage Vdc  (b) Load 

current voltage IL, (c) rotor speed ωr 

 

Figures 10.9 and 10.10 illustrate the nature of response of the system to varying 

rotor speeds. As the reference rotor flux is calculated using the equation for loss 

minimization, the reference flux is a function of the electromagnetic torque and reactive 

torque, therefore the nature of change of the three variables, electromagnetic torque, 

reactive torque, and rotor flux are similar. 

The dc voltage remains constant at 200V during the rotor speed change, and the 

load current also remains unchanged, as the load is constant.  
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Figure 10.9: Simulation results for starting process, from top: (a) dc voltage Vdc  (b) Load 

current voltage IL, (c) rotor speed ωr 

 
Figure 10.10: Simulation results for starting process, from top: (a) electromagnetic torque Te  

(b) reactive torque Tr, (c) rotor flux λrr  
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In Figure 10.10, when the rotor speed is decreased to 300 rad/sec, the 

electromagnetic torque decreases, and when the speed is brought back to 390 rad/sec, the 

torque returns to the initial value.  

Similarly, for a decrease in rotor speed, the reactive torque and rotor flux increase, 

and return to the initial value when the rotor speed is brought back to 390 rad/sec. 
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CHAPTER 11 

HARDWARE IMPLEMENTATION 

 

11.1 Introduction 

 

This chapter deals with the nature of the hardware implementation for the 

experimental verification of the proposed control scheme. 

The closed-loop control scheme implemented is discussed in detail in Chapter 9. 

The control scheme uses rotor flux and stator currents as the state variables used to 

control the dc voltage. 

The implementation has been carried out on a 2 hp induction machine, using the 

TMS320LF2407A floating point DSP with 40 MHz cycle frequency. The machine 

parameters have been determined using three tests, no-load, blocked rotor and dc test 

(discussed in detail in Chapter 5). 

 

11.2 Experimental Setup 

 
 

The block diagram representation of the experimental setup is shown in Figure 

11.1. Each component of the setup will be discussed briefly and the nature of the DSP 

implementation discussed. The schematic illustrates the various components used in the 

system buildup.  
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Figure 11.1: Schematic of experimental setup 

 

11.2.1 Encoder 

 

The rotor position, used in the calculation of the rotor flux position, is determined 

by using an encoder. An encoder is a device that converts motion into a sequence of 

digital pulses. By counting a single bit or by decoding a set of bits, the pulses can be 

converted to relative ot absolute position measurements. The encoder used in to 

determine the rotor position in this experiment is an absolute encoder.  

The nature of representation of the rotor position can be either grayscale or 

binary. The difference between the two is the number format representation of the rotor 

position. A Grayscale encoder converts the position of the rotor to a grayscale number 

format, and the binary encoder represents the position of the rotor in binary form.  
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Figure 11.2: Schematic of experimental setup 

 

The encoder used in the experimental setup is the 845G Absolute Encoder. The 

encoder has a 19-pin connector and an open collector output. The encoder used is 

illustrated in Figure 11.2.  

The encoder used in the experiment is a 12- bit grayscale encoder. However, the 

position of the rotor needs to be represented in binary format to be able to obtain the 

actual position and speed of the rotor. This is because, in grayscale number format, for 

every change in position only 1-bit changes, therefore the conversion from grayscale to 

binary has been performed using the DSP. The conversion can be performed using XOR 

gates, as well. 

To read the rotor position, the 12 bits of the encoder are connected to the I/O ports 

of the DSP. 

 

11.2.1 Sensors 

 

The sensors used in this experiment are for voltage as well as current 

measurement. There are two sets of sensors used in voltage measurement. The sensors 
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used are the LV 25-P and LV 100-1000. The sensors have been designed for operation in 

the desired region by varying the measuring resistance values. A phase shifter circuit is 

used to invert the sensed currents and voltage. The parameters measured are read into the 

DSP using I/O ports. The DSP code takes into account the phase shifter used in the 

hardware. 

 
Figure 11.3: Voltage sensor used in ac voltage measurement  

 
Figure 11.4:Voltage sensor used in dc voltage measurement  

 
Figure 11.5: Current sensor used in line current measurement  
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The current sensors used are the LA 55-P, illustrated in Figure 11.5. 

11.2.2 Rectifier Design 

 
The rectifier used in the experiment is a SEMIKRON teaching system. The 

system is designed for different types of applications. The system has the following 

components.  

Base drives (SKHI 22) 

Semikron IGBT�s (SKM 50 GB 123 D0 

Capacitor on dc side of the rectifier (2200 750V) 

The gate pulses from the DSP are connected to the base drive of the teaching 

system for the switching of the devices. The gate pulses are connected to the base drives 

through an opto-isolator, TLP 250. The base drive is used to drive one leg of the rectifier. 

Also the base drive has in-built short-circuit protection used in protecting the devices in 

case of a short circuit. This operates by the measurement of the collector to emitter 

voltage for each device. Each base drive generates an error signal, which is connected to 

the DSP to shut down the system in case of a fault. As there are three error signals, the 

error signals are connected through AND gates to the DSP. 

The IGBT used in the teaching system is a block that forms one leg i.e. two 

devices of the rectifier.  

The development of the DSP code used in the control of the DC voltage of the 

rectifier has been formulated in assembly language. The implementation has included 

flux estimation to determine the fluxes used in the control scheme to calculate the 

operating slip of the generator.  
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CHAPTER 12 

CONCLUSION AND SCOPE FOR FUTURE WORK 

 
 

This chapter aims at summarizing the contributions made by this thesis. The 

different areas worked on will be dealt with in separate sections. The previous work done 

in this area has been detailed in Chapter 2 to establish some background on the work 

carried out in this thesis.  

The scope for future work is discussed and some suggestions are made based on 

the work developed in this thesis. The first section discusses the work done in the area of 

boost rectifiers, summarizing the models and results obtained for the proposed connection 

schemes.  

The second section summarizes the work done on the steady-state excitation and 

vector control of the proposed induction generator-ac/dc boost rectifier system. Also the 

control scheme using natural variables is discussed.  

 

12.1 Series-Parallel Boost Rectifiers 

 
The work done on the series-parallel connection of boost rectifiers includes the 

development of the model of a single rectifier in the abc and qd (synchronous reference 

frame). The models of the series and parallel rectifier are then developed based on the 

model of the single rectifier. The connection of the series and parallel rectifiers is at the 

output, therefore the rectifiers are operated using independent sources. The effect of the 

zero-sequence circulating current is considered for the third scheme dealt with in Chapter 
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4. The first topology considered does not allow a path for the flow of the circulating 

current; however the second is studied under different conditions of neutral voltage. 

 The operation at unity power factor is of vital importance; therefore the proposed 

connection schemes are studied analytically for this operating condition at steady state. 

The conditions for unity power factor being obtained, the dynamic simulation of both the 

series as well as parallel connections of the rectifiers are carried out. Results for both 

topologies show the unity power factor operation of the schemes corresponding to a 

single point in the steady-state plots obtained. The parallel topology is operated using 

independent sources of varying frequencies. The parallel rectifier topology is shown to 

have an additional degree of freedom, which is used to control the power delivered by 

each rectifier by considering a power-partitioning factor α. The effect of the factor α on 

the q and d-axis modulation signals  is illustrated by steady-state plots in Chapter 4.  

 

12.2 Induction Generator-Boost Rectifier System  

 
The property of an induction generator to self-excite is discussed in detail, 

following which the model of the induction generator boost rectifier system is proposed. 

The model of the system is obtained in the abc and qd reference frames. The model used 

is studied extensively at steady state. The steady-state analysis performed studies the 

system under varied operating conditions to determine the excitation requirements of the 

generator. The magnitude of the modulation index is used as a measure of the self-

excitation requirements of the induction generator.  

Inclusion of the effect of magnetic saturation on the performance of the system is 

highlighted. Also the analysis conducted studies the system at rated slip as well as under 
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a condition of minimum copper loss. The condition for minimum copper loss is derived 

and correspondingly, to satisfy the desired condition, the system requires operating at a 

particular value of operating slip. The in-depth analysis studies the nature of variation of 

the magnitude of the modulation index with changes in magnetizing flux as well as 

changing operating slip, i.e. for a given value of magnetizing flux, the slip for the 

operation of the machine at minimum copper loss is calculated. Using the calculated 

value of the slip, the magnitude of the modulation index required by the generator to self-

excite is calculated. The variation of the modulation index with varying rotor speed and 

load conditions is illustrated. 

The VSI assisted induction generator scheme for the generation of AC voltages 

proposed in Chapter 6 is studied extensively at steady state, the bi-directional power flow 

is illustrated under varying load conditions, and the effect of the operating slip on the 

system is studied. 

A rotor flux vector control scheme is proposed for the system under 

consideration. The method of input-output linearization is used to decouple the model 

equations of the system. The control scheme proposed aims at the regulation of the dc 

voltage of the rectifier. This is achieved by a closed-loop control scheme involving 

determination of the reference q and d-axis voltages to determine the modulation signals 

for the rectifier. The parameters of the controller are obtained by comparison of the 

coefficients of the transfer functions of the controllers with the coefficients of the second 

order Butterworth Polynomial. The simulation performed studies the system under 

varying conditions of load and rotor speed. The effectiveness of the control scheme is 

illustrated by the dc voltage regulation at the reference value. The proposed control 
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scheme is experimentally verified using a 2 hp induction machine connected to a boost 

rectifier. The hardware design of the system and the different components used in the 

build-up of the experimental setup in discussed in Chapter 11.  

The second control scheme proposed uses the natural variables model of the 

induction machine. The natural variables model of the induction machine is developed, 

and used in the control scheme proposed for the induction generator-rectifier system. The 

application of the natural variable model involves the stationary reference frame, thereby 

simplifying the analysis as compared to the rotor flux vector control scheme proposed. 

The advantage of using the natural variables model is the elimination of the synchronous 

reference frame transformation. To augment the advantages, the system is chosen to 

operate under conditions of minimum loss. This is achieved by calculation of the 

reference rotor flux using an equation for the rotor flux derived for operation of the 

system under minimum loss. The inclusion of this function is shown in the schematic of 

the control scheme.  The proposed scheme is tested under condition of varying load and 

changing rotor speed. The dc voltage regulation is achieved, verifying the effectiveness 

of the proposed control scheme.  

 

12.3 Scope for Future Work 

 

The scope for future work is highlighted in this section. The suggestions made are 

discussed with respect to the work done in this thesis.  

The study on the boost rectifier systems, the series as well as parallel 

configurations are made using an open-loop system, whereby the control of the dc 
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voltage at the output is obtained by selection of the modulation signals fed to each 

rectifier. However under practical conditions, varying loads on the rectifiers would 

require a closed-loop system whereby the unity power factor operation as well as the dc 

voltage regulation of the proposed schemes can be achieved. Also the power-partitioning 

factor α in the case of the parallel rectifiers can be used to minimize the loss in the 

overall system.  

Also the operation of the parallel system using input sources of varying 

frequencies has been achieved, a similar system for the series rectifiers can be developed, 

as using different frequency inputs widens possible application areas for the series and 

parallel rectifiers.  

The steady-state excitation conditions have been studied under a operation of the 

system at minimum copper loss. However, the core loss in the system has not been 

considered. The effect of the core-loss is more involved and would have an impact on the 

operation of the system.  

The induction generator-rectifier system can be studied using the parallel 

connection of three-phase boost rectifiers studied in Chapter 4, where the rectifiers are 

assumed to have the same source. Such a scheme would increase the reliability of the 

system. 

The VSI-assisted induction generator scheme in Chapter 6 is studied at steady 

state, the open-loop simulation of the system can be performed to verify the model and 

steady state analysis developed. Also the model proposed studies a voltage source 

converter, a similar scheme using a current source inverter can be studied. The 
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practicality and effectiveness of the current source converter replacing the voltage source 

converter is yet to be determined.  

The rotor flux control scheme proposed uses a reference value of d-axis rotor flux. 

To operate the system under conditions of minimum loss, an additional calculation step is 

required, whereby the reference flux is calculated using a loss minimization equation, as 

in the case of the control scheme using the natural variable model of the system.  

The natural variables model of the induction generator-rectifier system proposed 

for dc power generation, has been simulated, experimental studies can be made for 

verification of the control scheme for varying operating conditions. The system is 

modeled using the rotor flux as a state variable; a similar scheme can be developed for 

the stator flux, as stator flux reduces the calculations in the analysis.  
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