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Multi-level cascaded H-bridge (CHBMC) single phase DC-AC converter with 
reduced voltage ripple can be an advantageous utility as an interface between the 
photovoltaic panels and the utility grid. The CHBMC is a DC-AC converter with multiple 
DC sources. When the individual converters are modulated using unipolar PWM scheme, 
in which the carrier waves are appropriately shifted, the output waveforms are known to 
be improved. The performance of this unipolar PWM scheme has not been investigated 
when the input DC voltages are unequal. Using the double Fourier series approximation 
of the converter switching functions, a model was derived that enables the elimination of 
certain harmonic components in the output voltage. This method is proposed for two, 
three, four and five cell cascaded H-bridge converters. The proposed method also 
considers the maximum utilization of input DC sources to determine the appropriate 
modulation signals. Simulation results obtained using a MATLAB/Simulink platform and 
compared with experimental results validate the proposed method. 

Multi-string multi-level inverter topologies similar to two, three and four cells 
cascaded H-bridge inverters are presented as they reduce the required number of switches 
than CHB to obtain the same desired output voltage. Moreover, the modeling and 
analysis of the multi-string multi-level inverter have not been presented anywhere else. 
Hence, a Karnaugh mapping technique which is rarely used in power electronics is 
proposed to model the converter. The Fourier series analysis which was used to 
determine the expression for modulation signals is also proposed. Computer simulation 
results obtained using a MATLAB/Simulink platform verify the proposed double Fourier 
series analysis and experimental results validate the proposed method.  

The active and reactive power control schemes of single phase multi string multi-
level converter with LCL filter connected to the grid are designed in qd synchronous 
reference frame. The transformation to qd synchronous reference frame from single phase 
is not well established as the Park’s transformation requires a minimum of two 
orthogonal signals to transform. Hence, a fictitious orthogonal signal is generated using 
the all pass filter (APF) method to transfer the two signals into qd reference frame. Using 
the APF, a three phase qd phase locked loop (PLL) control scheme is applied to the 
single phase system. The scheme to control the active and reactive powers going into the 
grid is set forth. Computer simulation results obtained using a MATLAB/Simulink 
platform verifies the proposed control scheme.
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CHAPTER 1 

INTRODUCTION 

1.1 Introduction  

This chapter gives a brief overview on the renewable energy resources available, 

and introduces the cascaded H bridge multi-level converter, which is one of the topic of 

this thesis. This thesis focuses on the Karnaugh mapping technique, modulation schemes, 

Fourier series analysis of cascaded H bridge multi-level converter and multi string multi-

level converter. The objectives of this work are clearly described. Finally, the 

organization of the thesis is presented. 

1.2 Renewable Energy Resources 

A study of renewable energy resources is presented in [1]. The Fossil fuel-based 

technologies have advanced our quality of life based on fossil fuel. The use of fossil fuel 

in our day to day life comes at a very high price. The use of fossil fuels must be 

controlled and the usage of renewable energy resources has to be increased to save the 

fossil fuels – oil, natural gas, and coal - for the future and to reduce the cost on the middle 

class person. The usage of renewable energy resources will also minimize global 

warming. The empowerment of every energy user in a new energy economy based on 
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renewable sources is to make him/her an energy manager by conserving energy, reducing 

carbon footprints, and installing distributed renewable energy sources. 

 To meet the carbon reduction targets, it is important to use the sources of energy 

that are renewable and sustainable. There is a need to replace the traditional fossil fuel 

based vehicles with electric cars, and the stationary power from traditional fuels, coal, gas 

and oil, with green sources for sustainable energy fuel for the future. Some of the 

renewable energy resources are discussed in [1]. The most important renewable energy 

resources are discussed here. 

1.2.1 Fuel Cell 

Apart from the renewable energy resources, such as wind and the sun, hydrogen 

(H2) is an important source of renewable energy. Hydrogen is abundantly available in the 

universe. When hydrogen is used as a source of energy, it gives off only water and heat 

with no carbon emissions. Hydrogen fuel cells are used to generate electric energy at 

stationary electric power-generating stations for residential, commercial, and industrial 

loads. Figure 1.1 shows the equivalent circuit of fuel cell. 

1.2.2 Solar and Photovoltaic 

Solar and photovoltaic (PV) energies are very important renewable energy 

sources. The heat energy from the sun - solar thermal energy – can be used to heat water 
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to a high temperature and pressurized in a conventional manner to run a turbine 

generator. 

Solar PV sources are arrays of cells of silicon materials that convert solar 

radiation into direct current electricity. The cost of a crystalline silicon wafer is very high, 

but new light absorbent materials have significantly reduced the cost. The manufacture of 

PV cells is based on two different types of material: 

Eth
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Figure 1.1 Equivalent circuit of a fuel cell. 
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Figure 1.2: The single exponential model of a Photovoltaic module. 

 

• a semiconductor material that absorbs light and converts it into electron-

hole pairs, and 
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• a semiconductor material with junctions that separate photo generated 

carriers into electrons and electron holes.  

The single exponential model of a PV module is shown in Figure 1.2. 

The face of the PV module is designed to allow maximum light energy to be 

captured by the silicon materials. In the above model, the PV module is represented by a 

current source phI in parallel with the shunt resistance shR . The single exponential model 

is given by (1.1). 
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(1.1)  

where A is the diode quality factor,  

cn is the number of cells in the module,  

k is the Boltzmann’s constant, 

q is the electronic charge, 

T is the ambient temperature in Kelvin. 

1.3 Multi-level Converters 

The multi-level voltage source inverters in the medium voltage energy 

management market provide a cost effective solution for industries [2]. In multi-level 

converters, the desired output voltage is synthesized by combining one or more separate 

DC sources depending on the type of the multi-level converter. The most common 

independent sources used are photovoltaic panels, fuel cells, batteries and ultra-capacitors 
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[3]. The main advantages of multi-level converters are low harmonic distortion of the 

desired output voltage, low electromagnetic interference, high efficiency and the ability 

to operate at high voltages.  

A multilevel converter has several advantages over a conventional two-level 

converter that uses high switching frequency pulse width modulation (PWM). The 

attractive features of a multilevel converter can be briefly summarized as follows. 

• Multilevel converters not only can generate the output voltages with very low 

distortion, but also can reduce the dv/dt stresses; therefore electromagnetic 

compatibility (EMC) problems can be reduced. 

•  Multilevel converters produce smaller common mode voltage; therefore, the 

stress in the bearings of a motor connected to a multi-level motor drive can be 

reduced. 

•  Multilevel converters can draw input current with low distortion. 

•  Multilevel converters can operate at both fundamental switching frequency and 

high switching frequency PWM. It should be noted that lower switching 

frequency usually means lower switching loss and higher efficiency. 

The multi-level converters in general are categorized into three commercial 

topologies 

• Diode clamped multi-level converter. 

• Capacitor clamped multi-level converter. 

• Cascaded H-bridge multi-level converter. 

The applications of diode clamped multi-level converters include high power AC 

motor drives in fans, mills and pumps. The capacitor clamped multi-level converters have 
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been used in high-bandwidth high-switching frequency applications such as medium 

voltage traction drives. The cascaded H-bridge multi-level converter which will be 

discussed further has been applied to high power and high quality applications such as 

reactive power compensators, photovoltaic power conversion, and uninterruptible power 

supplies [4]. 

The topologies of the four classical types of multi-level converters are discussed 

below. 

1.3.1 Diode Clamped Multi-level converter 

Since the voltages across the semiconductor switches are limited by the 

conduction of diodes connected to various DC levels, this type of multi-level inverters is 

termed as diode clamped multi-level inverters. It has been shown that the principle of 

diode-clamping to DC link voltages can be extended to any number of voltage levels [4]. 

The simple topology of diode clamped multi-level converter is shown in Figure 1.3. The 

advantages of ‘m’ level diode clamped multi-level inverters are as follows:  

• A large number of levels ‘m’ yields a small harmonic distortion. 

• All phases share the same DC Bus. 

• Reactive power flow can be controlled. 

• High efficiency for fundamental switching frequency. 

• The control method is relatively simple. 

The disadvantages of ‘m’ level diode clamped multi-level inverters are as follows:  
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• Excessive clamping diodes (m-1)(m-2) are required per phase. 

• Real power flow is difficult because of the unbalancing of capacitors. 

• Different current ratings for switch devices are required due to their conduction 

duty cycle. 
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Figure 1.3: Single phase five level diode clamped inverter. 
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1.3.2 Capacitor Clamped Multi-level converter 

The capacitor clamped, alternatively known as flying capacitor has several 

advantages and disadvantages. The simple topology of a three level capacitor clamped 

inverter is shown in Figure 1.4.  

The advantages of ‘m’ level capacitor clamped Multi-level converter are as follows: 

• Large ‘m’ allows the capacitors extra energy during long discharge transient. 

• Flexible switch redundancy for balancing different voltage levels. 

• Lower total harmonic Distortion when the levels m is high. 

• Real and Reactive power flow can be controlled. 

The disadvantages of m - level capacitor clamped multi-level converter are as follows: 

• Large numbers of capacitors are bulky and generally more expensive than the 

clamping diodes used in the diode-clamped multi-level converter. 

• Complex control is required to maintain the balance of capacitor voltages. 

• Poor switching utilization and efficiency for real power transmission. 
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Figure 1.4: Single phase five level capacitor clamped inverter. 

1.3.3 Cascaded H-bridge Multi-level converter 

The cascaded H-bridge multi-level inverter is generally used when there are more 

than one DC source. Because of this limitation, this converter is mostly used for 

renewable energy resources like photovoltaic panel or fuel cell. The advantages of a 

cascaded H-bridge multi-level converter with ‘s’ separate DC sources per phase are as 

follows: 

• The series structure allows a scalable, modularized circuit layout and packaging 

since each H-bridge has the same structure. 
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• Different DC voltage source ratios can be applied in order to achieve different 

voltage levels in the output signals. 

• Requires the least number of components considering that there are no extra 

clamping diodes or voltage balancing capacitors. 

• Switching redundancy for inner voltage levels is possible because the phase 

output voltage is the sum of the each bridge’s output. 

• Potential of electrical shock is reduced due to the separate DC sources. 

• The fact that multilevel converters need several DC sources in the DC side makes 

them attractive for Photovoltaic (PV) applications. 

• Device voltage sharing is automatic and there is no restriction on switching 

patterns. 

• Cascaded multi-level converter (CMC) has smaller dv/dt compared to series 

connected 2-level. 

•  The modularity of this topology is an important feature, and because of that some 

redundancy is possible by using more cells per phase than is actually required. 

• Because of its modular structure, control strategy is relatively easy. 

• Compared to other multilevel topologies, CMC requires least number of 

components, since there is no need for clamping diodes and flying capacitors. 

• The CMC has redundant Inverter Operation and Scalability. 

The main disadvantage of a cascaded H-bridge multi-level converter is that this 

converter is limited to certain application where separate DC Sources are available. 
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Figure 1.5: Single phase five level cascaded H bridge converter connected to ‘R’ load 

through an LC filter. 

1.3.4 Modular Multi-level Converter (MMC) 

Recently, a multilevel converter topology based on cascaded modular cells that do 

not require a multi pulse transformer has been proposed [5]. This topology, called the 

modular multilevel converter (MMC), uses series-connected modular cells fed by floating 

dc capacitors and can manage dc or ac input voltages, generating controlled output 

currents [6]. One of the main challenges of the MMC control system is the simultaneous 

control of the output currents, the generation of a proper input current reference to 
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provide the power required by the load and also keep the dc voltages at the reference 

value, and the balance of the capacitor voltage among cells [7]. 

 Figure 1.6 illustrates the single phase modular multilevel inverter consisting of 

‘8’ individual cells in each leg. By switching a number of cells in the upper and lower 

arm of each leg, the voltage 𝑉𝑑 is adjusted. In a similar manner, the voltage 𝑉𝐴𝐵 can be 

adjusted to a desired value. 
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Figure 1.6: Single phase Modular Multilevel converter (a) Topology, (b) Individual Cell 
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The structural characteristics of the MMC topology offer many technical and 

economic advantages.  

• Due to its modular construction, the life-cycle maintenance and operating costs 

could be more economic than those of other multilevel converters.  

• It is also relatively easier to adjust the voltage and power levels because its 

scalable voltage level can implement the staircase output waveforms.  

• The more steps enable the lower switching frequency, leading to lower total 

harmonic distortions and switching losses. 

The MMC topology is often featured with its robustness for component failures. Low-

level VSC topologies generally require high-voltage (HV) switching devices where 

several semiconductors are connected in series and work simultaneously for desired HV 

blocking ability. When one of the semiconductors is faulted, it may cause critical system 

failure. In the case of MMC, more reliable LV semiconductor devices are used as 

switches in a sub module so that the fail-safe functionality can be easily implemented 

merely by bypassing a corresponding faulted sub module. However, it is interesting to 

note that this well-known fail-safe functionality on device failures of MMC due to its 

topology and operational redundancy has neither been detailed with a commonly used 

simulation tool nor evaluated regarding its operational influence on the components 

inside or outside the MMC [8]. 
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1.4 Objectives of the Thesis 

The major objectives of the thesis are as follows: 

• To model and analyse multi cell cascaded H-bridge multi-level converter 

especially two cell, three cell and four cell. 

• To eliminate the dominant harmonics in the output voltage waveforms the using 

double Fourier series analysis. 

• To determine the expressions of the unipolar PWM modulation signals for two 

cell, three cell and four cell cascaded H-bridge inverters using the double Fourier 

series analysis. 

• To develop a novel multi-string multi-level inverter topology for distributed 

energy resources. 

• To design, model and analyse the multi-string multi-level inverter topology 

especially for five, seven and nine levels. 

• To demonstrate the use of the Karnaugh Mapping Technique (KMT) in power 

electronic converters. 

• To determine the expressions for the modulation signals of multi-string multi-

level inverter using the double Fourier series. 

• To compare the switching losses between cascaded H-bridge multi-level 

converters and multi-string multi-level converter. 
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• To generate the switching pulses required from the Digital Signal Processor 

(DSP) for experimental hardware setup. 

• To control the active and reactive powers going into the grid when the multi string 

multi-level inverter is connected to the grid. 

• To achieve the phase synchronization of grid voltage and frequency with the 

filtered voltage and frequency, a Phase Locked Loop (PLL) control for the single 

phase system is to be implemented in the grid connected systems. 

1.5 Thesis Outline 

This thesis is categorized in ten chapters. Chapter 1 presents the overview of the 

renewable energy resources used in multi-level converters and brief discussion on the 

multi-level converters. This chapter also presents the types of multi-level converters by 

giving a clear view using their respective topologies. Some of the main advantages and 

disadvantages of each type of multi-level converter are also introduced. This chapter also 

gives clear research objectives of the thesis followed by the organization of the thesis. 

Then, reviews of previous work for the cascaded H bridge multi-level converter are 

addressed in Chapter 2.  

In Chapter 3, the generalization of ‘q’ cell single phase cascaded H-bridge multi-

level inverters is presented. The pulse width modulation techniques, the modeling and 

analysis of ‘q’ cell CHBCM are presented.  
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Chapter 4 presents the modeling and analysis of two-cell, three-cell and four-cell 

cascaded H-bridge multi-level converter using both Harmonic Balance Technique (HBT) 

and Double Fourier Series (DFS) analysis. The elimination of dominant harmonics in the 

output voltage is implemented using the DFS analysis. This method enables a method to 

determine the expressions of the unipolar modulation signals. The transient results of 

output voltage, input source currents, switching pulses are also presented along with 

experimental results. The study of over modulation region of operation is also presented. 

Chapter 5 presents a novel multi-string multi-level inverter topology. Chapter 5 

focusses on two DC input sources to produce a five-level of desired output voltage. This 

chapter also introduces the Karnaugh Mapping Technique (KMT) to derive the voltage 

equation in terms of switching functions in power electronic converters. The Karnaugh 

Mapping Technique is not well used in the analysis of power electronic converters, but it 

is an efficient way to find the expression for output voltage. The modes of operation of 

this converter are also presented. The expression for modulation signal is found using the 

instantaneous approximation of switching functions as modulation signals and also using 

the DFS analysis. This chapter also presents the modulation technique and the 

comparison of switching losses between the cascaded H-bridge five-level converter and 

the multi-string five-level converter topologies. Simulation and experimental results are 

also presented at the end of the chapter. 

Chapter 6 presents the novel multi-string seven-level inverter topology. This 

chapter also follows the Karnaugh Mapping Technique which was discussed in Chapter 

5. The modes of operation of this converter are also presented. The expression for 

modulation signal is found using the instantaneous approximation of switching functions. 
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The approximation of switching functions are written in terms of modulation signals and 

the DFS analysis is used to decompose these approximations. This chapter also presents 

the modulation technique and the comparison of switching losses between cascaded H-

bridge seven-level converter and multi-string seven-level converter topologies. 

Simulation and experimental results are also presented at the end of the chapter. 

Chapter 7 presents the multi-string nine-level inverter topology which is an 

extension of the multi-string seven-level inverter which will be presented in Chapter 6. 

This chapter presents the modes of operation, determination of the expression for the 

modulation signals, modulation technique and also compares the switching losses with 

cascaded H-bridge nine-level converter. Simulation and experimental results are also 

presented at the end of the chapter. This chapter also discusses the generalized 

modulation technique for ‘n’ level converter.  

Chapter 8 presents the multi-string nine-level inverter topology with the LCL 

filter connected to the grid. The main objective of this topology is to control the active 

and reactive powers going into the grid. The design of the LCL filter including Bode 

plots are presented in this chapter. The Harmonic Balance Technique is used to determine 

the dynamic equations of the system in the qd synchronous reference frame. The steady 

state analysis of this systems is also presented.  

Chapter 9 presents the design of the controller designs of both the ‘L’ and ‘LCL’ 

filters of the multistring nine-level inverter connected to the grid. The control schemes 

are designed in qd synchronous reference frame. The phase locked loop control similar to 

both the filters are set forth. The simulation results of both the filter types verify the 

proposed control schemes.  
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Finally, the concluding remarks and summary of the work are presented in 

Chapter 10. Moreover, the contributions of this research work and future suggestions are 

also included in this chapter.  
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CHAPTER 2  

LITERATURE REVIEW 

A survey of the literature reviews related to this thesis are presented in this 

chapter. The review consists of three sections. In Section 2.1, the topologies of multi-

level converter and their modulation techniques are reviewed. Section 2.2 presents the 

review on harmonic elimination in the output voltage of multi-level converter. The 

different research works related to the single phase qd synchronous reference frame 

control of multi-level converters are reviewed in Section 2.3. 

2.1 Review on Multi-Level Converters and their Modulation Techniques 

It is very important to study the types of multi-level converters and their 

applications [9], [10]. These multi-level converters and their advantages and 

disadvantages were discussed in chapter 1. The cascaded multi-level inverters have 

several features and advantages such as high degree of modularity, the possibility of 

connecting directly to medium voltage, high input and output power quality, high 

availability, and the control of power flow in the regenerative version [2]. In [2], the 

recent developments and applications of these inverters, including new proposed 

topologies, modulation techniques, and control strategies are discussed. The most 

relevant control and modulation methods developed for the three main types of multi-

level converters are discussed [11]. The modulation methods are multi-level sinusoidal 

pulse-width modulation, multi-level selective harmonic elimination, and space-vector 
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modulation [12]. The review from these papers reveals the proper shifting in the carrier 

waveforms to reduce the harmonics in output voltage [13], [14].  

In [15], it was shown that the stand-alone photovoltaic (PV) systems still require a 

battery storage with improved efficiency and robustness, which can be achieved using 

multilevel topologies. A compilation of the most common topologies of multilevel 

converters is presented. 

In [16], the traditional nine level converter is converted to a 31 level inverter 

using the same number of switches. The choice of the voltage ratio, 1:2:4:8, ensures that 

all electrolytic capacitors used in the multilevel inverter will not be connected in the 

reverse polarity, therefore guaranteeing the reliability of the separate dc voltage sources. 

A topology of hybrid cascade converter with series-connected symmetrical and 

asymmetrical diode-clamped h-bridge cells are presented in [17] and [18]. Also the 

converters are designed to increase efficiency with high output voltage resolution. The dc 

link voltage rating is proposed for the multilevel diode-clamped and three-level H-bridge 

inverters to improve the output voltage and current quality. Some new hybrid topologies 

similar to [17] are proposed based on different needs. In [19] and [20], a hybrid cascaded 

multi-level inverter is proposed to drive a motor. Similarly in [21], the new multilevel 

topology with the bidirectional auxiliary switch, generating the required five-level output 

using only five power switches is proposed. In [22], cascaded multilevel converter-based 

transmission STATCOM is proposed. The system design methodology and development 

of power stages are also presented in [22].  

Cascaded multilevel inverters with regeneration capability and reduced number of 

switches is presented in [23]. This paper proposes the use of a single-phase reduced cell 
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suitable for cascaded multilevel converters. This cell uses a reduced single phase active 

rectifier at the input and an H-bridge inverter at the output side, as it produces a very 

good performance, effectively controlling the waveform of the input current and of the 

output voltage. 

Currently available power inverter systems for Hybrid Electric Vehicles (HEVs) 

use a dc–dc boost converter to boost the battery voltage for a traditional three-phase 

inverter. The present HEV traction drive inverters have low power density, are expensive, 

and have low efficiency because they need a bulky inductor. Reference [24] presents a 

cascaded H-bridge multilevel boost inverter for electric vehicle (EV) and hybrid EV 

(HEV) applications implemented without the use of inductors.  

Reference [25] is a dissertation on design and control of a cascaded H-bridge 

converter based solid state transformer (SST). In [26] a solution for using only one dc 

source in asymmetric cascaded multilevel inverters with high frequency link is presented. 

Different multi-level PWM methods with low modulation indices are proposed in [27]. 

Generally a phase shifted multi-carrier PWM method is used in cascaded multi-level 

converter [28], but a level shifted multi-carrier PWM (LS-PWM) method is proposed in 

[29]. The results have also shown that LS-PWM leads to worse THD but better efficiency 

than phase shifted PWM (PS-PWM). 

Recently, several researchers have focused on the cascaded multilevel inverter 

whereby two multilevel inverters are series connected to a motor load by splitting the 

neutral connection. The resulting performance is exceptional in terms of power quality 

since the overall number of voltage levels is effectively the product of the two cascaded 

inverters. Reference [30] demonstrates that it is possible to extend this performance to an 
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even higher number of voltage levels referred to as overdistended operation. This form of 

operation is desired since it effectively increases the available voltage converting levels 

in spite of some missing levels. In [31], an improved carrier-based SVPWM method 

using leg voltage redundancies in generalized cascaded multilevel inverter topology is 

proposed. 

In [32], synthesis of multilevel converters based on single and three-phase 

converter building blocks is presented. This paper synthesized a family of multilevel 

converters that is constructed by using multiple well-developed single- and/or three-phase 

converter building blocks. The resulting advantages include a modular structure that leads 

to convenient construction and maintenance as well as easy extension to higher voltage 

levels.  

An active power filter and a static var compensator with active power generation 

capability have been implemented using a 27-level inverter in [33]. The filter can 

compensate for load currents with a high harmonic content and a low power factor, 

resulting in sinusoidal currents from the source. 

Modular multilevel converter (MMC) is one of the next-generation multilevel 

converters intended for high- or medium-voltage power conversion without transformers 

[34]. The MMC is based on cascade connection of multiple bidirectional chopper-cells 

per leg, thus requiring voltage-balancing control of the multiple floating dc capacitors. 
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2.2 Harmonic Elimination in Cascaded Multi-Level Converters 

The elimination of harmonics or low Total Harmonic Distortion (THD) is 

important in the case of multi-level converters. In [35], a complete method selective-

harmonic-elimination pulse width modulation scheme that is used to solve limitation of 

switching losses and balancing of DC capacitor voltages is presented. In general, the 

most significant low-frequency harmonics are chosen for elimination by properly 

selecting angles among different level inverters, and high-frequency harmonic 

components can be readily removed by using additional filter circuits. This method is 

called selective harmonic elimination PWM. Similarly in [36], active harmonic 

elimination in multi-level converters is proposed. Output voltage harmonic elimination in 

case of cascaded three cell, four cell and five cell converters are shown in [37].  

A five-level symmetrically defined multilevel selective harmonic elimination 

pulse width modulation (MSHE–PWM) strategy is proposed in [38]. In [39], the control 

of seven-level hybrid cascaded multi-level inverter with fundamental frequency 

switching control is proposed. This paper also shows that the modulation index range can 

be extended using harmonic compensation technique. 

In [40], a generalized analysis of a multistate switching cells-based single-phase 

multilevel power factor correction (PFC) rectifier is presented. Harmonic distortion 

optimization of cascaded H-bridge inverters considering device voltage drops and non-

integer dc voltage ratios is presented in [41]. The minimal THD values, together with the 

corresponding step angles and dc voltage source ratios, have been obtained for the 5-, 7-, 
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9-, 11-, and 13-level cases; accounting for the device voltage drops when the load is 

resistive or inductive. Harmonic elimination of cascade multilevel inverters with non-

equal dc sources using particle swarm optimization is presented in [42]. In [43], a 

modulation-based method for generating pulse waveforms with selective harmonic 

elimination is proposed. Harmonic elimination, traditionally digital, is shown to be 

achievable by comparison of a sine wave with modified triangle carrier.  

In general, it is now accepted that natural or asymmetrical regular sampled PWM 

with a third harmonic injected or a space-vector centered reference waveform gives the 

best harmonic performance, with discontinuous modulation having some advantages for 

higher modulation ratios. Hence, in [44] a general analytical solution for the carrier-based 

PWM to mathematically identify the harmonic cancellation that occurs in various PWM 

implementations and converter topologies is proposed.  

Reference [45] presents a reduced switching-frequency active-harmonic-

elimination method (RAHEM) to eliminate any number of specific order harmonics of 

multilevel converters. The method of triangular carrier switching control of two-level 

inverters is extended to cascaded multilevel inverters using phase-shifted multicarrier 

unipolar pulse width modulation (PWM) is presented in [46].  

When controlling the grid current, the injected current in the grid should not have 

a total Harmonic Distortion (THD) larger than 5%. In the design of the controllers of PV 

inverters connected to the grid, the maximum voltage THD is 8% [47].  
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2.3 Control of Multi-Level Converters  

A variety of control schemes have been used in the past for the control of multi-

level converters. Two different types of controllers have been used in the single phase 

system. They are resonant controllers and qd synchronous reference frame controllers. 

The main control variables in the cascaded multi-level converters are the input capacitor 

DC voltages as it is difficult to keep them balanced. Several control schemes on 

balancing of DC capacitor voltages are presented in [48]. The methods in [48], [3], [49], 

[29, 50], [51] ensure that the dc bus capacitor voltages converge to the reference value, 

even when the loads attached to them are extracting different amounts of power. In [52], 

a control method applicable to single dc-source cascaded H-bridge multi-level inverters 

to improve their capacitor voltage regulation is proposed. In this method, two cells are 

connected in cascade, one is the auxiliary H-bridge and the other is the main H-bridge 

inverter. The main H-bridge inverter switches at fundamental frequency and the auxiliary 

inverter switches at the PWM frequency.  

In [53], a switching strategy for multilevel cascade inverters, based on the space-

vector theory is presented. The proposed high-performance strategy generates a voltage 

vector across the load with minimum error with respect to the sinusoidal reference. In 

addition, it generates a very low harmonic distortion operating with reduced switching 

frequency, without the use of traditional sinusoidal pulse width modulation techniques or 

more sophisticated vector modulation methods. 
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In [54], the control is based on compensating the real and reactive (P-Q) power 

difference between the bulk inverter and the load. The new control explicitly commands 

the power into the conditioning inverter so that its capacitor voltage remains constant. 

The new control method eliminates the PWM switching in the bulk inverter while the 

conditioning inverter capacitors are regulated at the commanded voltage without the need 

for a real-power dc source. 

Cascaded H-bridge multi-level inverters are needed for hybrid electric vehicles. In 

summary, the main advantages of using multilevel converters for hybrid electric drives 

include the following [55]. 

• They are suitable for large VA-rated and/or high-voltage motor drives. 

• These multilevel converter systems have higher efficiency compared to other 

types of multi-level converters because the devices can be switched at minimum 

frequency. 

• No EMI problem or common-mode voltage/current problem exists. 

• Charge imbalance problem results when the converters are in either charge mode 

(rectification) or drive mode (inversion). 

In [56], a control method to stabilize a multiple of capacitor voltages without an 

equilibrium state is proposed. Power balancing is guaranteed by varying the common-

mode voltage, using an online nonlinear model-predictive controller. The controller 

predicts the system evolution as a function of the control inputs.  

In [57], two types of control were developed. One relies on controlling the two 

three-level inverters jointly and the other uses separate controls. Both controls included 
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capacitor voltage balancing so that a dc source was needed for only one three-level 

inverter. 

A simple and generalized feed-forward SVM (1D-FFSVM) technique for 

multilevel single-phase cascade converters (CHB) has been presented in [58]. Using the 

proposed modulation strategy, any dc voltage ratio in the CHB converter can be 

accommodated in the modulation process to generate the reference voltage. The 

controller determines the best output voltage of the power converter, and this voltage will 

be generated by the modulator even under extreme dc-link voltage unbalance situations. 

In [59], [60], a high performance fixed switching frequency sliding mode 

controller is proposed for a single-phase unipolar inverter. Sliding mode control (SMC) is 

recognized as robust controller with a high stability in a wide range of operating 

conditions, although it suffers from chattering problem. The proposed frequency-domain 

method of switching characterization for cascaded H-bridge multi-level inverter 

(CHBMLI) has estimated accurately the hysteresis bandwidth for the desired maximum 

switching frequency. 

A novel PWM control scheme for PV applications is presented in multi string five 

level inverter in [61]. The analysis of a multi cell topology that is implemented with 

single-phase non-regenerative cells under an unbalanced ac mains is presented in [62]. In 

[63], a new low-frequency predictive current control is proposed for a single-phase 

cascaded H-bridge multilevel rectifier.  

 The choice of single-phase PWM rectifiers for the input of the cells results in a 

reduced number of power switches and a simpler input transformer than the three phase 

equivalent. However, its control is not as straightforward. Reference [64] proposes the 
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use of higher order resonant controllers in the classical control structure of the single-

phase PWM rectifier. This ensures zero steady-state tracking error of the reference 

current at fundamental frequency. 

Instead of using the resonant controllers, the qd synchronous reference frame 

controls for single phase multi-level inverters are presented in [65], [66]. In order to 

generate the q and d axes voltages and currents for single phase inverters, a fictitious 

second signal is needed. The different methods for generation of fictitious second signal 

are presented in [67], [68], [69]. For the control of grid connected multi-level inverters, a 

qd single phase synchronous reference frame PLLs are presented in [66], [70].   
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CHAPTER 3  

GENERALIZATION OF SINGLE PHASE CASCADED H-BRIDGE DC-AC 

MULTI LEVEL CONVERTER 

3.1 Introduction 

Multilevel cascaded H-bridge (CHB) converters have received much research 

interest than other multilevel converter configurations. This interest is due to their merits 

as compared to other topologies in terms of minimum number of devices, modularity and 

reliability. A multilevel CHB is composed of a series connection of H-bridges, also called 

cells. Each cell has an independent dc-link, which can be controlled to a different dc 

voltage, providing a high degree of freedom [49]. 

The ‘q’ cell cascaded H-bridge multi-level converter consists of ‘q’ conventional 

single-phase, H-bridge, 3-level inverters, herein referred to as cells, connected in series. 

Hence, the output voltage of the system is the sum of the individual voltage levels 

produced by the ‘q’ cells. Since the modes of operation of the ‘q’ cells are same, only 

need to consider one of them is considered in demonstrating the principle of operation.  

Multi-level cascaded H-bridge single phase DC-AC converter with reduced 

voltage ripple can be an advantageous utility as an interface between the photovoltaic 

panels and the utility grid. When the individual converters are modulated using unipolar 

PWM scheme in which the carrier waves are appropriately shifted, the output waveforms 

are known to be very improved. The performance of this unipolar PWM scheme has not 
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been investigated when the input DC voltages are not the same. Using the Double Fourier 

Series approximation of the converter switching functions; a model was derived that 

enables the elimination of certain harmonic components in the output voltage. The 

topology of single phase ‘q’ cell CHBMC is shown in Figure 3.1 and an example of two 

cell cascaded H-bridge single phase DC-AC converter is shown in Figure 3.2. Let ijkS  be 

the switching functions of switches ijkT , where bai ,= , npj ,=  and qk ,...3,2,1=  

respectively. qVVV ,...,, 21  are input DC sources, dcqdcdc VVV ,...,, 21   are the respective ‘q’ DC 

capacitor voltages, qIII ,...,, 21  are respective input currents, and oI  is output current.  
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Figure 3.1 Single phase two cell CHB inverter connected to resistive load. 
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Figure 3.2 Single phase two cell CHB inverter connected to resistive load. 

3.2 Modulation Techniques 

3.2.1 Existence Function or Switching Function 

Two related sets of parameters are of interest, when approaching the design of a 

switching power converter [71].  

• The external terminal performance, defined by the dependent quantities, will 

determine how well the converter meets application needs.  
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• The internal currents and voltages of the converter’s switching loops will 

determine the selection of the active switching devices to be used. 

Both sets of parameters can be obtained from the dependent quantities, which are 

determined by the defined quantities and the switching pattern. To obtain a precise, 

quantitative definition of the dependent quantities, some means of formally and 

quantitatively describing the switching pattern is needed.  

The mathematical expressions used for that purpose are herein called existence 

functions. The existence function for a single switch assumes unit value whenever the 

switch is closed and is zero whenever the switch is open. In a converter, each switch is 

closed and opened in a repetitive pattern. Hence, its existence function will take the form 

shown in Figure 3.3 (a) - a train of pulses of unit amplitude. The simplest, or 

unmodulated, existence functions have pulses all of the same time duration and zero 

intervals with the same property. The pulses of the same time duration are generally used 

in DC-DC converters when a constant signal is compared with a carrier waveform. The 

more complex variety, which has differing pulse durations and various interspersed zero 

times, is called a modulated existence function. The example of modulated existence 

function is shown in Figure 3.3 (a), when a modulation signal (sine wave) is compared 

with the carrier waveform, the switching pulses are generated based on their comparison 

techniques. 

The use of existence functions to derive dependent quantities and internal 

converter stresses is relatively easy. Let’s consider a switch in a converter matrix. The 

switch is connected to 𝑉𝑖, the ith set of M-defined voltages, and to 𝐼𝑗, the jth set of N-

defined currents. It’s existence function is 𝐻𝑖𝑗. Now, whenever the switch is closed, 𝑉𝑗, 
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the voltage impressed on 𝐼𝑗 must be 𝑉𝑖 because the switch supports no voltage and no 

other switch connected to 𝐼𝑗 can be closed without violating KVL. Whenever the switch 

is open, voltage 𝑉𝑖 is removed from 𝐼𝑗 with the switch supporting the difference between 

𝑉𝑖 and 𝑉𝑗 existing at that time. Hence, 

𝑉𝑗 = 𝐻𝑖𝑗𝑉𝑖 + 𝐶𝑜𝑛𝑡𝑟𝑖𝑏𝑢𝑡𝑖𝑜𝑛𝑠 𝑜𝑓 𝑟𝑒𝑚𝑎𝑖𝑛𝑑𝑒𝑟 𝑜𝑓 𝑠𝑜𝑢𝑟𝑐𝑒𝑠 𝑎𝑛𝑑 𝑠𝑤𝑖𝑡𝑐ℎ𝑒𝑠. (3.1)  

𝐼𝑠 = 𝐻𝑖𝑗𝐼𝑗 (3.2)  

The current flowing in 𝑉𝑖 is clearly the current in this switch plus the currents in 

all other switches connected to this same voltage. Hence it can be written as: 

𝐼𝑖 = 𝐻𝑖𝑗𝐼𝑗 + 𝐶𝑜𝑛𝑡𝑟𝑖𝑏𝑢𝑡𝑖𝑜𝑛𝑠 𝑜𝑓 𝑟𝑒𝑚𝑎𝑖𝑛𝑑𝑒𝑟 𝑜𝑓 𝑠𝑜𝑢𝑟𝑐𝑒𝑠 𝑎𝑛𝑑 𝑠𝑤𝑖𝑡𝑐ℎ𝑒𝑠. (3.3)  

The equations of voltage and current give the contributions of this individual 

switch to the dependent quantities. The voltage impressed on a switch 𝑉𝑠 is the difference 

between its voltage and source, 𝑉𝑖 and the voltage impressed on its current source while it 

is open. 



34 

 

 

Figure 3.3 Switching Function. 

 

Thus the dependent quantities and the switch stresses can be completely defined 

using the existence functions.  

As can be seen from Figure 3.3 (a), the existence functions are trains of unit value 

pulses interspersed by periods of zero value. Since switching patterns are invariably 

repetitive, existence functions are periodic. They can be mathematically represented in 

various ways; Laplace transforms can be used, as can Z-transforms. 

Since the converter consists solely of switches, which have only two possible 

states, such control can be effected only by changes in the switching pattern. The 

variables that are available to implement such control are: 

1. the duty cycle of the pulse train. 

2. the repetition frequency of the pulse train can be varied.  

3. the phase or time displacement of the existence function 

relative to some fixed external reference can be varied. 
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In dc-to-dc converters, the defined quantities are perfectly smooth dc. The 

dependent quantities are obtained by multiplying the defined quantities by the existence 

functions of the switches. The average component of switching function is the only term 

that can be controlled in effect to dc-to-dc converters.  

The alternative control technique that can be used is using the modulating 

function 𝑀(𝑡). The existence functions for ac-to-dc and dc-to-ac converters must be 

complete sets in order to avoid violation of KCL and KVL, and so the dc component 

becomes an invariant integer which is modulation signal.  

3.2.2 Pulse Width Modulation Control: 

The fundamental magnitude of the output voltage from an inverter can be 

controlled to be constant by exercising control within the inverter itself that is no external 

control circuitry is required. The most efficient method of doing this is by Pulse Width 

Modulation (PWM) control used within the inverter. In this scheme the inverter is fed by 

a fixed input voltage and a controlled ac voltage is obtained by adjusting the on and the 

off periods of the inverter components. The advantages of the PWM control scheme are: 

a) The output voltage control can be obtained without addition of any external 

components.  

b) PWM minimizes the lower order harmonics, while the higher order harmonics 

can be eliminated using a filter.  

The disadvantage possessed by this scheme is that the switching devices used in the 

inverter are expensive as they must possess low turn on and turn off times, nevertheless 
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PWM operated are very popular in all industrial equipments. PWM techniques are 

characterized by constant amplitude pulses with different duty cycles for each period. 

The width of these pulses are modulated to obtain inverter output voltage control and to 

reduce its harmonic content. There are different PWM techniques which essentially differ 

in the harmonic content of their respective output voltages, thus the choice of a particular 

PWM technique depends on the permissible harmonic content in the inverter output 

voltage. 

3.2.3 Sinusoidal Pulse Width Modulation Control: 

The sinusoidal PWM (SPWM) method also known as the triangulation, sub harmonic, or 

sub-oscillation method, is very popular in industrial applications. The SPWM is 

explained with reference to first half of Figure 3.6, which is the half-bridge circuit 

topology for a single-phase inverter. 

For realizing SPWM, a high-frequency triangular carrier wave 𝑣𝑐  is compared 

with a sinusoidal reference 𝑣𝑟 of the desired frequency. The intersection of 𝑣𝑐  and 𝑣𝑟 

waves determines the switching instants and commutation of the modulated pulse. The 

PWM scheme is illustrated in Figure 3.4, in which 𝑣𝑐 is the peak value of triangular 

carrier wave and 𝑣𝑟 that of the reference, or modulating signal. The figure shows the 

triangle and modulation signal with some arbitrary frequency and magnitude. In the 

inverter of Figure 3.6, the switches 𝑇𝑎𝑝1 and 𝑇𝑎𝑛1 are controlled based on the comparison 

of control signal and the triangular wave which are mixed in a comparator. When 
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sinusoidal wave has magnitude higher than the triangular wave the comparator output is 

high, otherwise it is low. 

If 𝑣𝑟 > 𝑣𝑐 , then 𝑇𝑎𝑝1will be on and the output voltage will be 𝑉𝑜𝑢𝑡 = 𝑉𝑑
2

. Similarly, if 

𝑣𝑟 < 𝑣𝑐, then 𝑇𝑎𝑛1will be on and the output voltage will be 𝑉𝑜𝑢𝑡 = −𝑉𝑑
2

. 

The comparator output is processed in a trigger pulse generator in such a manner that the 

output voltage wave of the inverter has a pulse width in agreement with the comparator 

output pulse width. The magnitude ratio of 𝑣𝑟
𝑣𝑐

 is called the modulation index (𝑚𝑖) and it 

controls the harmonic content of the output voltage waveform.  

The magnitude of fundamental component of output voltage is proportional to 𝑚𝑖. The 

amplitude 𝑣𝑐  of the triangular wave is generally kept constant. The frequency–modulation 

ratio 𝑚𝑓 is defined as  

𝑚𝑓 =
𝑓𝑡
𝑓𝑚

. 
(3.4)  

 

 

(a) 
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(b) 

Figure 3.4: Sinusoidal Pulse Width Modulation: a) Illustration, (b) Switching pulse 

generation.  

 

3.2.4 SPWM with Bipolar switching 

In this scheme the diagonally opposite transistors Tap1, Tbn1 and Tbp1 and Tan1 are 

turned on or turned off at the same time. The output of leg A is equal and opposite to the 

output of leg B. The output voltage is determined by comparing the control signal, 𝑣𝑟 and 

the triangular signal, 𝑣𝑐 as shown in Figure 3.5 to get the switching pulses for the devices, 

and the switching pattern is as follows. 

2
ON is and 

2
ON is, 11

d
bobn

d
aoapcr

VVTVVTVV −=⇒=⇒>  
(3.5)  

2
ON is and 

2
ON is , 11

d
bobp

d
aoancr

VVTVVTVV =⇒−=⇒< . 
(3.6)  
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(a) 

 
(b) 

Figure 3.5: SPWM with Bipolar switching a) Illustration, (b) Switching pulse generation.  

 

3.2.5 SPWM with Unipolar Switching 

In this scheme, the devices in one leg are turned on or off based on the 

comparison of the modulation signal 𝑉𝑟 with a high frequency triangular wave. The 

devices in the other leg are turned on or off by the comparison of the modulation signal 

–𝑉𝑟 with the same high frequency triangular wave. Figure 3.6 show the unipolar scheme 

for a single –phase full bridge inverter, with the modulation signals for both legs and the 

associated comparison to yield switching pulses for both the legs. 
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The logic behind the switching of the devices in the leg connected to ‘a’ is given as: 

 

𝑉𝑟 > 𝑉𝑐 ;𝑇𝑎𝑝1 is 𝑂𝑁 and 𝑉𝑎𝑜 = 𝑉𝑑
2

 (3.7)  

𝑉𝑟 < 𝑉𝑐 ;𝑇𝑎𝑛1 is 𝑂𝑁 and 𝑉𝑎𝑜 = −𝑉𝑑
2

 

and that in the leg connected to ‘b’ is given as 

(3.8)  

−𝑉𝑟 > 𝑉𝑐 ;𝑇𝑏𝑝1 is 𝑂𝑁 and 𝑉𝑏𝑜 = 𝑉𝑑
2

 (3.9)  

−𝑉𝑟 < 𝑉𝑐 ;𝑇𝑏𝑛1 is 𝑂𝑁 and 𝑉𝑏𝑜 = −𝑉𝑑
2

. (3.10)  

 
(a) 

 
(b) 
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Figure 3.6: SPWM with Unipolar switching a) Illustration, (b) Switching pulse 

generation. 

3.3 Determination of the expressions for the output voltage and input currents 

The Kirchoff’s current law (KCL) and Kirchoff’s voltage law (KVL) are applied 

on the circuit shown in Figure 3.1.  

According to KCL and KVL, only one switch must be turned on at any time. Therefore 

1=+ ankapk SS . 

1=+ bnkbpk SS . 

 

(3.11)  

2
1dcV

2
1dcV

1o
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1bpT

1bnT

1A 1B

(a) 

2
2dcV

2
2d cV

2o

2apT

2anT

2bpT

2bnT

2A 2B

(b) 

Figure 3.7: (a) Cell 1, (b) Cell 2, (c) SPWM, (d) Switching pulse generation.  

 

Let ABkV  be the output voltage of 𝑘𝑡ℎ cell, where 𝑘 is the number of cells, 

𝑘 = 1,2, … , 𝑞, okI  be the output current of each cell respectively and ABV  be the output 

voltage of the combined ‘q’ cell cascaded H-bridge converter. Then 
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         ABqABABAB VVVV +++= ...21 . (3.12)  

Based on q-cell cascaded H-bridge multilevel inverter topology, 
2

1
1

dc
AO

VV =  when 1apT  is 

on and 
2

1
1

dc
AO

VV −=  when 1anT  is on for first cell. 

Therefore, ( )11
1

1 2 anap
dc

AO SSVV −= . 
(3.13)  

Using (3.11), ( )12
2 1

1
1 −= ap

dc
AO SVV . 

(3.14)  

Similarly, ( ) ( )12
22 1

1
11

1
1 −=−= bp

dc
bnbp

dc
BO SVSSVV . 

Therefore 

(3.15)  

( ) ( ) ( )1111
1

1
1

111 12
2

12
2 bpapdcbp

dc
ap

dc
BOAOAB SSVSVSVVVV −=−−−=−=  

Similarly. 

(3.16)  

( ) ( ) ( )2222
2

2
2

222 12
2

12
2 bpapdcbp

dc
ap

dc
BOAOAB SSVSVSVVVV −=−−−=−=  

(3.17)  

( ) ( ) ( )bpqapqdcqbpq
dcq

apq
dcq

BOqAOqABq SSVS
V

S
V

VVV −=−−−=−= 12
2

12
2

 
(3.18)  

From (3.16-3.18),  

( ) ( ) ( )bpqapqdcqbpapdcbpapdcAB SSVSSVSSVV −++−+−= ...222111  (3.19)  

Similarly the expression for output currents can also be derived to be 
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( )
( )

( )bpqapqoqq

bpapo

bpapo

SSII

SSII

SSII

−=

−=

−=

...

2222

1111

 

 

 

(3.20)  

oqoo III === ...21 , when the cells are connected in cascade. (3.21)  

3.4 Modulation Scheme 

For general ‘q’ cell cascaded H-bridge multi-level converter, the number of triangles 

will be ‘q’. The number of modulation signals will be ‘2q’, where two modulation signals 

are required for each cell to generate the desired output voltage. The carrier waveforms of 

‘q’ cell cascaded H-bridge multi-level inverter have to be shifted by 
q
π  in order to get the 

desired output voltage. 

As shown in Figure 3.8, bkak MM , are the modulation signals for each leg of the 

single inverter for ‘q’ cells where qk ,...,2,1= . qTriTriTri ,...,, 21  are the triangle carrier 

signals corresponding to each H-bridges and they all are displaced by 
q
π  from each other. 

Each switching pulse is generated as follows. 
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Figure 3.8 Modulation Scheme for two, three and four cell cascaded H-bridge DC-AC 

converters. 
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where qk ,...,2,1= . 

3.5 Determination of Unipolar PWM Modulation Signals 

The principle of Fourier series expansion tells that any periodic function 𝑓(𝑡) can be 

decomposed into infinite series of sinusoidal harmonics [4].  

𝑓(𝑡) =
𝑎0
2

+ � 𝑎𝑚 cos(𝑚𝜔𝑡) + 𝑏𝑚 sin(𝑚𝜔𝑡) .
∞

𝑚=1

 
(3.26)  

𝑎𝑚 =
1
𝜋
� 𝑓(𝑡) cos(𝑚𝜔𝑡)𝑑(𝜔𝑡).
𝜋

−𝜋
 

(3.27)  

𝑚 = 0,1,2,3, … ,∞. 

𝑏𝑚 =
1
𝜋
� 𝑓(𝑡) sin(𝑚𝜔𝑡)𝑑(𝜔𝑡).
𝜋

−𝜋
 

(3.28)  

𝑚 = 1,2,3, … ,∞. 

Consider a waveform 𝑓(𝑥,𝑦) which varies as a function of carrier frequency and 

fundamental frequency, in which 𝑥(𝑡) and 𝑦(𝑡) are defined in (3.29) and (3.30). 

𝑥(𝑡) = 𝜔𝑐𝑡 + 𝜃𝑐. (3.29)  

𝑦(𝑡) = 𝜔𝑜𝑡 + 𝜃𝑜 . (3.30)  

Fourier series at a particular value of 𝑦 = 𝑦1 can be written as 



46 

 

𝑓(𝑥,𝑦1) =
𝑎0(𝑦1)

2
+ � 𝑎𝑚(𝑦1) cos𝑚𝑥 + 𝑏𝑚(𝑦1) sin𝑚𝑥.

∞

𝑚=1

 
(3.31)  

where  𝑎𝑚(𝑦1) = 1
𝜋 ∫ 𝑓(𝑥,𝑦1) cos𝑚𝑥 𝑑𝑥𝜋

−𝜋 . (3.32)  

𝑚 = 0,1,2,3, … ,∞. 

𝑏𝑚(𝑦1) =
1
𝜋
� 𝑓(𝑥,𝑦1) sin𝑚𝑥𝑑𝑥.
𝜋

−𝜋
 

(3.33)  

𝑚 = 1,2,3, … ,∞. 

The coefficients 𝑎𝑚(𝑦1) and 𝑏𝑚(𝑦1) are particular values of two functions 𝑎𝑚(𝑦) and 

𝑏𝑚(𝑦) which vary over the entire range of 𝑦. These functions can also be decomposed as 

𝑎𝑚(𝑦) =
𝑐𝑚𝑜

2
+ �𝑐𝑚𝑛 cos𝑛𝑦 + 𝑑𝑚𝑛 sin𝑛𝑦.

∞

𝑛=1

 
(3.34)  

𝑚 = 0,1,2,3, … ,∞. 

𝑏𝑚(𝑦) =
𝑒𝑚𝑜

2
+ �𝑒𝑚𝑛 cos𝑛𝑦 + 𝑓𝑚𝑛 sin𝑛𝑦.

∞

𝑛=1

 
(3.35)  

𝑚 = 1,2,3, … ,∞. 

where 

𝑐𝑚𝑛 =
1
𝜋
� 𝑎𝑚(𝑦) cos𝑛𝑦 𝑑𝑦
𝜋

−𝜋
=

1
𝜋2

� � 𝑓(𝑥,𝑦) cos𝑚𝑥 cos𝑛𝑦 𝑑𝑥 𝑑𝑦.
𝜋

−𝜋

𝜋

−𝜋
 

(3.36)  

𝑚 = 0, 1,2,3, … ,∞. 

𝑛 = 0,1,2,3, … ,∞. 

𝑑𝑚𝑛 =
1
𝜋
� 𝑎𝑚(𝑦) sin𝑛𝑦 𝑑𝑦
𝜋

−𝜋
=

1
𝜋2

� � 𝑓(𝑥, 𝑦) cos𝑚𝑥 sin𝑛𝑦 𝑑𝑥 𝑑𝑦.
𝜋

−𝜋

𝜋

−𝜋
 

(3.37)  

𝑚 = 0, 1,2,3, … ,∞. 

𝑛 = 1,2,3, … ,∞. 
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𝑒𝑚𝑛 =
1
𝜋
� 𝑏𝑚(𝑦) cos𝑛𝑦 𝑑𝑦
𝜋

−𝜋
=

1
𝜋2

� � 𝑓(𝑥,𝑦) sin𝑚𝑥 cos𝑛𝑦 𝑑𝑥 𝑑𝑦.
𝜋

−𝜋

𝜋

−𝜋
 

(3.38)  

𝑚 = 1,2,3, … ,∞. 

𝑛 = 0,1,2,3, … ,∞. 

𝑓𝑚𝑛 =
1
𝜋
� 𝑏𝑚(𝑦) sin𝑛𝑦 𝑑𝑦
𝜋

−𝜋
=

1
𝜋2

� � 𝑓(𝑥, 𝑦) sin𝑚𝑥 sin𝑛𝑦 𝑑𝑥 𝑑𝑦.
𝜋

−𝜋

𝜋

−𝜋
 

(3.39)  

𝑚 = 1,2,3, … ,∞. 

𝑛 = 1,2,3, … ,∞. 

Using trigonometric identities in Table 3.1, 

𝑐𝑚𝑛 =
1

2𝜋2
� � 𝑓(𝑥,𝑦) cos(𝑚𝑥 + 𝑛𝑦) 𝑑𝑥 𝑑𝑦

𝜋

−𝜋

𝜋

−𝜋

+
1

2𝜋2
� � 𝑓(𝑥,𝑦) cos(𝑚𝑥 − 𝑛𝑦)𝑑𝑥 𝑑𝑦.

𝜋

−𝜋

𝜋

−𝜋
 

 

(3.40)  

𝑚 = 0, 1,2,3, … ,∞. 

𝑛 = 0,1,2,3, … ,∞. 

𝑑𝑚𝑛 =
1

2𝜋2
� � 𝑓(𝑥, 𝑦) sin(𝑚𝑥 + 𝑛𝑦)𝑑𝑥 𝑑𝑦

𝜋

−𝜋

𝜋

−𝜋

−
1

2𝜋2
� � 𝑓(𝑥,𝑦) sin(𝑚𝑥 − 𝑛𝑦)𝑑𝑥 𝑑𝑦.

𝜋

−𝜋

𝜋

−𝜋
 

 

(3.41)  

Table 3.1 Trigonometric Identities 

cos(𝐴 + 𝐵) = cos𝐴 cos𝐵 − sin𝐴 sin𝐵 

sin(𝐴 + 𝐵) = sin𝐴 cos𝐵 + cos𝐴 sin𝐵 

cos(𝐴 − 𝐵) = cos𝐴 cos𝐵 + sin𝐴 sin𝐵 
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sin(𝐴 − 𝐵) = sin𝐴 cos𝐵 − cos𝐴 sin𝐵 

 

𝑚 = 0, 1,2,3, … ,∞. 

𝑛 = 1,2,3, … ,∞. 

𝑒𝑚𝑛 =
1

2𝜋2
� � 𝑓(𝑥,𝑦) sin(𝑚𝑥 + 𝑛𝑦)𝑑𝑥 𝑑𝑦

𝜋

−𝜋

𝜋

−𝜋

+
1

2𝜋2
� � 𝑓(𝑥,𝑦) sin(𝑚𝑥 − 𝑛𝑦) 𝑑𝑥 𝑑𝑦.

𝜋

−𝜋

𝜋

−𝜋
 

 

(3.42)  

𝑚 = 1,2,3, … ,∞. 

𝑛 = 0,1,2,3, … ,∞. 

𝑓𝑚𝑛 =
1

2𝜋2
� � 𝑓(𝑥, 𝑦) cos(𝑚𝑥 + 𝑛𝑦) 𝑑𝑥 𝑑𝑦

𝜋

−𝜋

𝜋

−𝜋

−
1

2𝜋2
� � 𝑓(𝑥,𝑦) cos(𝑚𝑥 − 𝑛𝑦)𝑑𝑥 𝑑𝑦.

𝜋

−𝜋

𝜋

−𝜋
 

 

(3.43)  

𝑚 = 1,2,3, … ,∞. 

𝑛 = 0,1,2,3, … ,∞. 

The general Fourier component form for 𝑓(𝑥,𝑦) can now be written as 

𝑓(𝑥,𝑦) =
𝑐00
4

+
1
2
�[𝑐0𝑛 cos𝑛𝑦 + 𝑑0𝑛 sin𝑛𝑦]
∞

𝑛=1

+
1
2
� [𝑐𝑚0 cos𝑚𝑥 + 𝑒𝑚𝑜 sin𝑚𝑥]
∞

𝑚=1

+ � ��
(𝑐𝑚𝑛 cos𝑛𝑦 + 𝑑𝑚𝑛 sin𝑛𝑦) cos𝑚𝑥
+(𝑒𝑚𝑛 cos𝑛𝑦 + 𝑓𝑚𝑛 sin𝑛𝑦) sin𝑚𝑥� .

∞

𝑛=1

∞

𝑚=1

 

 

 

 

(3.44)  

Using trigonometric identities mentioned in Table 3.1, 
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𝑓(𝑥,𝑦) =
𝑐00
4

+
1
2
�[𝑐0𝑛 cos𝑛𝑦 + 𝑑0𝑛 sin𝑛𝑦]
∞

𝑛=1

+
1
2
� [𝑐𝑚0 cos𝑚𝑥 + 𝑒𝑚𝑜 sin𝑚𝑥]
∞

𝑚=1

+ � �

⎣
⎢
⎢
⎢
⎢
⎢
⎢
⎡

1
2

[𝑐𝑚𝑛 cos(𝑚𝑥 + 𝑛𝑦) + 𝑐𝑚𝑛 cos(𝑚𝑥 − 𝑛𝑦)]

+
1
2

[𝑑𝑚𝑛 sin(𝑚𝑥 + 𝑛𝑦) −𝑑𝑚𝑛 sin(𝑚𝑥 + 𝑛𝑦)]

+
1
2

[𝑒𝑚𝑛 sin(𝑚𝑥 + 𝑛𝑦) + 𝑒𝑚𝑛 sin(𝑚𝑥 − 𝑛𝑦)]

+
1
2

[𝑓𝑚𝑛 cos(𝑚𝑥 − 𝑛𝑦) −𝑓𝑚𝑛 cos(𝑚𝑥 + 𝑛𝑦)]⎦
⎥
⎥
⎥
⎥
⎥
⎥
⎤

.
∞

𝑛=1

∞

𝑚=1

 

 

 

 

 

 

 

(3.45)  

which can be combined to form 

𝑓(𝑥,𝑦)

=
𝑐00
4

+
1
2
�[𝑐0𝑛 cos𝑛𝑦 + 𝑑0𝑛 sin𝑛𝑦]
∞

𝑛=1

+
1
2
� [𝑐𝑚0 cos𝑚𝑥 + 𝑒𝑚𝑜 sin𝑚𝑥]
∞

𝑚=1

+ � ��

1
2

[(𝑐𝑚𝑛 − 𝑓𝑚𝑛) cos(𝑚𝑥 + 𝑛𝑦) + (𝑐𝑚𝑛 + 𝑓𝑚𝑛) cos(𝑚𝑥 − 𝑛𝑦)]

+
1
2

[(𝑑𝑚𝑛 + 𝑒𝑚𝑛) sin(𝑚𝑥 + 𝑛𝑦) + (𝑒𝑚𝑛 − 𝑑𝑚𝑛) sin(𝑚𝑥 − 𝑛𝑦)]
� 

∞

𝑛=1

∞

𝑚=1

 

 

 

 

(3.46)  

1
2

(𝑐𝑚𝑛 − 𝑓𝑚𝑛) =
1

2𝜋2
� � 𝑓(𝑥, 𝑦) cos(𝑚𝑥 + 𝑛𝑦) 𝑑𝑥 𝑑𝑦.

𝜋

−𝜋

𝜋

−𝜋
 

(3.47)  

1
2

(𝑐𝑚𝑛 + 𝑓𝑚𝑛) =
1

2𝜋2
� � 𝑓(𝑥, 𝑦) cos(𝑚𝑥 − 𝑛𝑦) 𝑑𝑥 𝑑𝑦.

𝜋

−𝜋

𝜋

−𝜋
 

(3.48)  

1
2

(𝑒𝑚𝑛 + 𝑑𝑚𝑛) =
1

2𝜋2
� � 𝑓(𝑥,𝑦) sin(𝑚𝑥 + 𝑛𝑦) 𝑑𝑥 𝑑𝑦.

𝜋

−𝜋

𝜋

−𝜋
 

(3.49)  

1
2

(𝑒𝑚𝑛 − 𝑑𝑚𝑛) =
1

2𝜋2
� � 𝑓(𝑥,𝑦) sin(𝑚𝑥 − 𝑛𝑦) 𝑑𝑥 𝑑𝑦

𝜋

−𝜋

𝜋

−𝜋
. 

(3.50)  
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It can be seen from (3.37) and (3.39) that for any given value of 𝑛, 𝑑𝑚𝑛 = −𝑑𝑚(−𝑛) and 

𝑓𝑚𝑛 = −𝑓𝑚(−𝑛) so that the (𝑚𝑥 − 𝑛𝑦) terms in (3.46) can alternatively be obtained by 

summing the (𝑚𝑥 + 𝑛𝑦) terms over negative 𝑛. 

Hence, the complete solution for 𝑓(𝑥,𝑦) becomes 

𝑓(𝑥,𝑦) =
𝑐00
4

+
1
2
�[𝑐0𝑛 cos𝑛𝑦 + 𝑑0𝑛 sin𝑛𝑦]
∞

𝑛=1

+
1
2
� [𝑐𝑚0 cos𝑚𝑥 + 𝑒𝑚𝑜 sin𝑚𝑥]
∞

𝑚=1

+
1
2
� � [(𝑐𝑚𝑛 − 𝑓𝑚𝑛) cos(𝑚𝑥 + 𝑛𝑦)

∞

𝑛=−∞

∞

𝑚=1

+ (𝑑𝑚𝑛 + 𝑒𝑚𝑛) sin(𝑚𝑥 + 𝑛𝑦)]. 

 

 

 

 

(3.51)  

The resultant coefficients are defined as 

𝐶𝑚𝑛����� = 𝐴𝑚𝑛 + 𝑗𝐵𝑚𝑛 =
(𝑐𝑚𝑛 − 𝑓𝑚𝑛)

2
+
𝑗(𝑑𝑚𝑛 + 𝑒𝑚𝑛)

2
. 

(3.52)  

𝐴𝑚𝑛 + 𝑗𝐵𝑚𝑛 =
1

2𝜋2
� � 𝑓(𝑥,𝑦)[cos(𝑚𝑥 + 𝑛𝑦)

𝜋

−𝜋

𝜋

−𝜋

+ 𝑗 sin(𝑚𝑥 + 𝑛𝑦)]𝑑𝑥 𝑑𝑦 

𝐴𝑚𝑛 + 𝑗𝐵𝑚𝑛 =
1

2𝜋2
� � 𝑓(𝑥,𝑦)𝑒𝑗(𝑚𝑥+𝑛𝑦)𝑑𝑥 𝑑𝑦.

𝜋

−𝜋

𝜋

−𝜋
 

 

 

 

(3.53)  
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𝑓(𝑥,𝑦) =
𝐴00

2
+ �[𝐴0𝑛 cos𝑛𝑦 + 𝐵0𝑛 sin𝑛𝑦]

∞

𝑛=1

+ � [𝐴𝑚0 cos𝑚𝑥 + 𝐵𝑚𝑜 sin𝑚𝑥]
∞

𝑚=1

+ � � [𝐴𝑚𝑛 cos(𝑚𝑥 + 𝑛𝑦) + 𝐵𝑚𝑛 sin(𝑚𝑥 + 𝑛𝑦)].
∞

𝑛=−∞
𝑛≠0

∞

𝑚=1

 

 

 

 

(3.54)  

(3.54) can be expressed in terms of time by substituting from (3.29) and (3.30) to become 

𝑓(𝑡) =
𝐴00

2
+ �[𝐴0𝑛 cos(𝑛[𝜔𝑜𝑡 + 𝜃𝑜]) + 𝐵0𝑛 sin(𝑛[𝜔𝑜𝑡 + 𝜃𝑜])]

∞

𝑛=1

+ � [𝐴𝑚0 cos(𝑚[𝜔𝑐𝑡 + 𝜃𝑐]) + 𝐵𝑚𝑜 sin(𝑚[𝜔𝑐𝑡 + 𝜃𝑐])]
∞

𝑚=1

+ � � � 𝐴𝑚𝑛 cos(𝑚[𝜔𝑐𝑡 + 𝜃𝑐] + 𝑛[𝜔𝑜𝑡 + 𝜃𝑜])
+𝐵𝑚𝑛 sin(𝑚[𝜔𝑐𝑡 + 𝜃𝑐] + 𝑛[𝜔𝑜𝑡 + 𝜃𝑜])� .

∞

𝑛=−∞
𝑛≠0

∞

𝑚=1

 

 

 

 

(3.55)  

where      𝑚 = 1,2,3, … ,∞. 

𝑛 = 0,1,2,3, … ,∞. 

𝐴𝑚𝑛 =
1

2𝜋2
� � 𝑓(𝑥,𝑦)[cos(𝑚𝑥 + 𝑛𝑦)]𝑑𝑥 𝑑𝑦

𝜋

−𝜋

𝜋

−𝜋
 

𝐵𝑚𝑛 =
1

2𝜋2
� � 𝑓(𝑥,𝑦)[sin(𝑚𝑥 + 𝑛𝑦)]𝑑𝑥 𝑑𝑦

𝜋

−𝜋

𝜋

−𝜋
 

Using 𝐴𝑚𝑛 and 𝐵𝑚𝑛, the coefficients, 𝐴00, 𝐴0𝑛, 𝐴𝑚0, 𝐴𝑚𝑛,  𝐵𝑚0, 𝐵0𝑛, 𝐵𝑚𝑛 can be 

determined. 

The harmonic spectrum of a general carrier-based PWM wave can be expressed in 

its most general form. The first term defines the DC component, the second term defines 
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the fundamental component (when 𝑛 = 1) and baseband harmonic components which are 

integer multiples of the fundamental component. The third term defines carrier harmonic 

components as multiples of the carrier frequency. The fourth term defines sideband 

harmonic components displaced either side of the main carrier harmonics by integer 

multiples of the fundamental frequency component. 

 

(a) 
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(b) 

Figure 3.9 FFT analysis of switching pulse 

The switching pulse and its FFT spectrum are shown in Figure 3.9 (a) and (b) 

respectively. As can be seen from the Figure 3.9 (b), the switching function has an 

average component similar to the first term in (3.55). It has a fundamental frequency 

component which is given in the second term and harmonics around switching frequency 

and around carrier frequency which are mentioned in terms three and four in (3.55). 

 

 
(a) 
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(b) 

 

(c) 

Figure 3.10 (a) Output Phase Voltage, (b) FFT spectrum showing Fundamental 

component, (c) FFT spectrum showing harmonics. 

 

Similarly, the FFT spectrum of single phase output voltage waveform is shown in 

Figure 3.10. The FFT waveform of the output voltage can be compared with the voltage 

spectrum shown in (3.58). As can be seen from the voltage spectrum in (3.58), the 

fundamental frequency component and the odd side band harmonics around an even 

carrier are presented. The Figure also shows the same frequency components as 

expressed in (3.58). The fundamental frequency component and odd side band harmonics 

around even carrier (2𝜔𝑐 ± 𝜔𝑠) can be seen in Figure 3.10 (c).  
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where 𝜔𝑐 = 1 𝑘𝐻𝑧, 𝜔𝑠 = 60 𝐻𝑧. 

Therefore 2𝜔𝑐 ± 𝜔𝑠 = 2060 𝐻𝑧 𝑜𝑟 1940 𝐻𝑧. The harmonic order will be 32 and 

34.  

Hence, the Double Fourier Series approximation of the converter switching functions 

is given as 

( )

( )( ) ( )( )( )

( )( ) ( )( )( )

( ) ( )( )

( ) ( )( ) 

















































++++

+++
+

++++

++++

=

∑ ∑

∑

∑

∞

=

∞

≠
−∞=

∞

=

∞

=

1
0

1
00

1
00

00

sin

cos

sincos

sincos
2

,,

m
n
n osccmn

osccmn

m
ccmccm

n
osnosn

cs

tntmB

tntmA

tmBtmA

tnBtnA
A

tf

θωγω

θωγω

γωγω

θωθω

ωω . 

 

 

(3.56)  

signalcarrier   theof angle initial be  the and ,,...,3,2,1;,;, where cγqknpjbai ===
Consider the desired single phase output voltage,  

( ) ( )oess VtV θθ += cos . (3.57)  

where 𝜃𝑒 = 𝜔𝑡, 

𝑉𝑠 is the magnitude of the output voltage, 

and 𝜃𝑜 is the initial angle. 

The output voltage spectrum for a full bridge single phase leg is shown in (3.58) 

[4].  

( ) 














+++







 +

++= ∑ ∑
∞
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∞
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2
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(3.58)  
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where ( ) ( )
( )∑

∞

=

+









+
−

=
0

2

2
1

!!
1

m

nmm

n x
nmm

xJ . 
(3.59)  

In this voltage odd carrier (triangular) and associated harmonics as well as even 

base band and side band harmonics are cancelled. As a result, the only harmonics which 

exist are the odd side band harmonics around an even carrier. The proof of cancellation of 

these harmonics are given in Appendix G. Mk denotes the modulation index of the kth H-

bridge. 

In the ‘q’ cell CHB multi-level converter, the fundamental component of the total 

output voltage is expressed as 

)cos(...)cos()cos( 222111, qeqdcqedcedcfunds MVMVMVV θθθθθθ ++++++= . (3.60)  

The first dominant harmonic component which is the first side band harmonic around the 

second carrier frequency is given in (3.61). 
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(3.61)  

where 𝛾1, 𝛾2,𝛾3, … , 𝛾𝑞 are the initial angles of carrier waveforms, 

𝜃1,𝜃2,𝜃3, … ,𝜃𝑞 are the initial angles of fundamental signal. 

If all the phase angles of modulation signals are the same and equal to the phase 

angle of the desired output voltage, the relationship between the modulation indices in 

terms of the input dc voltages and output desire voltage magnitude is shown in (3.62). 
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sqdcqdcdc VMVMVMV =+++ ...2211 . (3.62)  
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(3.63)  

Therefore equation (3.61) becomes, 
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Equating sine and cosine terms in (3.64) will give some equations in terms of ‘𝑞’ 

unknown modulation signals ( )qMMM ,...,, 21 . The addition of required number of 

constraints will give enough equations to solve for all the modulation indices of ‘q’ cell 

CHBMC. For example, the modulation indices of two cells can be determined as given 

below.   

( )( ) 
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2
2cos02cos 22111 dcdco VMVMV . 

(3.65)  

αα coscos 22111 dcdco VMVMV +−=+ . (3.66)  

To eliminate the dominant harmonics given in (3.66), the modulation indices are 

selected in such a way that they satisfy the following equation, 

0coscos 2211 =+− αα dcdc VMVM . (3.67)  

2211 dcdc VMVM =⇒ . (3.68)  

Substituting (3.68) in (3.62), the expression for each modulation index then becomes 
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3.6 Over-modulation Region of Operation 

The region of operation between the loss of linear control and complete loss of 

control is called the over modulation region [4]. Since the modulator effectively loses 

control of the output voltage waveform during the saturation period, the output voltage 

waveform becomes progressively distorted and includes low frequency harmonics of the 

fundamental component.  

The double Fourier series approximation of the fundamental component of 

converter output voltage in the case of over modulation is given as [4]  
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1cos 1ψ . 

The gain from the fundamental component of (3.67) is  
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(3.73)  

For ‘q’ cell cascaded H bridge multi-level converter, the expression for gain from 

fundamental component is given as 
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where 







= −

k
k M

1cos 1ψ , qk ,...,3,2,1= . 

3.7 Summary 

A method for the determination of the modulation signals for the multilevel 

cascaded single phase inverters which eliminate the dominant harmonics in the desired 

output voltage is proposed for both the linear and over-modulation operating regions. 

This method is applicable to the cases when the DC input voltages are either equal or 

unequal. This method can be extended for the determination of the modulation signals for 

higher multilevel cascaded single-phase converters. This chapter therefore provides an 

analytical method to determine the modulation signals required for unipolar PWM 

modulation of cascaded multi-level single-phase DC-AC converters. This chapter also 

provides the expression for output voltage gain for the over modulation operating region. 
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CHAPTER 4  

SINGLE PHASE TWO, THREE, FOUR AND FIVE CELL CASCADED H-

BRIDGE DC-AC CONVERTER 

4.1 Introduction 

In chapter 3, the full modeling and analysis of ‘q’ cell cascaded H-bridge multi-

level converter was studied. In this chapter, the modeling and analysis of two, three, and 

four cells cascaded H-bridge multilevel converter are presented.  
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Figure 4.1 Single phase three cell and four cell CHB inverter connected to resistive load. 
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The simulation and experimental results are also presented in this chapter. The 

topology of single-phase 2-cell CHB multi-level inverter has already been shown in 

Figure 3.1. The topologies of single-phase 3-cell and 4-cell CHB multi-level inverter are 

shown in Figure 4.1 and 4.2, respectively. 

4.2 Determination of Unipolar PWM Modulation Signals 

The double Fourier series approximation of the switching functions given in (3.45) as 
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npjbai ,;, where ==  

4.2.1 Two Cell Cascaded H-bridge DC-AC converter 

The expression for each modulation index for two cell was given in chapter 3 as 
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4.2.2 Three Cell Cascaded H-bridge DC-AC converter 

The fundamental component of the total output voltage is expressed as 

)cos()cos()cos( 333222111, θθθθθθ +++++= edcedcedcfunds MVMVMVV . (4.4)  

The first dominant harmonic component which is the first side band harmonic around the 

second carrier frequency is given in (4.5). 
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(4.5)  

If all the phase angles of modulation signals are the same and equal to the phase 

angle of the desired output voltage, then 

𝜃1 = 𝜃2 = 𝜃3 = 𝜃0. 

The relationship between the modulation indices in terms of the input dc voltages 

and output desire voltage magnitude is shown in (4.6). 
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π =  

where 𝑘 = 1,2,3. 

(4.7)  

Therefore equation (4.5) becomes, 
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(4.8)  

To eliminate the dominant harmonics given in (4.8), the modulation indices are 

selected in such a way that they satisfy the following equations, 

3322112 dcdcdc VMVMVM += . (4.9)  

3322 dcdc VMVM = . (4.10)  

Substituting (4.9), (4.10) in (4.6), the expression for each modulation index then 

becomes, 
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4.2.3 Four Cell Cascaded H-bridge DC-AC converter 

The fundamental component of the total output voltage is expressed as 
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And the first dominant harmonic component which is the first side band harmonic around 

the second carrier frequency is given in (4.13). 
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If the all the phase angles of the each modulation signals are the same and equal 

to the phase angle of the desired output voltage, the relationship between the modulation 

indices in terms of the input dc voltages and output desired voltage magnitude is shown 

in (4.14). 

sdcdcdcdc VMVMVMVMV =+++ 44332211 . (4.14)  
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where 𝑘 = 1,2,3. 

(4.15)  

Therefore equation (4.13) becomes, 
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( ) ( ) ( ) ( )γγγγ sincossincos 443322111 dcdcdcdco VMVMVMVMV −++−=+ . (4.17)  

To eliminate the dominant harmonics given in (4.17), the modulation indices are 

selected in such a way that they satisfy the following equations, 

;1133 dcdc VMVM =  (4.18)  

2244 dcdc VMVM =  (4.19)  

These equations result in one more degree of freedom to specify the four modulation 

indices. Define the magnitudes of the first two cells to be related by a fraction, α 

12 MM α=  (4.20)  
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Substituting (4.18), (4.19), and (4.20) in (4.14) 

The expression for each modulation index then becomes, 
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4.3 Results and Discussion 

4.3.1 Two cell CHBMC 

The proposed modulation technique is derived and implemented on two cell 

cascaded H bridge multi-level converter. Experimental validation of proposed method on 

the laboratory prototype is set forth on a two cell cascaded H-bridge single phase DC-AC 

converter. The two cell CHBMC has to generate an AC voltage of ( )tVout ωcos80= when 

each of the two cells is fed with 50V dc voltage and the modulation indices are computed 

based on (4.2) and (4.3). The switching pulses of all the eight switches are shown in 

Figure 4.2. Figure 4.3 shows the simulation result of four input source currents. Figure 

4.4 and Figure 4.5 show the simulation results of individual output voltage of each cell 
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and the overall output voltage of the inverter based on the proposed method. The Fourier 

spectrum analysis of the overall output voltage is seen in Figure 4.6. The fundamental 

frequency of the system is 60Hz. The peak value of fundamental component of output 

voltage is 79.99V.  

 

(a) 

 

(b) 
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Figure 4.2. Simulation results: (a) Cell 1 switching pulses, (b) Cell 2 switching pulses 

 

Therefore, this result verifies that the modulation indices calculated based on the 

proposed technique results in the minimization of harmonics. The three cell cascaded H 

bridge converter is connected to R load through an LC filter, with parameters 

Ω=== 42 and 16,100 off RFCmHL µ . Figure 4.7 shows the waveforms of load 

current and load voltage. 
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Figure 4.3. Simulation result of input source currents 

 

Figure 4.4. Simulation result of individual cell output phase voltages. 
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Figure 4.5. Simulation result of overall output phase voltage for two cell cascaded multi-

level inverter. 

 

(a) 

 

(b) 

Figure 4.6. FFT analysis of simulated waveform of output voltage (a) Fundamental 

component, (b) Harmonic components. 
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Figure 4.7 Output current and load voltage waveforms. 

The experimental results of the two cell cascaded H-bridge multilevel inverter are 

also presented to compare with the computer simulation results. The waveforms of 

switching pulses of all the eight switches can be seen in Figure 4.8. Similarly, the output 

voltages of each individual cell are shown in Figures 4.9.  

 

 
(a) 

 
(b) 

Figure 4.8 Experimental results of switching pulses: (a) Cell 1, (b) Cell 2. 
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(a) 

 
(b) 

Figure 4.9 Experimental results of output voltage: (a) Cell 1, (b) Cell 2 (25V/div). 

Figure 4.10 and Figure 4.11 show the experimental results of individual output voltage of 

each cell and the overall output voltage of the inverter based on the proposed method. So 

we can conclude from these results that the experimental results are in good validation 

with the simulation results. 

 

Figure 4.10 Experimental results of individual Output voltages together (10V/div). 
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Figure 4.11 Experimental results of overall output voltage for two cell cascaded multi-

level inverter (50V/div). 

4.3.2 Three cell CHBMC: 

The proposed modulation technique is derived and implemented on three cell 

cascaded H bridge multi-level converter also. Experimental validation of proposed 

method on the laboratory prototype is set forth on a three cell cascaded H-bridge single 

phase DC-AC converter. The three cell CHBMC has to generate an AC voltage of

( )tVout ωcos140= when each of the three cells is fed with 50V dc voltage and the 

modulation indices are computed based on (4.12). The switching pulses of all the 12 

switches are shown in Figures 4.12, 4.13 and 4.14 respectively. Figure 4.15 shows the 

simulation result of four input source currents. Figure 4.16 and 4.17 show the simulation 

results of individual output voltage of each cell and the overall output voltage of the 

inverter based on the proposed method. The Fourier spectrum analysis of the overall 
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output voltage is seen in Figure 4.18. All the harmonic components of the output voltage 

are less than or equal to 0.03% of fundamental component. The peak value of the 

fundamental component of output voltage that can be seen from Figure 4.18 is 

126.5V.Therefore, this result verifies that the modulation indices calculated based on the 

proposed technique results in the minimization of harmonics. The three cell cascaded H 

bridge converter is connected to R load through an LC filter, with parameters 

Ω=== 42 and 16,100 off RFCmHL µ . Figure 4.19 shows the waveforms of load 

current and load voltage. 

 

 

Figure 4.12 Simulation result of switching pulses of switches in first cell. 
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Figure 4.13 Simulation result of switching pulses of switches in second cell. 

 

Figure 4.14 Simulation result of switching pulses of switches in third cell. 
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Figure 4.15 Simulation result of input source currents. 

 

Figure 4.16 Simulation result of individual cell output phase voltages. 
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Figure 4.17 Simulation result of overall output phase voltage for three cell cascaded 

multi-level inverter. 

 

(a) 

 

(b) 

Figure 4.18 FFT analysis of simulated waveform of overall output phase voltage (a) 

Normal spectrum, (b) Zoomed in to see harmonics. 



77 

 

 

Figure 4.19 Output current and load voltage waveforms when inverter is connected to 

resistive load. 

The experimental results of the overall system are also presented. The waveforms 

of switching pulses of all the twelve switches can be seen in Figures 4.20, 4.21, and 4.22. 

Similarly, the output voltages of each individual cell are shown in Figures 4.23, 4.24 and 

4.25 respectively. Figures 4.26 and 4.27 show the experimental results of individual 

output voltage of each cell and the overall output voltage of the inverter based on the 

proposed method. So we can conclude from these results that the experimental results are 

in good validation with the simulation results. 
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Figure 4.20 Experimental result of switching pulses of switches in first cell (10V/div). 

 

Figure 4.21 Experimental result of switching pulses of switches in second cell (10V/div). 
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Figure 4.22 Experimental result of switching pulses of switches in third cell (10V/div). 

 

Figure 4.23 Experimental result of output voltage of inverter cell 1 (25V/div). 
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Figure 4.24 Experimental result of output voltage of inverter cell 2 (25V/div). 

 

Figure 4.25 Experimental result of output voltage of inverter cell 3 (25V/div). 
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Figure 4.26 Experimental result of individual Output voltages together (50V/div). 

 
(a) 

 
(b) 

 
(c) 

Figure 4.27 Experimental results: (a) Overall output voltage for three cell cascaded multi-

level inverter (50V/div), (b) Fundamental component, (c) Harmonic components. 
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4.3.3 Four Cell CHBMC 

The proposed modulation technique is derived and implemented on four cell 

cascaded H bridge multi-level converter also. Experimental validation of proposed 

method on the laboratory prototype is set forth on a four cell cascaded H-bridge single 

phase DC-AC converter. The four cell CHBMC has to generate an AC voltage of 

( )tVout ωcos180= when each of the four cells is fed with 50V dc voltage and the 

modulation indices are computed based on (4.21), (4.22), (4.23), and (4.24) respectively. 

Figures 4.28, 4.29, 4.30 and 4.31 show the simulation results of switching pulses of 

switches in cells 1, 2, 3 and 4 respectively. Figure 4.32 shows the simulation result of 

four input source currents. Figures 4.33 and 4.34 shows the simulation results of 

individual output voltage of each cell and the overall output voltage of the inverter based 

on the proposed method. The Fourier spectrum analysis of the overall output voltage is 

seen in Figure 4.35. All the harmonic components of the output voltage are less than or 

equal to 0.03% of fundamental component. The peak value of the fundamental 

component of output voltage that can be seen from Figure 4.18 is 180V. Therefore, this 

result verifies that the modulation indices calculated based on the proposed technique 

results in the minimization of harmonics. The four cell cascaded H bridge converter is 

connected to R load through an LC filter, with parameters 

Ω=== 42 and 16,100 off RFCmHL µ . Figure 4.36 shows the waveforms of load 

current and load voltage. 
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Figure 4.28 Simulation result of switching pulses of switches in first cell. 

 

Figure 4.29 Simulation result of switching pulses of switches in second cell. 
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Figure 4.30 Simulation result of switching pulses of switches in third cell. 

 

Figure 4.31 Simulation result of switching pulses of switches in fourth cell. 
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Figure 4.32 Simulation result of input source currents. 

 

Figure 4.33 Simulation result of individual cell output phase voltages. 
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Figure 4.34 Simulation result of overall output phase voltage for four cell cascaded multi-

level inverter. 

 

(a) 

 

(b) 

Figure 4.35 FFT analysis of the simulated waveform of overall output phase voltage for 

four cell CHBMC, (a) Fundamental component, (b) Harmonic components. 
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Figure 4.36 Output current and load voltage waveforms. 

 

Figure 4.37 Experimental result of switching pulses of switches in first cell (10V/div). 

The experimental results of the overall system are also presented. The waveforms 

of switching pulses of all the four cells can be seen in Figures 4.37, 4.38, 4.39, and 4.40 

respectively. Figure 4.41 and 4.42 show the experimental results of individual output 

voltage of each cell and the overall output voltage of the inverter based on the proposed 

method. So we can conclude from these results that the experimental results are in good 

validation with the simulation results. 
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Figure 4.38 Experimental result of switching pulses of switches in second cell (10V/div). 

 

Figure 4.39 Experimental result of switching pulses of switches in third cell (10V/div). 
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Figure 4.40 Experimental result of switching pulses of switches in fourth cell (10V/div). 

 

Figure 4.41 Experimental result of individual Output voltages together (100V/div). 
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(a) 

 
(b) 

 
(c) 

Figure 4.42 Experimental results: (a) Overall output voltage (50V/div), (b) FFT Normal 

spectrum, (c) Zoomed in to see harmonics. 



91 

 

4.4 Over-modulation Region of Operation 

4.4.1 Two Cell CHBMC 

The region of operation between the loss of linear control and complete loss of 

control is called the over modulation region [4]. Since the modulator effectively loses 

control of the output voltage waveform during the saturation period, the output voltage 

waveform becomes progressively distorted and includes low frequency harmonics of the 

fundamental component.  

Using (3.63), for the two cell cascaded H-bridge inverter contours of output 

voltage with variation in modulation indices are plotted for unequal DC input voltages in 

Figure 4.43. The parameters used for plotting the contour plots are VVd 601 = , 

VVd 402 = , 4.14.0 1 << M , 4.14.0 2 << M . This contour plot reveals the linearity 

between the output voltage magnitude and the modulation indices in the linear region 

(when the modulation indices are less or equal to unity) and thereafter deviate from the 

linear relationship in the over-modulation region, resulting in decreasing voltage gains.  

Figures 4.44 and 4.45 respectively show the simulation results of individual 

output voltage and overall output voltages. Figure 4.46 (a) shows the FFT waveform of 

the overall output phase voltage in the over-modulation range. Figures 4.47 and 4.48 

respectively show the experimental results of individual output voltage and overall output 

voltages operating in the over-modulation range. By comparing the FFT waveforms, 

Figure 4.6 (a) and Figure 4.46 (a), the lower order harmonics (3rd, 5th and 7th) can be seen 
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in the spectrum. The magnitude of harmonics (as a percentage of fundamental 

component) for linear modulation region case is less when compared to the case of over 

modulation operation. The parameters used for simulation and experimental results are 

5021 == dd VV ,and 15.121 == MM . 

 

Figure 4.43 Contour plot of output voltage with variation of modulation indices for two 

cell cascaded inverter for the case of over modulation. 

 

Figure 4.44 Simulation result of individual output voltages for the case of over 

modulation. 
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Figure 4.45 Simulation result of overall output voltage for the case of over modulation. 

 
(a) 

 
(b) 

Figure 4.46 FFT waveform of simulated overall output phase voltage for the case of over 

modulation. (a) Fundamental component, (b) Harmonic components. 
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Figure 4.47 Experimental result of individual output voltages for the case of over 

modulation (50V/div). 

 

Figure 4.48 Experimental result of overall output voltage for the case of over modulation 

(50V/div). 
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4.4.2 Three Cell CHBMC 

Using (3.63), for the three cell, contours are plotted for unequal DC input voltages 

in Figure 4.49. The parameters used for plotting the contour are VVd 601 = , VVd 402 = , 

VVd 503 = , 4.14.0 1 << M , 4.14.0 3 << M , 93.02 =M . This contour plot reveals the 

linearity between the output voltage magnitude and the modulation indices in the linear 

region (when the modulation indices are less or equal to unity) and thereafter deviate 

from the linear relationship in the over-modulation region, resulting in decreasing voltage 

gains.  

Figures 4.50 and 4.51 respectively show the simulation results of individual 

output voltage and overall output voltages.  
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Figure 4.49 Contour plot of output voltage with variation in modulation indices of three 

cell cascaded inverter for the case of over modulation. 

 

Figure 4.52 shows the FFT spectrum of the overall output phase voltage in the 

over-modulation range. Figures 4.53 and 4.54 respectively show the experimental results 

of individual output voltage and overall output voltages operating in the over-modulation 

range. 

By comparing the FFT waveforms, Figure 4.18 (a) and Figure 4.52 (a), the lower 

order harmonics (3rd, 5th and 7th) can be seen in the spectrum. The magnitude of 

harmonics (as a percentage of fundamental component) for linear modulation region case 

is less when compared to the case of over modulation operation. 

The parameters used for simulation and experimental results are 

50321 === ddd VVV , 15.1321 === MMM . 
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Figure 4.50 Simulation result of individual output voltages for the case of over 

modulation. 
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Figure 4.51 Simulation result of overall output voltage for the case of over modulation. 

 

(a) 

 

(b) 

Figure 4.52 FFT analysis of simulated waveform of overall output phase voltage for the 

case of over modulation. (a) Fundamental component, (b) Harmonic components. 
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Figure 4.53 Experimental result of individual output voltages for the case of over 

modulation (100V/div). 

 
(a) 

 
(b) 

 
(c) 

Figure 4.54 Experimental results: (a) Overall output voltage for the case of over 

modulation (100V/div), (a) Fundamental component, (b) Harmonic components.. 
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4.4.3 Four Cell CHBMC 

Using (3.63), for four cell, contours are plotted for unequal DC input voltages in 

Figure 4.55. The parameters used for plotting the contour are VVd 601 = , VVd 352 = ,

VVd 453 = , VVd 504 = , 4.14.0 1 << M , 4.14.0 4 << M , 947.02 =M , 865.03 =M  the 

corresponding contour plot of output voltage magnitude can be seen in Figure 4.55. 

This contour plot reveal the linearity between the output voltage magnitude and 

the modulation indices in the linear region (when the modulation indices are less or equal 

to unity) and thereafter deviate from the linear relationship in the over-modulation region, 

resulting in decreasing voltage gains. 

Figures 4.56 and 4.57 respectively show the simulation results of individual 

output voltage and overall output voltages. 

 

Figure 4.55 Contour plots of unknown modulation signals of four cell cascaded inverter 

for the case of over modulation. 
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Figure 4.56 Simulation result of individual output voltages for the case of over 

modulation. 

 

Figure 4.57 Simulation result of overall output voltage for the case of over modulation. 
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(a) 

 

(b) 

Figure 4.58 FFT spectrum of simulated waveform of overall output phase voltage for the 

case of over modulation. 

 

Figure 4.59 Experimental result of individual output voltages for the case of over 

modulation (100V/div). 
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(a) 

 

(b) 

Figure 4.60 Experimental results: (a) Overall output voltage for the case of over 

modulation (100V/div), (b) FFT analysis of experimental waveform. 

Figure 4.58 shows the FFT spectrum of the overall output phase voltage in the 

over-modulation range. Figures 4.59 and 4.60 respectively show the experimental results 

of individual output voltage and overall output voltages operating in the over-modulation 

range. 

By comparing the FFT waveforms, Figure 4.35 (a) and Figure 4.58 (a), the lower 

order harmonics (3rd, 5th and 7th) can be seen in the spectrum. The magnitude of 
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harmonics (as a percentage of fundamental component) for linear modulation region case 

is less when compared to the case of over modulation operation. 

The parameters used for simulation and experimental results are 

VVVVV dddd 504321 ==== , 15.14321 ==== MMMM . 

4.5  Five Cell Cascaded H-bridge Multilevel DC-AC converter 

The modulation technique which eliminates the dominant harmonics in the output 

voltage is also extended to five cell cascaded H- bridge inverter. The analysis of five cell 

cascaded H-bridge inverter is categorized into two regions. 

• Linear operation region and 

• Over-modulation region 

The steady state contours and simulation results for both these regions are presented in 

this chapter. 

4.5.1 Linear Operation Region 

The double Fourier series approximation of the converter switching functions 

given in (3.45) as 
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Consider the desired single phase output voltage represented in (4.26). Vs is the 

magnitude of the output voltage and Өo is the initial angle. 

( ) ( )oess VtV θθ += cos  where 𝜃𝑒 = 𝜔𝑡 (4.26)  

The output voltage spectrum for a full bridge single phase leg is shown in (4.27). 

In this voltage odd carrier and associated harmonics as well as even base band and side 

band harmonics are cancelled.  

As a result, the only harmonics which exist are the odd side band harmonics 

around an even carrier. Mk denotes the modulation index of the kth H-bridge. 
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In the four cell CHB multi-level converter, the fundamental component of the 

total output voltage is expressed as 
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The first dominant harmonic component which is the first side band harmonic 

around the second carrier frequency is given in (4.30). 
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If phase angles of all the modulation signals are the same and equal to the phase 

angle of the desired output voltage, the relationship between the modulation indices in 

terms of the input dc voltages and output desired voltage magnitude is shown in (4.32). 

5544332211 MVMVMVMVMVV dcdcdcdcdcs ++++=  (4.31)  

Using (4.28), ( ) .5,4,3,2,1 where,
21 == iMMJ i

i
π

π  
(4.32)  

Substituting the phase shift angle of the carrier waves in (4.31), 
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To eliminate the dominant harmonics from the above equation, the modulation 

indices are selected in such a way that they satisfy the following two equations, 
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There are three equations (4.31), (4.34) and (4.35) and there are five unknowns. 

Therefore, after specifying M2 and M4, the other three modulation signals magnitudes are 

expressed as 
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=  where M is the effective modulation 

index of the converter. 

(4.39)  

Since we assume that we know the modulation indices M2 and M4, by varying M2 

and M4 in the operable range, we can find the solutions for M1, M3 and M5. The contour 

plots display the modulation indices of M1, M3 and M5 for the two cases considered.  
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Case I: Equal DC Input Voltages 

Consider VVVVVVVV dcdcdcdcdcs 50,220 54321 ====== . By varying M2 and M4 

from 0 to 1.2M, where M is given in (4.39), the contour of M1, M3 and M5 is given in 

Figure 4.61. 

 

(a) 

 

(b) 

 

(c) 

Figure 4.61 Linear operation regions for case I of (a) M1, (b)M3, (c)M5. 
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Case II: Unequal DC Input Voltages  

Consider VVVVVV dcdcs 45,50,220 21 === , VVdc 553 = , ,604 VVdc = VVdc 705 = . 

By varying M2 and M4 from 0 to 1.2M, where M is given in (4.39), the contour of M1, M3 

and M5 is shown given in Figure 4.62.  

 
(a) 

 
(b) 

 
(c) 

Figure 4.62 Linear operation regions for case II of (a) M1, (b)M3, (c)M5. 

For the first set of simulations (equal DC voltages), the modulation indices used are 

,97.01 =M 85.02 =M , 88.03 =M , ,7.04 =M 6.05 =M . For the second set of 

simulations (for unequal DC voltages), the modulation indices selected are ,95.01 =M

,95.02 =M ,69.03 =M ,9.04 =M 48.05 =M . 
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Figure 4.63 Simulation result of individual cell output voltages for equal DC voltages. 

 

Figure 4.64 Simulation result of input source currents for equal DC voltages. 
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Figure 4.65 Simulation result of overall output voltage for equal DC voltages. 

 

(a) 

 
(b) 

Figure 4.66 FFT waveform of simulated waveform of overall output voltage for equal DC 

voltages (a) Showing fundamental component, (b) Showing harmonic components 
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Figure 4.67 Simulation of individual output voltages for unequal DC voltages. 

 

Figure 4.68 Simulation of input source currents for unequal DC voltages. 
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Figure 4.69 Simulation of overall output voltage for unequal DC voltages. 

 

(a) 

 
(b) 

Figure 4.70 FFT spectrum of simulated waveform of overall output voltage for unequal 

DC voltages. (a) Showing fundamental component, (b) Showing harmonic components 
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4.5.2 Over-modulation region 

The region of operation between the loss of linear control and complete loss of 

control is called the over modulation region [4]. Since the modulator effectively loses 

control of the output voltage waveform during the saturation period, the output voltage 

waveform becomes progressively distorted and includes low frequency harmonics of the 

fundamental component.  

The double Fourier series approximation of the fundamental component of converter 

output voltage in case of over modulation given in [4] as 
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The gain from the fundamental component of (4.40) is  

( )[ ]ψψπψ
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−−+= M
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(4.42)  

For ‘q’ cell cascaded H bridge multi-level converter, the expression for gain is given as 
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where 







= −

k
k M

1cos 1ψ , qk ,..3,2,1= . 

Using (4.43), contours are plotted for unequal DC input voltages in Figure 4.71. For five 

cell CHB, VVd 501 = , VVd 452 = , VVd 553 = , VVd 604 = , VVd 705 = , 4.14.0 1 << M , 

4.14.0 5 << M , 85.02 =M , 88.03 =M , 7.04 =M , the contour plot of output voltage 

magnitude is presented in Figure 4.71. This contour plot reveal the linearity between the 

output voltage magnitude and the modulation indices in the linear region (when the 

modulation indices are less or equal to unity) and thereafter deviate from the linear 

relationship in the over-modulation region, resulting in decreasing voltage gains.  

 

Figure 4.71 Contour plot of output voltage with variation of modulation indices for five 

cell cascaded inverter for the case of over modulation. 
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4.6 Summary 

A method for the determination of the modulation signals for the multilevel 

cascaded single phase inverters which eliminate the dominant harmonics in the desired 

output voltage is proposed for both the linear and over-modulation operating regions. 

This method is applicable to the cases when the DC input voltages are either equal or 

unequal. This method was implemented on two, three, four and five cell cascaded H-

bridge multilevel converters but it still can be extended for the determination of the 

modulation signals for higher multilevel cascaded single-phase converters. Computer 

simulation results, contour plots and experimental results are provided to demonstrate the 

utility of the proposed approach. This chapter therefore provides an analytical method to 

determine the modulation signals required for unipolar PWM modulation of cascaded 

multi-level single-phase DC-AC converters. 
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CHAPTER 5  

SINGLE PHASE MULTI STRING FIVE LEVEL DC-AC CONVERTER 

5.1 Introduction 

This chapter presents the modeling and analysis of a novel multi-string multilevel 

DC-AC converter influenced by five level inverter presented in [72]. This multi-level 

inverter is called multi-string as it is mainly designed for strings of PV cells. In this 

chapter, modeling and analysis has been done considering the PV cells as DC sources. 

The topology of single phase multi string five level inverter can be seen in Figure 

5.1. This topology offers strong advantages like improved output voltage waveforms, 

smaller filter size and low electromagnetic interference and THD [72], . This topology 

requires DC sources like two cell cascaded H-bridge inverter which also gives five level 

output voltage. So, this topology can be compared with the conventional cascaded H-

bridge multi-level inverter. 

This topology requires two less switches than the two cell cascaded H-bridge 

inverter. And moreover, two of the switches are operated at line frequency. As a result, 

the switching losses when compared with two cell cascaded converter are considerably 

less. The carrier based PWM is used to generate PWM signals for the switches. 
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Figure 5.1 Schematic diagram of single phase multi string five level inverter. 

From the Figure 5.1, inimip SSS ,, , are the switching functions of switches

inimip TTT ,, , bai ,=  respectively.  21 ,VV  are input DC sources, 21, ss II  are respective 

input currents, and oI  is output current.  

5.2 Modes of Operation 

The different modes of operation of multi-string five level inverter are shown in 

Table 5.1. Each mode shown in Table 5.1 is described in terms of output voltage. 

. 
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Table 5.1 Switching modes of multi string five level converter. 

Mode Sap Sam San VAB Is1 Is2 

1 0 1 0 V1+V2 I0 I0 

2 0 1 1 V1 I0 0 

3 1 1 0 V2 0 I0 

4 1 1 1 0 0 0 

5 0 0 0 0 0 0 

6 1 0 0 - V1 - I0 0 

7 0 0 1 - V2 0 -I0 

8 1 0 1 - V1-V2 - I0 - I0 

 

• Maximum positive output, V1+V2: When the switches Tam , Tbp , and Tbn are 

ON; the output voltage ABV is V1+V2 .This mode of operation can be seen in 

Figure 5.2 (a).  

• Half-level positive output, V1: This output condition is possible for two different 

switching combinations. One switching combination is such that active switches 

Tam, Tbp, and Tan are ON; the other combination is such that switches Tam , Tap , 

and Tbn are ON. During these operating stages, output voltage ABV is V1 or V2. 

These modes of operation can be seen in Figure 5.2 (c) and Figure 5.2 (d).  
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Figure 5.2 Modes of operation of the multi string five level converter. 
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• Minimum output, V1-V2: This output condition is possible for two different 

switching combinations, either when whole first leg is ON or whole second leg is 

ON. At that instant, load will be short-circuited, and voltage applied to load 

terminals will be V1-V2.  

• Half-level negative output,−V1, -V2: This output condition is possible for two 

different switching combinations. One switching combination is such that active 

switches Tbm, Tap, and Tbn are ON; the other combination is such that switches 

Tbm, Tbp, and Tan are ON. During this operating stage, output voltage ABV is −V1, -

V2. These modes of operation can be seen in Figure 5.2 (e) and Figure 5.2 (f). 

• Maximum negative output, −V1-V2 : When switches Tap , Tbm , and Tan are ON; 

the output voltage ABV is −V1-V2 . This mode of operation can be seen in Figure 

5.2 (b). 

5.3 Logic Realization 

Karnaugh mapping technique is the logic realization technique used to solve the truth 

tables [73]. In this case, solving the truth table of modes of operation, an expression for 

output voltage in terms of switching function can be derived. 

According to Kirchoff’s Current Law (KCL) and Kirchoff’s Voltage Law (KVL), 

nmpjSS ajbj ,,,1 =−= . (5.1)  

where bjaj SS ,  are the switching functions of switches bjaj TT , , nmpj ,,=  

respectively. 



122 

 

According to Karnaugh mapping, any output ‘y’ can be written as the sum of all 

operating modes. From Truth Table 5.1, the voltage equation using Karnaugh mapping is 

written as  

( )∑= 8,7,6,3,2,1ABV . (5.2)  

where Modes Operating,...3,2,1 = . 

( )( ) ( )( ) ( )( )
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(5.5)  

Using (5.1) in (5.5), 

( ) ( )anbmbnambmapambpAB SSSSVSSSSVV −+−= 21 . (5.6)  

( ) ( )( ) ( ) ( )( )anamanamamapamapAB SSSSVSSSSVV −−−+−−−= 1111 21 . (5.7)  

( ) ( )anamapamAB SSVSSVV −+−= 21 . (5.8)  

The expression for voltage equation in terms of switching functions is given in (5.8). 

Similarly, the expressions for input currents 21 , ss II  can also be found and are given in 

(5.14) and (5.20) respectively. 

( )∑= 8,6,2,11sI = Sum of operating modes. (5.9)  

( ) ( ) ( ) ( )[ ]anbmapbnbmapanambpbnambpos SSSSSSSSSSSSII −−+=1 . (5.10)  

( ) ( )[ ]anbnbmapanbnambpos SSSSSSSSII +−+=1 . (5.11)  
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[ ]bmapambpos SSSSII −=1 . (5.12)  

( ) ( )[ ]amapamapos SSSSII −−−= 111 . (5.13)  

( )apamos SSII −=1 . (5.14)  

( )∑= 8,7,3,12sI = Sum of operating modes. (5.15)  

( ) ( ) ( ) ( )[ ]anbmapanbmbpbnamapbnambpos SSSSSSSSSSSSII −−+=2 . (5.16)  

( ) ( )[ ]apbpanbmapbpbnamos SSSSSSSSII +−+=2 . (5.17)  

[ ]anbmbnamos SSSSII −=2 . (5.18)  

( ) ( )[ ]anamanamos SSSSII −−−= 112 . (5.19)  

[ ]anamos SSII −=2 . (5.20)  

Therefore the dynamic model equations of the system are given as 

( ) ( ) cooanamapam VpILSSVSSV +=−+− 21 . (5.21)  

Loc IICpV −= . (5.22)  

5.3.1 Voltage stress calculations 

Voltage stress is defined as the voltage across each switch at any time. Since the voltage 

across each switch is different, the voltage stresses are calculated and are given from 

(5.23) to (5.28). 

1cbpSap VSV = . (5.23)  

1capSbp VSV = . (5.24)  
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)( 21 ccbmSam VVSV += . (5.25)  

)( 21 ccamSbm VVSV += . (5.26)  

2cbnSan VSV = . (5.27)  

2canSbn VSV = . (5.28)  

5.4 Modulation Scheme 

For modulation scheme, level shifted carrier based PWM is used. In level shifted 

PWM, the carrier waveforms are in phase but are level shifted as shown in Figure 5.3.  

 

Figure 5.3 Modulation scheme. 
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If the switching pulses of switches in one leg are generated, then their 

complementary will be respectively the switching pulses of switches in another leg. Here 

anambp SSS ,,   are considered as main switches and bnbmap SSS ,,  are generated by 

complementing anambp SSS ,,  respectively. The generation of switching pulses is as 

follows: 
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(5.34)  

where pM and nM  are the modulation signals and 1Tri and 2Tri  are the two carrier 

waveforms used to generate switching pulses by level shifted carrier based PWM. The 

modulation signals and carrier waveforms can be seen in Figure 5.3.  
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5.4.1 Determination of expressions for modulation signals 

The expressions for modulation signals are determined using double Fourier series 

analysis. At any time, if the carrier frequency is much larger than the frequency of 

modulation signals, the switching functions are approximated based on the instantaneous 

values of modulation signal [74].  

 

 

Figure 5.4 Approximations of switching functions in terms of instantaneous values of 

modulation signals. 
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Let the two modulation waveforms used be of the form )sin( 11 ψθ += MM p  and

)sin( 22 ψθ += MM n , where 1ψ and 2ψ  are the initial phase angles of modulation signals 

respectively and tωθ = , whereω is the frequency of the reference voltage waveform. 

From Figure 5.4, the switching functions are approximated by their instantaneous values 

of modulation signal.  
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Using Fourier series analysis, the expressions for switching functions are given in (5.41-

5.46). The detailed derivations are given in Appendix A. 

 The expressions for Sap, Sam, San, Sbp, Sbm, Sbn are given as 

( ))sin(2
2
1

1 θψ
π

−−−= pap MS . 
(5.41)  
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( ))sin(2
2
1

1 θψ
π

−−=amS . 
(5.42)  

( ))sin(2
2
1

2 θψ
π

−−−= nan MS . 
(5.43)  

( ))sin(2
2
1

1 θψ
π

−++= pbp MS . 
(5.44)  

( ))sin(2
2
1

1 θψ
π

−+=bmS . 
(5.45)  

( ))sin(2
2
1

2 θψ
π

−++= nbn MS . 
(5.46)  

The equations (5.41), (5.42), (5.43), (5.44), (5.45), (5.46) verify the basic equation 

(5.1). Substituting those equations into (5.8), then the output voltage equation becomes 

npAB MVMVV 21 −= . (5.47)  

In output voltage, odd carrier and associated harmonics as well as even base band 

and side band harmonics are cancelled. As a result, the only harmonics which exist are 

odd side band harmonics around an even carrier. Mi denotes the modulation index of ith 

H-bridge. 
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where ( ) ( )
( )∑

∞

=
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n x
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(5.49)  

The first dominant harmonic component which is first side band harmonic around second 

carrier frequency is given below. 
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( ) ( ))()(2cos)(
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Therefore (5.50) becomes, 

( ) ( )( ) ( ) ( )( )2221111 2cos2cos ψθγθψθγθ +++++++−=+
cco VMVMV . (5.51)  

To eliminate dominant harmonics, modulation indices are selected in such a way that  

( ) ( )[ ] ( )( )

( ) ( )[ ] ( )( )γθψθψθ

γθψθψθ

++−+

=++−+

ccc

ccc

VMVM

VMVM

2sinsinsin

2coscoscos

222111

222111
 

(5.52)  

( ) ( ) 0coscos 222111 =+−+⇒ ψθψθ cc VMVM . 

( ) ( ) 0sinsin   and 222111 =+−+ ψθψθ cc VMVM . 

(5.53)  

( ) ( )21 ψθψθ +=+⇒ TanTan . (5.54)  

( )21 2 ψθπψθ ++=+⇒ n . (5.55)  

21 2 ψπψ +=⇒ n . (5.56)  

Let 12 MM α−= , then from (5.8) and (5.56) 

21 cc

AB
p VV

V
M

α+
= . 

(5.57)  

21 cc

AB
n VV

VM
α

α
+

−
= , where 10 ≤<α . 

(5.58)  



130 

 

5.5 Switching Loss Comparison with Two Cell Cascaded H-bridge inverter 

The switching power loss for this proposed topology is compared with the 

cascaded H bridge multilevel Inverter topology. The average switching power loss Ps in 

the switch caused by these transitions [75] can be defined as  

( ))()(5.0 offonsoSs ttfIVP += . (5.59)  

where )(ont  and )(offt  are the turn-on and turn-off times, respectively; SV is the voltage 

stress across the switch; and oI is the current flowing through the switch. 

Let both the proposed circuit and cascaded H bridge multi-level converter are operated at 

the same turn-on and turn-off times and at the same load current oI . Then the average 

switching power loss Ps is proportional to SV and sf . So in general  

sSs fVP ∝ . (5.60)  

The voltage stresses of the eight switches of the conventional cascaded H-bridge inverter 

are all equal to sV . According to Figure 5.5, the switching loss of cascaded H-bridge 

inverter from eight switches can be obtained as 

ssbridgeHs fVP 8, ∝− . (5.61)  

Similarly the switching power loss of multi string five-level inverter shown in Figure 5.1 

with six switches can also be obtained as 

( ) mssss fVfVP 224string multi, +∝ . (5.62)  

( )msss ffVP +∝ 4string multi, . (5.63)  

where mf is the line frequency. 
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Figure 5.5 Two cell cascaded H-bridge inverter. 

Because the switches bmam SS ,  are operated at line frequency and switching frequency is 

larger than line frequency sm ff << , the switching losses of the proposed circuit is 

approximated to  

sss fVP 4string multi, ∝ . (5.64)  

Comparing equations (5.61) and (5.64), switching losses in multi string multi-level 

converter are almost 50% less than cascaded H bridge multi-level converter in this case. 

5.6 Simulation Results and Discussions  

The simulation of multi string five-level inverter topology was carried out using 

Matlab/Simulink software. The parameters used for simulation are, VVAB 80= , VV 501 = ,
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VV 502 =  and 1=α . 21 , MM  are derived from (5.57) and (5.58) respectively. Figure 5.3 

shows the modulation scheme that was used to generate switching pulses shown in Figure 

5.6. From Figure 5.6, the switching pulses of the middle switches can be seen at line 

frequency. Figure 5.7 shows the voltage across each switch, as can be seen from Figure 

5.7, the voltage stress of middle two switches bmam TT ,  are twice that of other four 

switches. Figure 5.9 shows the waveforms of output phase voltage ABV  and. Figure 5.8 

shows the waveforms of two input source currents. 
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Figure 5.6 Simulation results of switching pulses of all the switches. 

 

Figure 5.7 Simulation results of voltage stress of all the six switches of the converter. 
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Figure 5.8 Simulation result of input source currents. 

 

Figure 5.9 Simulation result of output phase voltage. 
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5.7 Experimental results 

The experiments on multi string five-level inverter were performed on a 

laboratory prototype using TMS 320 F28335 eZdsp to generate the switching pulses of 

both the legs which are shown in Figures 5.10 and 5.11 respectively. The waveform of 

the output voltage can also be seen in Figure 5.12. The waveform of filtered output 

voltage including the output voltage was also presented and it can be seen in Figure 5.13. 

The experimental results and simulation results agree with each other. 

 

Figure 5.10 Experimental result of switching pulses of switches in first leg. 
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Figure 5.11 Experimental result of switching pulses of switches in second leg. 

 

Figure 5.12 Experimental result of output phase voltage (50V/div). 
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Figure 5.13 Experimental result of output phase voltage and load voltage of single phase 

multi string five level inverter (50V/div). 

5.8 Summary 

This chapter presented a single-phase multistring five-level inverter topology 

which has less number of switches required to produce the desired multi-level output for 

distributed energy resources compared to cascaded H-bridge converter topology. The 

modes of operation of five-level inverter topology are also discussed in this chapter. The 

equations for output voltage and input source currents are calculated in terms of the input 

voltages and output current respectively using Karnaugh mapping technique. The 

expression of voltage stress for each switch is determined. The modulation scheme for 

this topology is also presented. The expression for modulation signal is determined using 
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Fourier series analysis by approximating switching functions. The calculation of 

switching loss for multi string five-level inverter is performed and the proposed topology 

reduces more than 50% of switching loss compared to cascaded H bridge multi-level 

converter. Simulation of the proposed system is carried out and waveforms of output 

voltage, input source currents, voltage stress are generated. Experimental results are 

conducted on 1kW laboratory prototype and the waveforms of switching pulses, output 

voltage and load voltage are presented. The experimental results and simulation results 

agree with each other. The only disadvantage with this type of converter when compared 

with cascade H bridge multi-level converter is the rating of switches. The rating of two 

middle switches should be twice the rating of other four switches. 
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CHAPTER 6  

SINGLE PHASE MULTI STRING SEVEN LEVEL DC-AC CONVERTER 

6.1 Introduction  

This chapter presents the modeling and analysis of novel multi-string seven level 

DC-AC converter. This multi-level inverter is called multi-string as it is mainly designed 

for strings of PV cells. In this chapter, modeling and analysis has been done considering 

the DC sources instead of PV cells. 

The topology of single phase multi string seven level inverter can be seen in 

figure 6.1. This topology offers strong advantages like improved output voltage 

waveforms, smaller filter size and low electromagnetic interference and THD [72]. This 

topology requires three DC sources like three cell cascaded H-bridge inverter which also 

gives seven level output voltage. So, this topology can be compared with the 

conventional cascaded H-bridge multi-level inverter. 

This topology requires four less switches than three cell cascaded H-bridge 

inverter. And moreover, four of the switches are operated at almost line frequency. As a 

result, the switching losses when compared with three cell cascaded converter are 

considerably less. The carrier based PWM is used to generate PWM signals for the 

switches. 
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Figure 6.1 Schematic diagram of single phase multi string seven level inverter. 

From the Figure 6.1, ioinimip SSSS ,,, , are the switching functions of switches

ioinimip TTTT ,,, , bai ,= , respectively.  321 ,, VVV  are input DC sources, 321 ,, sss III  are 

respective input currents, and oI  is inverter output current.  

6.2 Modes of Operation 

The different modes of operation of multi-string seven level inverter are shown in 

Table 6.1. Each mode shown in Table 6.1 is described in terms of output voltage. 
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Table 6.1 Switching modes of multi string seven level converter 

Sap Sam San Sao Sbp Sbm Sbn Sbo VAB Is1 Is2 Is3 

0 1 0 1 1 0 1 0 V1+V2+V3 I0 I0 I0 

0 1 0 0 1 0 1 1 2Vs(V1+V2) I0 I0 0 

1 1 0 1 0 0 1 0 2Vs(V2+V3) 0 I0 I0 

0 0 0 1 1 1 1 0 V3 0 0 I0 

1 1 0 0 0 0 1 1 V2 0 I0 0 

0 1 1 1 1 0 0 0 V1 I0 0 0 

1 1 1 1 0 0 0 0 0 0 0 0 

0 0 0 0 1 1 1 1 0 0 0 0 

1 0 0 1 0 1 1 0 V3-V1 -I0 0 I0 

0 1 1 0 1 0 0 1 V1-V3 I0 0 -I0 

1 1 1 0 0 0 0 1 -V3 0 0 -I0 

0 0 1 1 1 1 0 0 -V2 0 -I0 0 

1 0 0 0 0 1 1 1 -V1 -I0 0 0 

1 0 1 1 0 1 0 0 -2Vs(-V1-V2) -I0 -I0 0 

0 0 1 0 1 1 0 1 -2Vs(-V2-V3) 0 -I0 -I0 

1 0 1 0 0 1 0 1 -V1-V2-V3 -I0 -I0 -I0 

 

This type of Multistring Converter has seven levels. So it will be having seven levels 

of operation. Maximum positive output voltage of V1 +V2 +V3, positive output voltage of 

V1 +V2 or V2 +V3, minimum positive output voltage of V1 or V2 or V3, zero output 
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voltage, minimum negative output voltage of - V1, -V2 or -V3, negative output voltage of 

- V1 -V2 or -V2 -V3 and maximum negative output voltage of - V1 -V2 -V3.There are 16 

modes of operation for this eight switch multi string seven level converter. 

• Maximum Positive Output Voltage:  

When the switches Tbp, Tam, Tbn and Tao are ON; the output voltage ABV is 

V1+V2+V3 .This mode of operation can be seen in Figure 6.2 (a).  

• Positive output Voltage:  

This output condition is possible for two different switching combinations. One 

switching combination is such that active switches Tbp, Tam, Tbn and Tbo are ON; the other 

combination is such that switches Tap, Tam, Tbn and Tao are ON. During these operating 

stages, output voltage ABV is V1+V2 and V2+V3 respectively. These modes of operation 

can be seen in Figure 6.2 (b) and Figure 6.2 (c) respectively.  

• Minimum Positive output Voltage:  

This output condition is possible for three different switching combinations. One 

switching combination is such that active switches Tbp, Tbm, Tbn and Tao are ON; the 

second combination is such that switches Tap, Tam, Tbn and Tbo are ON, the third 

combination is such that switches Tbp, Tam, Tan and Tao are ON. During these operating 

stages, output voltage ABV is V3, V2 and V1 respectively. These modes of operation can be 

seen in Figure 6.2 (d), Figure 6.2 (e) and Figure 6.2 (f) respectively.  
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• Zero output voltage: 

This output condition is possible for two different switching combinations, either 

when whole first leg is ON or whole second leg is ON. At that instant, load will be short-

circuited, and there will be no transfer of power from one side to the other side.  

• Minimum Negative Output Voltage:  

This output condition is possible for three different switching combinations. One 

switching combination is such that active switches Tap, Tam, Tan and Tbo are ON; the 

second combination is such that switches Tbp, Tbm, Tan and Tao are ON, the third 

combination is such that switches Tap, Tbm, Tbn and Tbo are ON. During these operating 

stages, output voltage ABV is -V3, -V2 and -V1 respectively. These modes of operation can 

be seen in Figure 6.3 (a), Figure 6.3 (b) and Figure 6.2 (c) respectively.  

• Negative output Voltage:  

This output condition is possible for two different switching combinations. One 

switching combination is such that active switches Tap, Tbm, Tan and Tao are ON; the other 

combination is such that switches Tbp, Tbm, Tan and Tbo are ON. During these operating 

stages, output voltage ABV is -V1-V2 and -V2-V3 respectively. These modes of operation 

can be seen in Figure 6.3 (d) and Figure 6.2 (e) respectively. 

• Maximum negative output Voltage:  

When the active power switches Tap, Tbm, Tan and Tbo are ON; the output voltage 

ABV is -V1-V2-V3 .This mode of operation can be seen in Figure 6.3 (f).  
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Figure 6.2 Positive modes of operation of multi string seven level inverter. 
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Figure 6.3 Negative modes of operation of multi string seven level inverter. 
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6.3 Logic Realization 

According to Kirchoff’s Current Law (KCL) and Kirchoff’s Voltage Law (KVL), 

onmpjSS ajbj ,,,;1 =−= . (6.1)  

where bjaj SS ,  are the switching functions of switches bjaj TT , , onmpj ,,,=  respectively. 

According to Karnaugh mapping, any output ‘y’ can be written as the sum of all 

operating modes. From Table 6.1, the voltage equation using Karnaugh mapping is 

written as  

( )∑= 16,15,14,13,12,11,10,9,6,5,4,3,2,1ABV , where Modes Operating,...3,2,1 = . 

Therefore  
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( ) ( ) ( )anaoanamapamAB SSVSSVSSVV −+−+−= 321  (6.3)  

The expression for voltage equation in terms of switching functions is given in (6.3). 

Similarly, the expressions for input currents 321 ,, sss III  can also be found and are given in 

(6.6), (6.9) and (6.12), respectively. 

For 1sI , ( )∑= 16,14,13,10,9,6,2,11sI . (6.4)  
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{ }anbmapbnbmapanambpbnambpos SSSSSSSSSSSSII −−+=1 .  

( ) ( ){ }anbnbmapanbnambpos SSSSSSSSII +−+=1 .  

( ) ( ){ }amapamapos SSSSII −−−= 111 .  

{ }apamos SSII −=1 . (6.6)  

For 2sI , ( )∑= 16,15,14,12,5,3,2,12sI . (6.7)  













−−−−

+++
=

boanbmapboanbmbpaoanbmapaoanbmbp

bobnamapaobnamapbobnambpaobnambp
os SSSSSSSSSSSSSSSS

SSSSSSSSSSSSSSSS
II 2 . 

(6.8)  

{ }boanbmaoanbmbnamapbnambpos SSSSSSSSSSSSII −−+=2 .  

{ }anbmbnamos SSSSII −=2 .  

{ }anamos SSII −=2 . (6.9)  

For 3sI , ( )∑= 16,15,11,10,9,4,3,13sI . (6.10)  













−−−−

+++
=

boanbmapboanbmbpboanamapboanambp

aobnbmapaobnbmbpaobnamapaobnambp
os SSSSSSSSSSSSSSSS

SSSSSSSSSSSSSSSS
II 3 . 

(6.11)  

{ }boanbmboanamaobnbmaobnamos SSSSSSSSSSSSII −−+=3 .  

{ }boanaobnos SSSSII −=3 .  

{ }anaoos SSII −=3 . (6.12)  

Therefore the dynamic model equations of the system are given as 

( ) ( ) ( ) cooanaoanamapam VpILSSVSSVSSV +=−+−+− 321 . (6.13)  

Loc IICpV −= . (6.14)  
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6.3.1 Voltage stress calculations 

Voltage stress is defined as the voltage across each switch at any time. Since the 

voltage across each switch is different, the voltage stresses are calculated and are given 

from (6.15) to (6.22). 

1VSV bpSap = . (6.15)  

1VSV apSbp = . (6.16)  

)( 21 VVSV bmSam += . (6.17)  

)( 21 VVSV amSbm += . (6.18)  

)( 32 VVSV bnSan += . (6.19)  

)( 32 VVSV anSbn += . (6.20)  

3VSV boSao = . (6.21)  

3VSV aoSbo = . (6.22)  

6.4 Modulation Scheme 

For modulation scheme, level shifted carrier based PWM is used. In level shifted 

PWM, the carrier waveforms are one above another with equal amplitude. If the 

switching pulses of switches in one leg are generated, then their complementary will be 

respectively the switching pulses of switches in another leg. The generation of switching 

pulses is as follows: 
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Figure 6.4 Modulation Scheme. 
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where pM and nM  are the modulation signals and 1Tri , 2Tri and 3Tri  are the three carrier 

waveforms used to generate switching pulses by level shifted carrier based PWM. The 

modulation signals and carrier waveforms can be seen in figure 6.4.  
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6.4.1 Determination of expressions for modulation signals 

The expressions for modulation signals are determined using double Fourier series 

analysis. At any time, if the carrier frequency is much larger than the frequency of 

modulation signals, the switching functions are approximated based on the instantaneous 

values of modulation signal [74].  

Let the two modulation waveforms used be of the form )sin( 11 ψθ += MM p  and

)sin( 22 ψθ += MM n , where 1ψ and 2ψ  are the initial phase angles of modulation signals 

respectively and tωθ = , whereω is the frequency of the reference voltage waveform. 

 

Figure 6.5 Approximations of switching functions in terms of instantaneous values of 

modulation signals. 
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From Figure 6.5, the switching functions are approximated by their instantaneous values 

of modulation signal.  
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The double Fourier series approximation of converter switching functions given in [4] 

as 
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(6.31)  

Using Fourier series analysis, the expressions for switching functions are given in (6.32-

6.35). The detailed derivations are given in Appendix B. 

The expressions for Sap, Sam, San, and Sao are given as 

( ))sin(22
2
1

1 θψ
π

−−−= pap MS . 
(6.32)  



 

153 

 

( ))sin(2
2
1

1 θψ
π

−−=amS . 
(6.33)  

( ))sin(2
2
1

2 θψ
π

−−=anS . 
(6.34)  

( ))sin(22
2
1

2 θψ
π

−−−= nao MS . 
(6.35)  

Substituting (6.32), (6.33), (6.34), (6.35) into (6.3), the output voltage equation 

becomes 

( ) ( )

( ) ( )

( ) ( ) 
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π
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π
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π
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(6.36)  

( ) ( ){ })sin(2)sin(2 223111 ψθψθ +−++= MVMVVAB . (6.37)  

Let 21 ψψ =  and 12 MM α= .  

( )

31

12

11

)sin(4

)sin(
VV

VV
MM

AB

p α

ψθ
πψθ
+







 −−

==+ . 

(6.38)  

( )

31

12

22

)sin(4

)sin(
VV

VV
MM

AB

n α

ψθ
παψθ
+







 −−

==+ . where [ ]1,0=α . 

(6.39)  
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6.5 Switching Loss Comparison with Three Cell Cascaded H-bridge inverter 

The switching power loss for this proposed topology is compared with the three 

cascaded H bridge multilevel Inverter topology. The average switching power loss Ps in 

the switch caused by these transitions [75] can be defined as  

( ))()(5.0 offonsoSs ttfIVP += , (6.40)  

where )(ont  and )(offt  are the turn-on and turn-off times, respectively; SV is the voltage 

stress across the switch; and oI is the current flowing through the switch. 

Let both the proposed circuit and cascaded H bridge multi-level converter be operated at 

the same turn-on and turn-off times and at the same load current oI . Then the average 

switching power loss Ps is proportional to SV and sf . So in general  

sSs fVP ∝ . (6.41)  

The voltage stresses of the twelve switches of the conventional cascaded H-bridge 

inverter are all equal to sV . According to Figure 6.6, the switching loss of cascaded H-

bridge inverter from twelve switches can be obtained as 

ssbridgeHs fVP 12, ∝− . (6.42)  

Similarly the switching power loss of multi string seven-level inverter shown in figure 

6.1 with eight switches can also be obtained as 

( ) mssss fVfVP 244string multi, +∝ . (6.43)  

( )msss ffVP 24string multi, +∝ .
 

(6.44)  

where mf is the line frequency. 
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Figure 6.6 Three cell cascaded H-bridge inverter. 

 

Because the switches bmam SS , , bnan SS , are operated at almost line frequency and 

switching frequency is larger than line frequency sm ff << , the switching losses of the 

proposed circuit is approximated to  

sss fVP 4string multi, ∝ .
 

(6.45)  

Comparing equations (6.42) and (6.45), switching losses in multi string seven-level 

converter are about 40% less than three cascaded H bridge multi-level converter in this 

case. 
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6.6 Simulation Results and Discussions  

The simulation of multi string seven-level inverter topology is carried out using 

Matlab/Simulink software. The parameters used for simulation are, VVAB 140= ,

VV 501 = , VV 502 = , VV 503 =  and 1−=α . 21 , MM  are derived from (6.38) and (6.39) 

respectively. Figure 6.3 shows the modulation scheme that is used to generate switching 

pulses shown in Figures 6.7 and 6.8. From Figures 6.7 and 6.8, the switching pulses of 

the middle switches can be seen at almost line frequency. Figure 6.9 shows the voltage 

across each switch in the first leg, as can be seen from figure 6.9, the voltage stress of 

middle two switches in the first leg anam TT ,  are twice that of other two switches. Figure 

6.11 shows the waveforms of output phase voltage ABV  and. Figure 6.10 shows the 

waveforms of three input source currents. 
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Figure 6.7 Simulation result of switching pulses of the switches in first leg. 

 

Figure 6.8 Switching result of switching pulses of the switches in second leg. 
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Figure 6.9 Simulation result of voltage stress of switches in first leg of the converter. 

 

Figure 6.10 Simulation result of input source currents. 
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Figure 6.11 Simulation result of output phase voltage. 

6.7 Experimental results 

Experiments on multi string seven-level inverter are also performed on a 

laboratory prototype using TMS 320 F28335 eZdsp to generate the switching pulses of 

both the legs which are shown in Figures 6.12 and 6.13 respectively. The waveform of 

the output voltage can also be seen in Figure 6.14. The experimental results and 

simulation results validate each other. 
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Figure 6.12 Experimental result of switching pulses of switches in first leg. 

 

Figure 6.13 Experimental result of switching pulses of switches in second leg. 
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Figure 6.14 Output phase voltage (50V/div). 

6.8 Summary 

This chapter presents a single-phase multistring seven-level inverter topology 

which has less number of switches required to produce the desired multi-level output for 

distributed energy resources compared to cascaded H-bridge converter topology. The 

modes of operation of seven-level inverter topology are also discussed in this chapter. 

The equations for output voltage and input source currents are calculated in terms of the 

input voltages and output current respectively using Karnaugh mapping technique. The 

expression of voltage stress for each switch is determined. The modulation scheme for 

this topology is also presented. The expression for modulation signal is determined using 
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Fourier series analysis by approximating switching functions. The calculation of 

switching loss for multi string seven-level inverter is performed and the proposed 

topology reduces about 40% of switching loss compared to three cell cascaded H bridge 

multi-level converter. Simulation of the proposed system is carried out and waveforms of 

output voltage, input source currents, voltage stress are generated. Experimental results 

are conducted on 1kW laboratory prototype and the waveforms of switching pulses, and 

output voltage are presented. The experimental results and simulation results validate 

each other. The only disadvantage with this type of converter when compared with 

cascade H bridge multi-level converter is rating of switches. The rating of four middle 

switches should be twice the rating of other four switches. 

  



 

163 

 

CHAPTER 7   

SINGLE PHASE MULTI STRING NINE LEVEL DC-AC CONVERTER 

7.1 Introduction 

The topology of single phase multi string nine level inverter can be seen in Figure 

7.1. This topology offers strong advantages like improved output voltage waveforms, 

smaller filter size and low electromagnetic interference and THD [72]. This topology 

requires three DC sources like four cell cell cascaded H-bridge inverter which also gives 

nine level output voltage. So, this topology can always be compared with the 

conventional cascaded H-bridge multi-level inverter. 

This topology requires six less switches than four cell cascaded H-bridge inverter. 

And moreover, two switches are operated at line frequency and four other switches are 

operated at almost line frequency. As a result, the switching losses when compared with 

four cell cascaded converter are considerably less. The carrier based PWM is used to 

generate PWM signals for the switches. 

From the figure 7.1, irioinimip SSSSS ,,,, , are the switching functions of switches

ioioinimip TTTTT ,,,, , bai ,=  respectively.  4321 ,,, VVVV  are input DC sources, 4321 ,,, ssss IIII  

are respective input currents, and oI  is output current.  
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Figure 7.1 Schematic diagram of single phase multi string nine level inverter. 

7.2 Modes of Operation 

Since there are switches on each leg and each switch has two modes either ON or 

OFF, there will be 25 different modes. Switches in the second leg are complementary 

with the switches in first leg. The different modes of operation of multi-string nine level 

inverter are shown in Table 7.1. Each mode shown in Table 7.1 is described in terms of 

output voltage.  
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Table 7.1 Switching modes of multi string nine level converter. 

S.No Sap Sam San Sao Sar VAB Is1 Is2 Is3 Is4 

1 0 1 0 1 0 V1+V2+V3+V4 I0 I0 I0 I0 

2 0 1 0 1 1 V1+V2+V3 I0 I0 I0 0 

3 1 1 0 1 0 V2+V3+V4 0 I0 I0 I0 

4 0 1 0 0 0 V1+V2 I0 I0 0 0 

5 0 1 1 1 0 V1+V4 I0 0 0 I0 

6 1 1 0 1 1 V2+V3 0 I0 I0 0 

7 0 0 0 1 0 V4+V3 0 0 I0 I0 

8 0 1 1 1 1 V1 I0 0 0 0 

9 1 1 0 0 0 V2 0 I0 0 0 

10 0 0 0 1 1 V3 0 0 I0 0 

11 1 1 1 1 0 V4 0 0 0 I0 

12 1 0 0 1 0 V3+V4-V1 - I0 0 I0 I0 

13 0 1 0 0 1 V1+V2-V4 I0 I0 0 - I0 

14 1 1 1 1 1 0 0 0 0 0 

15 0 0 0 0 0 0 0 0 0 0 

16 1 1 0 0 1  V2-V4 0 I0 0 - I0 

17 1 0 0 1 1 V3-V1 - I0 0 I0 0 

18 0 1 1 0 0 V1-V3 I0 0 - I0 0 

19 0 0 1 1 0 V4-V2 0 - I0 0 I0 

20 1 0 0 0 0 -V1 - I0 0 0 0 
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21 0 0 1 1 1 -V2 0 - I0 0 0 

22 1 1 1 0 0 -V3 0 0 - I0 0 

23 0 0 0 0 1 -V4 0 0 0 - I0 

24 0 1 1 0 1 V1-V3-V4 I0 0 -I0 - I0 

25 1 0 1 1 0 V4-V2-V1 - I0 - I0 0 I0 

26 1 0 1 1 1 -V1-V2 - I0 - I0 0 0 

27 0 0 1 0 0 -V2-V3 0 - I0 - I0 0 

28 1 1 1 0 1 -V3-V4 0 0 - I0 - I0 

29 1 0 0 0 1 -V1-V4 - I0 0 0 - I0 

30 1 0 1 0 0 -V1-V2-V3 - I0 - I0 - I0 0 

31 0 0 1 0 1 -V2-V3-V4 0 - I0 - I0 - I0 

32 1 0 1 0 1 -V1-V2-V3-V4 - I0 - I0 - I0 - I0 

 

This type of Multistring Converter has nine levels of output voltage. So it will be 

having nine levels of operation Maximum positive output voltage of V1 +V2 +V3+V4, 

voltage level of 3Vs is V1 +V2+V3 or V2 +V3+V4, voltage level of 2Vs is V1+V2, V1+V4, 

V2+V3, V4+V3, minimum positive output voltage of V1, V2, V3, V4, V3+V4-V1, V1+V2-V4, 

zero output voltage, minimum negative output voltage of - V1, -V2 or -V3, -V4, -V3-

V4+V1, -V1-V2+V4, voltage levels of -2Vs are -V1-V2, -V1-V4, -V2-V3, -V4-V3, voltage 

levels of -3Vs are -V1 -V2-V3 or -V2 -V3-V4 and maximum negative output voltage of -V1 

-V2-V3-V4.There are 32 modes of operation for this ten switch multi string nine level 

converter. 
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• Maximum Positive Output Voltage:  

When the switches Tbp, Tam, Tbn, Tao and Tbr are ON; the output voltage ABV is 

V1+V2+V3+V4 .This mode of operation can be seen in Figure 7.2 (a).  

• Second Maximum Positive Output Voltage:  

This output condition is possible for two different switching combinations. One 

switching combination is such that active switches Tbp, Tam, Tbn, Tao and Tar are ON; the 

other combination is such that switches Tap, Tam, Tbn, Tao and Tbr are ON. During these 

operating stages, output voltage ABV is V1+V2+V3 and V2+V3+V4 respectively. These 

modes of operation can be seen in Figure 7.2 (b) and Figure 7.2 (c) respectively.  

• Positive Output Voltage:  

This output condition is possible for four different switching combinations. One 

switching combination is such that active switches Tbp, Tam, Tbn, Tbo and Tbr are ON; the 

second combination is such that switches Tbp, Tam, Tan, Tao and Tbr are ON, the third 

combination is such that switches Tap, Tbm, Tan, Tao and Tar are ON, the fourth 

combination is such that switches Tbp, Tbm, Tbn, Tao and Tbr are ON. During these 

operating stages, output voltage ABV is V1+V2, V1+V4, V2+V3 and V3+V4 respectively. 

These modes of operation can be seen in Figure 7.2 (d), Figure 7.2 (e), Figure 7.2 (f) and 

Figure 7.2 (g) respectively.  

• Minimum Positive Output Voltage:  

This output condition is possible for six different switching combinations. One 

switching combination is such that active switches Tbp, Tam, Tan, Tao and Tar are ON; the 
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second combination is such that switches Tap, Tam, Tbn, Tbo and Tbr are ON, the third 

combination is such that switches Tbp, Tbm, Tbn, Tao and Tar are ON, the fourth 

combination is such that switches Tap, Tam, Tan, Tao and Tbr are ON, the fifth combination 

is such that switches Tap, Tbm, Tbn, Tao and Tbr are ON, the fourth combination is such that 

switches Tbp, Tam, Tbn, Tbo and Tar are ON. During these operating stages, output voltage 

ABV is V1, V2, V3, V4, V1+V2-V4 and V3+V4-V1 respectively. These modes of operation 

can be seen in Figure 7.2 (h), Figure 7.2 (i), Figure 7.2 (j), Figure 7.2 (k), Figure 7.2 (l) 

and Figure 7.2 (m) respectively.  

• Zero Output voltage: 

This output condition is possible for four different switching combinations, either 

when whole first leg is ON or whole second leg is ON, the third combination is such that 

switches Tap, Tam, Tbn, Tbo and Tar are ON, the fourth combination is such that switches 

Tap, Tbm, Tbn, Tao and Tar are ON. At that instant, load will be short-circuited, and there 

will be no transfer of power from one side to the other side.  

• Minimum Negative Output Voltage:  

This output condition is possible for six different switching combinations. One 

switching combination is such that active switches Tap, Tbm, Tbn, Tbo and Tbr are ON; the 

second combination is such that switches Tbp, Tbm, Tan, Tao and Tar are ON, the third 

combination is such that switches Tap, Tam, Tan, Tbo and Tbr are ON, the fourth 

combination is such that switches Tbp, Tbm, Tbn, Tbo and Tar are ON, the fifth combination 

is such that switches Tbp, Tam, Tan, Tbo and Tar are ON, the fourth combination is such that 

switches Tap, Tbm, Tan, Tao and Tbr are ON. During these operating stages, output voltage 
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ABV is -V1, -V2, -V3, -V4, -V1-V2+V4 and -V3-V4+V1 respectively. These modes of 

operation can be seen in figure 7.3 (a), figure 7.3 (b), figure 7.3 (c), figure 7.3 (d), figure 

7.3 (e) and figure 7.3 (f) respectively.  

• Negative Output Voltage:  

This output condition is possible for four different switching combinations. One 

switching combination is such that active switches Tap, Tbm, Tan, Tao and Tar are ON; the 

second combination is such that switches Tap, Tbm, Tbn, Tbo and Tar are ON, the third 

combination is such that switches Tbp, Tam, Tbn, Tbo and Tbr are ON, the fourth 

combination is such that switches Tap, Tam, Tan, Tbo and Tar are ON. During these 

operating stages, output voltage ABV is -V1-V2, -V1-V4, -V2-V3 and -V3-V4 respectively. 

These modes of operation can be seen in Figure 7.3 (g), Figure 7.3 (h), Figure 7.3 (i) and 

Figure 7.3 (j) respectively.  

• Second Maximum negative Output Voltage:  

This output condition is possible for two different switching combinations. One 

switching combination is such that active switches Tap, Tbm, Tan, Tbo and Tbr are ON; the 

other combination is such that switches Tbp, Tbm, Tan, Tbo and Tar are ON. During these 

operating stages, output voltage ABV is -V1-V2-V3 and -V2-V3-V4 respectively. These 

modes of operation can be seen in Figure 7.3 (k) and Figure 7.3 (l) respectively. 

• Maximum Negative Output Voltage:  

When the switches Tap, Tbm, Tan, Tbo and Tar are ON; the output voltage ABV is -V1 

-V2-V3-V4 .This mode of operation can be seen in Figure 7.3 (m). 
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Figure 7.2 Positive modes of operation of multi string seven level inverter. 
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Figure 7.3 Negative modes of operation of multi string seven level inverter. 
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7.3 Logic Realization 

According to Kirchoff’s Current Law (KCL) and Kirchoff’s Voltage Law (KVL),  

ronmpjSS ajbj ,,,,;1 =−= . (7.1)  

where bjaj SS ,  are the switching functions of switches bjaj TT , , ronmpj ,,,,=  respectively. 

According to Karnaugh mapping, any output ‘y’ can be written as the sum of all 

operating modes. From Table 7.1, the voltage equation using Karnaugh mapping is written as  

( )∑= 32,31,30,29,28,27,26,25,24,23,22,21,20,19,18,17,16,13,12,11,10,9,8,7,6,5,4,3,2,1ABV . 

where Modes Operating are,...3,2,1  

Therefore  
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(7.2)  

Separating (7.2) into four different equations with each DC source  
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{ }arboanbraoanarbobnbraobnAB SSSSSSSSSSSSVV −+−= 44 .  

{ } ( )araoarbobraoAB SSVSSSSVV −=−= 444 .  

4321 ABABABABAB VVVVV +++= .  

( ) ( ) ( ) ( )araoanaoanamapamAB SSVSSVSSVSSVV −+−+−+−= 4321 . (7.5)  

The expression for voltage equation in terms of switching functions is given in (7.5). 

Similarly, the expressions for input currents 4321 ,,, ssss IIII  can also be found and are given in 

(7.8), (7.11), (7.14) and (7.17) respectively. 

For 1sI  

( )∑= 32,30,29,26,25,24,20,18,17,13,12,8,5,4,2,11sI . 
(7.6)  
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For 2sI  

( )∑= 32,31,30,27,26,25,21,19,16,13,9,6,4,3,2,12sI .

 

(7.9)  
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For 3sI  

( )∑= 32,31,30,28,27,24,22,18,17,12,10,7,6,3,2,13sI .
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For 4sI   

( )∑= 32,31,29,28,25,24,23,19,16,13,12,11,7,5,3,14sI . (7.15)  
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(7.17)  

Therefore the dynamic model equations of the system are given as 

( ) ( ) ( ) ( ) cooaraoanaoanamapam VpILSSVSSVSSVSSV +=−+−+−+− 4321 .

 

(7.18)  

Loc IICpV −= . (7.19)  

7.3.1 Voltage stress calculations 

The voltage stresses are calculated for switches in first leg and are given from (7.20) to 

(7.24). 

1VSV bpSap = . (7.20)  

)( 21 VVSV bmSam += . (7.21)  

)( 32 ssbnSan VVSV += . (7.22)  

)( 43 ssboSao VVSV += . (7.23)  

4sbrSar VSV = . (7.24)  
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7.4 Modulation Scheme 

For modulation scheme, level shifted carrier based PWM is used. In level shifted PWM, 

the carrier waveforms are one above another with equal amplitude.  

If the switching pulses of switches in one leg are generated, then their complementary 

will be respectively the switching pulses of switches in another leg. The generation of switching 

pulses is as follows: 
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where pM and nM  are the modulation signals and 1Tri , 2Tri , 3Tri and 4Tri  are the four carrier 

waveforms used to generate switching pulses by level shifted carrier based PWM. The 

modulation signals and carrier waveforms can be seen in Figure 7.4.  
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Figure 7.4 Modulation Scheme. 

7.4.1 Determination of expressions for modulation signals 

The expressions for modulation signals are determined using double Fourier series analysis. 

At any time, if the carrier frequency is much larger than the frequency of modulation signals, the 

switching functions are approximated based on the instantaneous values of modulation signal 

[74].  

Let the two modulation waveforms used be of the form )sin( 11 ψθ += MM p  and

)sin( 22 ψθ += MM n , where 1ψ and 2ψ  are the initial phase angles of modulation signals 

respectively and tωθ = , whereω is the frequency of the reference voltage waveform. 

From figure 7.5, the switching functions are approximated by their instantaneous values of 

modulation signal.  
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Figure 7.5 Approximations of switching functions in terms of instantaneous values of 

modulation signals. 







+≤≤++

+<≤
=

 2           1

                 

111

111

ψπθψπ

ψπθψ

p

p
ap M

M
S . 

(7.30)  





+≤≤+

+<≤
=

 2                   0

             2

111

111

ψπθψπ

ψπθψp
am

M
S . 

(7.31)  





+≤≤+
+<≤

=
 2                  1

                  0

222

222

ψπθψπ
ψπθψ

anS . 
(7.32)  





+≤≤+
+<≤−

=
 2                  0

          2

222

222

ψπθψπ
ψπθψn

ao

M
S . 

(7.33)  





+≤≤+−
+<≤−

=
 2             1

                

222

222

ψπθψπ
ψπθψ

n

n
ao M

M
S . 

(7.34)  

The double Fourier series approximation of converter switching functions given in [4] as 
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According to Fourier series, the clear derivations of expression for switching functions are given 

in Appendix C. The expression for Sap, Sam, San, Sao, Sar is given as 

( ))sin(2)sin(
2
1

111 θψ
π

ψθ −+++= MSap . 
(7.36)  
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(7.37)  
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(7.38)  
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++= MMSao . 
(7.39)  

( ))sin(2)sin(
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222 θψ
π

ψθ −++−= MSar . 
(7.40)  

Substituting (7.36), (7.37), (7.38), (7.39), (7.40) into (7.5), and considering 

sVVVVV ==== 4321 , then the output voltage equation becomes 
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7.5 Switching Loss Comparison with Four Cell Cascaded H-bridge inverter 

The switching power loss for this proposed topology is compared with the three cascaded 

H bridge multilevel Inverter topology. The average switching power loss Ps in the switch caused 

by these transitions [75] can be defined as  

( ))()(5.0 offonsoSs ttfIVP += , (7.44)  

where )(ont  and )(offt  are the turn-on and turn-off times, respectively; SV is the voltage stress 

across the switch; and oI is the current flowing through the switch. 

Let both the proposed circuit and cascaded H bridge multi-level converter be operated at the 

same turn-on and turn-off times and at the same load current oI . Then the average switching 

power loss Ps is proportional to SV and sf . So in general  

sSs fVP ∝ . (7.45)  

The voltage stresses of the sixteen switches of the conventional cascaded H-bridge 

inverter are all equal to sV .  
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Figure 7.6 Four cell cascaded H-bridge inverter. 

According to figure 7.6, the switching loss of cascaded H-bridge inverter from sixteen switches 

can be obtained as 

ssbridgeHs fVP 16, ∝− . (7.46)  

Similarly the switching power loss of multi string seven-level inverter shown in figure 7.1 with 

ten switches can also be obtained as 

( ) mssss fVfVP 264string multi, +∝ . (7.47)  

( )msss ffVP 34string multi, +∝ .
 

(7.48)  

where mf is the line frequency. 
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Because the switches bmam SS , , bnan SS , , boao SS , are operated at near line frequency and switching 

frequency is larger than line frequency sm ff << , the switching losses of the proposed circuit is 

approximated to  

sss fVP 4string multi, ∝  (7.1)  

Comparing equations (7.46) and (7.49), switching losses in multi string nine-level converter are 

about 30% less than four cascaded H bridge multi-level converter in this case. 

7.6 Simulation Results and Discussions  

The simulation of multi string nine-level inverter topology is carried out using 

Matlab/Simulink software. The parameters used for simulation are, VVAB 180= , VV 501 = , 

VV 502 = , VV 503 = , VV 504 =  and 1−=α . 21 , MM  are derived from (7.42) and (7.43) 

respectively. Figure 7.4 shows the modulation scheme that is used to generate switching pulses 

shown in Figures 7.7 and 7.8. From Figures 7.7 and 7.8, the switching pulses of the middle 

switches can be seen at almost line frequency. Figure 7.9 shows the voltage across each switch in 

the first leg, as can be seen from Figure 7.9, the voltage stress of middle two switches in the first 

leg aoanam TTT ,,  are twice that of other two switches. Figure 7.11 shows the waveforms of output 

phase voltage ABV  and. Figure 7.10 shows the waveforms of four input source currents. 
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Figure 7.7 Simulation result of switching pulses of the switches in first leg. 

 

Figure 7.8 Simulation result of switching pulses of the switches in second leg. 
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Figure 7.9 Simulation result of voltage stress of the switches in first leg of the converter. 

 

Figure 7.10 Simulation result of input source currents. 
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Figure 7.11 Simulation result of output phase voltage. 

7.7 Experimental results 

The experiments on multi string nine-level inverter are also performed on a laboratory 

prototype using TMS 320 F28335 eZdsp to generate the switching pulses of both the legs which 

are shown in Figures 7.12 and 7.13 respectively. The waveform of the output voltage can also be 

seen in Figure 7.14. The experimental results and simulation results validate each other. 
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(a) 

 

 (b)  

Figure 7.12 Experimental results of switching pulses of switches in first leg: (a) aoanamap SSSS ,,, , 

(b) aranamap SSSS ,,, . 
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(a) 

 

 (b) 

Figure 7.13 Experimental results of switching pulses of switches in second leg, (a) 

bobnbmbp SSSS ,,, , (b) brbnbmbp SSSS ,,, . 
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Figure 7.14 Experimental result of output phase voltage (50V/div). 

7.8 Summary 

This chapter presented a single-phase multistring nine-level inverter topology which has 

less number of switches required to produce the desired multi-level output for distributed energy 

resources compared to cascaded H-bridge converter topology. The modes of operation of nine-

level inverter topology are also discussed in this chapter. The equations for output voltage and 
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input source currents are calculated in terms of the input voltages and output current respectively 

using Karnaugh mapping technique. The expression of voltage stress for the switches in first leg 

are determined. The modulation scheme for this topology is also presented. The expression for 

modulation signal is determined using Fourier series analysis by approximating switching 

functions using the instantaneous values of modulation signals. The calculation of switching loss 

for multi string seven-level inverter is performed and the proposed topology reduces about 30% 

of switching loss compared to four cell cascaded H bridge multi-level converter. Simulation of 

the proposed system is carried out and waveforms of output voltage, input source currents, 

voltage stress are generated. Experimental results are conducted on 1kW laboratory prototype 

and the waveforms of switching pulses and output voltage are presented. The experimental 

results and simulation results validate each other. The only disadvantage with this type of 

converter when compared with cascade H bridge multi-level converter is the rating of switches. 

The rating of six middle switches should be twice the rating of other four switches. 
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CHAPTER 8  

GRID CONNECTED SINGLE PHASE MULTI STRING MULTI LEVEL INVERTER 

8.1 Introduction 

This chapter presents modelling of multi string multilevel inverter connected to the grid 

through an LCL filter. The LCL filter brings the advantage of providing a better decoupling 

between the filter and grid impedance (as it reduces the dependence of the filter on the grid 

parameters) and a lower ripple of the current stress across the grid inductor. The main objective 

regarding this topology is to control the overall active and reactive power going into the grid. 

The interests of distributed power system using a renewable energy have been increased. In 

terms of application strategies, a residential power generation concept with a capability of grid 

tie is rapidly being commercialized by an industry. In most cases, residential loads are supplied 

with a single-phase power from the grid. Therefore, the single-phase grid tie inverter with 

instantaneous power control scheme is deeply researched [68]. 

A rotating frame is widely used in a three-phase system. It has many advantages such as a 

time invariant control variable, a zero state error at steady state, an easy filtering and a 

decoupling control of active and reactive power. To use these advantages in a single-phase 

system, recently, a new rotating frame method for a single-phase is proposed in [64]. To 

implement these schemes, imaginary variables shifted by 
2
π

 must be obtained instantaneously 

which is called as Orthogonal Signal Generation (OSG).  
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The control of three-phase power converters in the qd rotating reference frame is now a 

matured and well-developed research topic. However, for single-phase converters, it is not as 

well established as three-phase applications. The main reason behind this lies partly in its more 

complex structure than the conventional stationary reference frame controller and also a 

secondary orthogonal signal that is needed to implement a single-phase controller in the qd 

reference frame. The different orthogonal signal generation (OSG) techniques are reviewed first 

by several authors, and their advantages and limitations are examined [67]. Then, the most 

suitable OSG technique for this study is selected. The structure of the suggested qd reference 

frame control is introduced afterward. Finally, based on a mathematical analysis, the stationary 

reference frame equivalent of the suggested control system is derived, which significantly 

simplifies the stability analysis and the controller parameter design. 

The modeling equations of single phase multi string multilevel converter are transformed 

into qd reference frame using harmonic balance technique. The modeling using harmonic 

balance technique is presented in this chapter and the controller design to control active and 

reactive power will be presented in next chapter.  

8.2 Topology and the design of LCL filter 

The topology of a single phase multi string nine level Inverter can be seen in Figure 8.1, 

where ioinimip SSSS ,,, and irS  are the switching functions of switches ioinimip TTTT ,,, and irT , 

bai ,=  respectively. 4321  and,,, VVVV  are input DC sources and 4321  and,,, ssss IIII  are 

respective input currents.  



 

199 

 

V1

V2

C

L1

Tap

Tam

Tan

Tbp

Tbm

Tbn

Is1

Is2

I1

V3

Tao
Tbo

Is3

V4

Tar Tbr

Is4

Vg

I2

L2R1 R2

 

Figure 8.1: Topology of single phase multi string nine level inverter connected to grid with LCL 

filter. 

The multi-level inverter is connected to the grid through a LCL filter while controlling 

active and reactive power going into the grid gV with 1L  as the inductor on the inverter side and 

current 1I  passing through it and 2L as the inductor on the grid side with current 2I  passing 

through it. 

8.2.1 Design of LCL filter 

LCL filters have been used in grid-connected inverters and pulse width-modulated 

(PWM) active rectifiers, because they minimize the amount of current distortion injected into the 
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utility grid. LCL filters have good performances in current ripple attenuations, but they introduce 

a resonance frequency in the system. Besides L-filters, LCL-filters are used for the grid 

connection. LCL-filters give advantages in costs and dynamic as smaller inductors can be used 

compared to L-filters in order to achieve the necessary damping of the switching harmonics. As a 

drawback the filters tend to oscillations with the filter resonance frequency. The several methods 

for the design of LCL filters are presented in [76], [77], [78], [79], [80], and [81].  

Procedure (Limits on the filter parameters): 

• The value of the capacitance is limited by the decrease of the power factor, that has to be 

less than 5% at the rated power; 

• The total value of the filter inductance has to be less than 0.1 p.u. for low power filters. 

However, for high power levels, the main aim is to avoid the saturation of the inductors; 

• The resonance frequency of the filter should be higher than 10 times the grid frequency 

and half of the switching frequency. 

Calculation of the filter values: 

A step by step procedure to obtain the parameters of LCL filter design under the 

conditions given in table 8.1 [79]. 

Base impedance Ω== 066.8
2

P
V

Z g
b  

Upper limit base capacitance F
V
PC

sg

rated
b µ

ω
44.16%5 2 ==  

1. The capacitor value ‘C’ is limited to decrease the capacitive reactive power at rated load 

to less than 5%. The percentage that is chosen randomly as 1.69%. 
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Therefore 

F
V
PC

sg

rated µ
ω

55.5%69.1 2 ==  

The reference peak current can be found out as A
V

PI rated
ref 28.19==  

1. Choose a tolerable current ripple on the inverter side: 

%40
4

%15
1

1 ≤=
∆

≤
refs

dc

ref IfL
V

I
I  

where 1I∆  is the inverter side current ripple. 

Current ripple is chosen as 16.91%. Calculating L1 based on the above equation. 

mHL 3.21 =  

2. The resonant frequency rf or rω  should be in a range between ten times the line 

frequency and one half of the switching frequency in order to not create resonance 

problems in the lower and higher parts of the harmonic spectrum. 

Table 8.1 Parameters for the calculation of filter values 

Switching frequency kHzfsw 5=  

Rated Power WPrated 1500=  

Input DC voltage VVdc 150=  

Grid voltage  VVg 110=  

Frequency of the grid voltage 60Hz 

Resonant frequency kHzf r 2=  
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Table 8.2 Derived filter parameters 

Inverter side Inductance mHL 3.21 =  

Capacitance FC µ55.5=  

Grid side Inductance mHL 3.22 =  

 

So the resonant frequency should be between kHzfr 5.2600 << . 

The resonant frequency is chosen as 2kHz in order to find L2. 

The expression for resonant frequency can be found using the impedances of L1, L2 and Cf. The 

resonance frequency is the frequency for which 21 //// ZZZ C is purely real, i.e., set the imaginary 

part of 21 //// ZZZ C equal to zero and solve for the frequency.  

f
r CLL

LLf
21

21

2
1 +

=
π

 

mHL 3.22 = . 

The final parameters of the filter are given in table 8.2. 

8.2.2 Determination of Transfer Function 

The transfer function of LCL filter is determined to plot the bode plot and to check the 

resonant frequency. 

cab VpILV += 11  (8.1)  
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( ) ( ) ( )sVssILsV cab +=⇒ 11  (8.2)  

Similarly 21 IICpVc −=  (8.3)  

( ) ( ) ( )sIsIsCsVc 21 −=⇒  (8.4)  

And gc VpILV += 22   (8.5)  

( ) ( ) ( )sVssILsV gc +=⇒ 22  (8.6)  

( ) ( ) ( )sVsVssIL gc −=⇒ 22   

( ) ( ) ( )
sL

sVsV
sI gc

2
2

−
=⇒  

 

From (8.4),  

( ) ( ) ( ) ( )
sL

sVsV
sIsCsV gc

c
2

1

−
−=  

( ) ( ) ( ) ( )
sL
sV

sL
sV

sIsCsV gc
c

22
1 +−=⇒  

( ) ( ) ( )
sL
sV

sIsV
sL

Cs g
c

2
1

2

1
+=








+⇒  

( )
( ) ( )

sL
Cs

sL
sV

sI
sV

g

c

2

2
1

1
+

+
=⇒  

 

 

 

 

 

 

 

(8.7)  

From (8.2), 

( ) ( )
( ) ( )

sL
Cs

sL
sV

sI
ssILsV

g

ab

2

2
1

11 1
+

+
+=  
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( ) ( ) ( ) ( )
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ab  

( ) ( ) ( ) ( ) ( )
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1
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++
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( ) ( ) ( ) ( )
11 2

2
12
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++
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sI
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sLsLCssLLsV g
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( ) ( ) ( ) ( )
11 2

2
12

2

21
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++

=⇒
CsL
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ab  

The transfer function 
( )
( ) ( )sLLCsLL

CsL
sV
sI

ab 21
3

21

2
21 1

++
+

= ,
( )
( ) ( )sLLCsLLsV
sI

g

s

21
3

21

1
++

=  

 

 

 

 

 

 

 

 

(8.8)  

 

The design of filter parameters can follow the basic guideline of attenuating the switching current 

harmonics through two inductors. The Bode plot of the LCL filter without damping is shown in 

Figure 8.2. From the Figure 8.2, the current is easily resonated at the natural resonance 

frequency. The insertion of a series resistance with the capacitor eliminates the gain spike, 

smoothes the overall response. It is possible to observe in this Bode diagram that the closed loop 

bandwidth must be within 2000 Hz when the phase shift is around -90o. At the resonant 

frequency of 2 kHz, the magnitude of the output current will be decreasing at a higher slope than 

before and the phase difference will be changed from -90o to +90o. 
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(a) 

Figure 8.2 Bode plot for transfer function of 𝐼𝑠(𝑠)
𝑉𝑔(𝑠) 

8.3 Harmonic Balance Technique 

The definition and application of HBT was presented in the early 1937 named by the 

Ukrainian scientists Kryloff and Bogoliuboff [82]. J.C. Lindenlaub presented a new approach of 

using HBT to acquire the sinusoidal steady state response of nonlinear system [83]. A more 

advanced and improved HBT was introduced by M. S. Nakhla and J. Vlach [84], [85]. 

HBT is a technique for the numerical solution of nonlinear analog circuits operating in the 

periodic regime. It is an efficient method for the simulation of the steady state response. HBT 

(also called the describing function method) is critical for the application of frequency response 
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of nonlinear system. The method uses frequency domain (Fourier series) techniques to 

decompose the system into two separate subsystems, a linear and a non-linear part. 

8.3.1 Dynamic Equations 

The dynamic equations of the system are given below. 

( ) ( ) ( ) ( )araoanaoanamapamab SSVSSVSSVSSVV −+−+−+−= 4321  

( ) ( ) ( ) ( ) caraoanaoanamapam VpILIRSSVSSVSSVSSV ++=−+−+−+− 11114321  

21 IICpVc −=  

gc VpILIRV ++= 2222  

(8.9)  

(8.10)  

(8.11)  

(8.12)  

By using Harmonic Balance Technique in equations (8.9-8.12), the state variables and 

switching functions are assumed to have average components and ripple quantities individually 

as below. The Fourier series analysis to find the average and ripple quantities are derived in 

Appendix E.  

( )ej
ggg eVV θRe=  

( )ej
ccc eVV θRe=  

( )ejeII θ
111 Re=  

( )ejeII θ
222 Re=  

( )ej
d eVVV θ2

1111 Re +=  

( )ej
d eVVV θ2

2222 Re +=  

( )ej
d eVVV θ2

3333 Re +=  
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( )ej
d eVVV θ2

4444 Re +=  

( )ejeMD θ
11 Re=  

( )ejeMD θ
22 Re=  

The main expression that will be used in the derivations of fundamental and ripple components 

in harmonic balance technique of the rectifier is given as 

( ) ( ) ( ) ( )*
212121 .Re

2
1.Re

2
1Re.Re ZZZZZZ +=  (8.13)  

Equation (8.9) implies 
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( ) ( ) ( ) ( ) ( )
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d
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e eV

eMVeMV
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Re
2
1Re

2
1
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+

−+

=+  

Comparing left hand side and right hand side of equations 

( )
( ) ( ) ( )

( ) 

















−−++

+++
=+

cc

dd

e

VIRMVV

MVVMVMV
IjpIL

111
*

24433

*
122112411

11111

2
1

2
1

ω  

(8.14)  

 

( ) ( ) 0
2
1

2
1

244111 =+ MVMV  
(8.15)  

Equation (8.10) implies 

21 IICpVc −=  

( ) ( ) ( )ejejej
cc eIeIeVCp θθθ

2211 ReReRe −=  

( ) ( ) ( )ejejej
ccecc eIeIeVjpVC θθθω 2211 ReReRe −=+  
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( ) 2211 IIVjpVC ccecc −=+ ω  (8.16)  

Equation (8.11) implies 

gc VIRVpIL −−= 2222  

( ) ( ) ( ) ( )ej
gg

ejej
cc

ej eVeIReVeIpL θθθθ ReReReRe 222222 −−=  

( ) ( ) ( ) ( )ej
gg

ejej
cc

ej
e eVeIReVeIjpIL θθθθω ReReReRe 22222222 −−=+  

( ) ggcce VIRVIjpIL −−=+ 22222222 ω  (8.17)  

The dynamic equations after doing the harmonic balance technique are 

( )
( ) ( ) ( )

( ) 

















−−++

+++
=+

cc

dd

e

VIRMVV

MVVMVMV
IjpIL

111
*

24433

*
122112411

11111

2
1

2
1

ω  

(8.18)  

( ) ( ) 0
2
1

2
1

244111 =+ MVMV  
(8.19)  

( ) 2211 IIVjpVC ccecc −=+ ω  (8.20)  

( ) ggcce VIRVIjpIL −−=+ 22222222 ω  (8.21)  

8.3.2 Steady State Analysis 

In the steady state, the state variables remain constant. Hence, the rate of change of each 

state variable with respect to time is zero, which means the derivative terms are equal to zero.  

Let 111 dq jMMM += , 222 dq jMMM += , 1111 dq jIII += , 2222 dq jIII += , dcqccc jVVV += , 

dgqggg jVVV +=  

Equating the derivative terms to zero, the steady state equations are 
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( ) ( ) ( )

( ) 
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==
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e

VIRMVV

MVVMVMV
ILj
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24433

*
122112411
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2
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ω  

(8.22)  

( ) ( ) 0
2
1

2
1

244111 =+ MVMV  
(8.23)  

2211 IIVjC cce −=ω  (8.24)  

ggcce VIRVIjL −−= 222222ω  (8.25)  

gdqgqdg QIVIV =− 22  (8.26)  

Equation (8.22) implies 

( ) ( ) ( )

( ) 

















−−++

+++
=

cc

dd

e

VIRMVV

MVVMVMV
ILj

111
*

24433

*
122112411

111

2
1

2
1

ω  

( ) ( ) ( ) ( )

( ) ( ) ( ) ( ) ( )














+−+−+++−++

−−+++++++
=









−
dcqc

dqdq

dqdddqdddddddq

de

qe

jVVVV
M

jVV
M

VV
M

jVV
M

IjRIRVVjMMVVVVjMVVM

IL
ILj

4433
2

4433
2

2211
1

2211
1

1111432243211211

11

11

2222
ω

ω

Comparing real and imaginary parts 

( ) ( ) ( ) ( ) 0
22 114433

2
2211

1
24321111 =−−++++++++ qcq

qq
qddddqde VIRVV

M
VV

M
MVVVVMILω  (8.27)  

( ) ( ) ( ) ( ) 0
22 114433

2
2211

1
43221111 =+++++++−+− dcq

dd
ddddddqe VIRVV

M
VV

M
VVMVVMILω  (8.28)  

Equation (8.23) implies 

( ) ( ) 0
2
1

2
1

2443312211 =+++ MVVMVV  

( )( ) ( )( ) 0
2
1

2
1

224433112211 =+++++ dqdq jMMVVjMMVV  
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( ) ( ) ( ) ( ) 0
2222 4433

2
4433

2
2211

1
2211

1 =+++++++ VVMjVV
M

VVMjVV
M dqdq  

Comparing real and imaginary parts 

( ) ( ) 0
22 4433

2
2211

1 =+++ VV
M

VV
M qq  

(8.29)  

( ) ( ) 0
22 4433

2
2211

1 =+++ VVMVVM dd  
(8.30)  

Equation (8.24) implies 

2211 IIVjC cce −=ω  

( ) ( )2211 dqdqdcqce jIIjIIjVVjC +−+=+ω  

2211 dqdqdceqce jIIjIIVCVjC −−+=− ωω  

Comparing real and imaginary parts 

021 =+− dceqq VCII ω  (8.31)  

021 =+− ddqce IIVCω  (8.32)  

Equation (8.25) implies 

ggcce VIRVIjL −−= 222222ω  

( ) ( ) ( ) ( )dgqgdqdcqcdqe jVVjIIRjVVjIIjL +−+−+=+ 222222ω  

dgqgdqdcqcdeqe jVVIjRIRjVVILIjL −−−−+=− 22222222 ωω  

Comparing real and imaginary parts 

02222 =+−− deqgqqc ILVIRV ω  (8.33)  

02222 =++− dgddcqe VIRVIL ω  (8.34)  

Equation (8.26) implies 
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gdqgqdg QIVIV =− 22  (8.35)  

Equations (8.27-8.35) are the 9 steady state equations with 10 unknowns 

dcqcdqdqdqdq VVIIIIMMMM ,,,,,,,,, 22112211 . A constraint to make the phase angle between two 

modulation signals to be 180o is added. 
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=  
(8.36)  

( ) ( )21 sgnsgn dd MM −=  (8.37)  

The unknown steady state variables are plotted for different power factors when the active power 

is varied from 0 to 1kW. The parameters and the conditions that are used for plotting these 

steady state variables are given in table 8.3. The unknown parameters that are plotted are  

𝑀1 = �𝑀𝑞1
2 + 𝑀𝑑1

2 , 𝑀2 = �𝑀𝑞2
2 + 𝑀𝑑2

2 ,  𝐼1 = �𝐼𝑞12 + 𝐼𝑑12 , 𝐼2 = �𝐼𝑞22 + 𝐼𝑑22 ,  𝑉𝑐 = �𝑉𝑞𝑐2 + 𝑉𝑑𝑐2  

Table 8.3 Parameters used to plot unknown steady state variables. 

Frequency of the grid 60Hz 

Magnitude of grid voltage 1000V 
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Input DC voltages 600V,600V,100V,100V 

Active power 0-1kW 

Power factor 0.4, 0.6, 0.8, 1.0 

Inverter side Inductor mHL 3.21 =  

Capacitor capacitance FC µ55.5=  

Grid side inductor mHL 3.22 =  

 

Figure 8.3 Variation of M1 with the change in active power. 
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Figure 8.4 Variation of M2 with the change in active power. 

 

Figure 8.5 Variation of I1 with the change in active power. 
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Figure 8.6 Variation of I2 with the change in active power. 

 

Figure 8.7 Variation of capacitor voltage with the change in active power. 
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8.4 Summary 

The topology of single phase multi string nine-level inverter with an LCL filter connected 

to the grid is presented in this chapter. The LCL filter is designed and Bode plot of transfer 

function is plotted. The Harmonic Balance Technique to transfer the single phase system to qd 

synchronous reference frame is presented. The steady state analysis of the system is also 

performed. The unknown variables in the steady state analysis are plotted for different power 

factors with the change in active power. 
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CHAPTER 9  

CONTROLLER DESIGN FOR MULTI STRING NINE LEVEL INVERTER 

CONNECTED TO THE GRID 

9.1 Introduction 

This chapter presents the controller designs of both the ‘L’ and ‘LCL’ filters of 

multistring nine-level inverter connected to the grid. The control schemes are designed in qd 

synchronous reference frame. As in every other grid connected control systems, this system also 

needs phase locked loop (PLL) control to synchronize the grid voltage and frequency to the 

filtered output voltage and frequency. A single phase PLL common to both the filters is set forth. 

The simulation results of both the filter types verify the proposed control schemes.  
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Figure 9.1 Topology of single phase multi string nine level inverter connected to grid with L 

filter 
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Figure 9.2: Topology of single phase multi string nine level inverter connected to grid with LCL 

filter 

 

The topologies of a single phase multi string nine level Inverter can be seen in Figure 9.1 

and Figure 9.2, where ioinimip SSSS ,,, and irS  are the switching functions of switches 

ioinimip TTTT ,,, and irT , bai ,=  respectively. 4321  and,,, VVVV  are input DC sources and 

4321  and,,, ssss IIII  are respective input currents. The multi-level inverter is connected to the grid 

through both L and LCL filters for controlling active and reactive power going into the grid gV

with 1L  as the inductor on the inverter side and current 1I  passing through it and 2L as the 

inductor on the grid side with current 2I  passing through it. 
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9.2 Single Phase PLL 
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Figure 9.3 Single phase PLL control scheme. 

As in every other grid connected controlled system, this system also need phase locked 

loop (PLL) control to synchronize the grid voltage and frequency to the filtered output voltage 

and frequency. The active and reactive power control schemes of single phase multi string multi-

level converter with LCL filter connected to the grid are designed in qd synchronous reference 

frame. The transformation to qd synchronous reference frame from single phase is not well 

established as the Park’s transformation requires a minimum of two orthogonal signals to 

transform. Hence, a fictitious orthogonal signal is generated using the APF (all pass filter) 

method to transfer the two signals into qd reference frame. Using the APF, a three phase qd 

phase locked loop (PLL) control scheme is applied to single phase.  

The transfer function for all pass filter (APF) is given as 

p
p

V
V

f

f

+

−
=
ω
ω

α

β  
(9.1)  
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+
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p
p

V
V

f +
−=
ωα

β 21  
 

( ) ( ) ααβ ωω pVpVpV ff 2−+=+   

αααββ ωω pVpVVpVV ff 2−+=+   

( ) ( )βαβα ω VVpVV f −=+  (9.2)  

If  
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(9.3)  
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ee
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θθ
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(9.4)  

Therefore,  

edeq VVV θθα sincos −=  (9.5)  

edeq VVV θθβ cossin +=  (9.6)  

Substituting (9.5) and (9.6) in (9.2) 

( ) ( )edeqedeqfedeqedeq VVVVpVVVV θθθθωθθθθ cossinsincoscossinsincos −−−=++−  (9.7)  

( ) ( )( ) ( ) ( )( )eedeeqfeedeeq VVpVV θθθθωθθθθ cossinsincoscossinsincos +−−=−−+   

( ) ( )( ) ( ) ( )( )eedeeqfeedeeq VVpVV θθθθωθθθθ cossinsincoscossinsincos +−−=−−+   

( ) ( )( ) ( ) ( )( )eedeeqfeeedeeq VVpVV θθθθωθθθθθ cossinsincossincoscossin +−−=+−+−   

( ) ( )( ) ( ) ( )( )eedeeqfeeedeeq VVpVV θθθθωθθθθθ cossinsincoscossincossin +−−=+−+−   
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( ) ( )( ) ( ) ( )( )eedeeqfeedeeqe VVVVp θθθθωθθθθθ cossinsincoscossinsincos +−−=+−−   

fep ωθ =  (9.8)  

Let αVVs =  be the grid voltage. Therefore, 

( )tVVV gms ωα cos==  (9.9)  

( )tVV gm ωβ sin=  (9.10)  

Using αβ  to qd transformation 
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(9.11)  

eeq VVV θθ βα sincos +=  (9.12)  

eed VVV θθ βα cossin +−=  (9.13)  

Substituting for βα VV ,  in (9.11). 

( ) ( ) egmegmd tVtVV θωθω cossinsincos +−=  (9.14)  

( )egmd tVV θω −= sin  (9.15)  

If ( ) 0sin0 =−⇒= tVV gemd ωθ  (9.16)  

( ) tt gege ωθωθ =⇒=− 0sin  (9.17)  

Based on the block diagram of single phase PLL, the transfer function is given as 
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p p
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p
KK θω =
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(9.18)  

( ) gffd
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p p
V

p
KK θω =
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10  
(9.19)  
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( )( ) gffegm
i

p p
tV

p
KK θωθω =+−−
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1sin0  
(9.20)  

( )( ) gffegm
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p p
V

p
KK θωθθ =+−−
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1sin0  
(9.21)  

If eg θθ −  is small, then ( ) egeg θθθθ −=−sin   

( )( ) gffegm
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p p
V

p
KK θωθθ =+−−
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1  
(9.22)  

( )( ) g
F

ffegm p
KV θωθθ =+−−  

 

( ) gFffemgm pKVV θωθθ =++−   

( ) FffgmFFem KVKpKV ωθθ −+=   

The transfer function 
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(9.23)  

m
I

P

I
Pm

e

g

V
p

KKp

p
KKV









++









+

=
θ
θ

 

 

[ ]
[ ] mIP

IPm

e

g

VKpKp
KpKV

++
+

= 2θ
θ

 
 

2
11

2

2
11

2 2
2

nn

nn

mImP

mImP

e

g

pp
p

VKVpKp
VKVpK

ωξω
ωξω

θ
θ

++
+

=
++

+
=  

(9.24)  

m

n
P V

K 12ξω
= ;

m

n
I V

K
2

1ω
=  

(9.25)  

where ξ  is the damping factor and is usually chosen as critical damping factor which is 0.707 
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1nω  is the natural frequency and it is chosen as 377(rad/s). 

 

Figure 9.4 Simulation result of PLL frequency and grid frequency.  

 

Figure 9.5 Simulation result of d-axis grid voltage 
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Figure 9.6 Simulation result of orthogonal signal generation using APF. 

 

Figure 9.7 Simulation result of q and d axis grid voltages. 
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Figure 9.8 Simulation of PLL frequency and grid frequency plots for ramp reference. 

9.3 Controller Design for Multi string Nine level Inverter connected to the grid through 

‘L’ filter 

The dynamic equations after doing the harmonic balance technique are 

( )( )( ) qgdddqdqdeq VVVVMVMILpIL −+−++=− 32142111111 sin4 ψθ
π

ω  
(9.26)  

( )( )( ) dgddddddqed VVVVMVMILpIL −+−++=+ 32142111111 sin4 ψθ
π

ω  
(9.27)  

The expressions for active and reactive powers are given below. 

11 ddgqqgg IVIVP +=  (9.28)  

11 dqgqdgg IVIVQ −=  (9.29)  
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From the equations of active and reactive power,  

221
dgqg

dggqgg
q VV

VQVP
I

+

+
=  

(9.30)  

221
dgqg

qggdgg
d VV

VQVP
I

+

−
=  

(9.31)  

9.3.1 Current controller design: 

The dynamic equation for controller design in qd reference frame is given as 

( )( )( ) qdgqdeqdqddddqddqd VIjLpILIRVVVMVM +++=+−++ 1111113214211 sin4 ωψθ
π

 
(9.32)  

9.3.1.1  q-axis current control: 

( )( )( ) qgdeqdddqdq VILpILVVVMVM +−=+−++ 11113214211 sin4 ωψθ
π

 
(9.33)  

( )( )( ) 11113214211 sin4
qqgdedddqdq pILVILVVVMVM =−++−++ ωψθ

π
 

 

( )( )( ) ( )1
*

11111113214211 sin4
qqqqqqgdedddqdq IIKpILVILVVVMVM −===−++−++ σωψθ

π
 

(9.34)  
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(9.36)  



 

226 

 

p
K

KpL

p
K

K

I

I

qI
qP

qI
qP

q

q

1
11

1
1

*
1

1

++

+
=  

 

qIqP

qIqP

q

q

KpKpL
KpK

I

I

11
2

1

11
*

1

1

++

+
=  

 

2
11

2

2
11

11
2

1

11
*

1

1

2
2

nn

nn

qIqP

qIqP

q

q

pp
p

KpKpL
KpK

I

I

ωξω
ωξω
++

+
=

++

+
=  

(9.37)  

11 2 nqPK ξω= ; 2
11 nqIK ω=  (9.38)  

where ξ  is the damping factor and is usually chosen as critical damping factor which is 0.707 

1nω  is the natural frequency  

9.3.1.2  d-axis current control: 

( )( )( ) dgqeddddddd VILpILVVVMVM ++=+−++ 11113214211 sin4 ωψθ
π

 
(9.39)  

( )( )( ) 11113214211 sin4
ddgqedddddd pILVILVVVMVM =−−+−++ ωψθ

π
 

 

( )( )( ) ( )1
*

11111113214211 sin4
ddddddgqedddddd IIKpILVILVVVMVM −===−−+−++ σωψθ

π
 

(9.40)  
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(9.43)  

11 2 ndPK ξω= ; 2
11 ndIK ω=  (9.44)  

Where ξ  is the damping factor and is usually chosen as critical damping factor which is 0.707 

1nω  is the natural frequency  

Therefore, 

( )( )( ) 1113214211 sin4
deqgqdddqdq ILVVVVMVM ωσψθ

π
−+=+−++  

(9.45)  

( )( )( ) 1113214211 sin4
qedgddddddd ILVVVVMVM ωσψθ

π
++=+−++  

(9.46)  

Therefore the final equations used for controlling active and reactive power going into the grid 

for multi string nine level inverter with ‘L’ filter are 

22

**
*

1
dgqg

dggqgg
q VV

VQVP
I

+

+
=  

(9.47)  

22

**
*

1
dgqg

qggdgg
d VV

VQVP
I

+

−
=  

(9.48)  

( )( )( ) 1113214211 sin4
deqgqdddqdq ILVVVVMVM ωσψθ

π
−+=+−++  

(9.49)  
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( )( )( ) 1113214211 sin4
qedgddddddd ILVVVVMVM ωσψθ

π
++=+−++  

(9.50)  

*
1

*
2

*
2

*
1 qdqd MMMM =  (9.51)  

The three equations that will be used to find the expressions for modulation indices are (9.49), 

(9.50) and (9.51). Since there are only three equations to find four unknowns, an equation is used 

to limit the modulation indices. The fourth equation is given in (9.52). 

21 dd MM α=  (9.52)  
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Figure 9.9 Control scheme of multi string nine level inverter connected to the grid through ‘L’ 

filter. 
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Figure 9.10 Overall control scheme. 

9.4 Simulation Results with ‘L’ filter 

The active and reactive powers are maintained at 1000W and 0Var for 0.2seconds. The reactive 

power is changed from 0Var to 600Var at 0.2 seconds. Similarly, the active power is changed 

from 1kW to 2kW at 0.4seconds. The main objective of changing the active and reactive powers 

in a step response is to verify the control scheme. From the figure 9.11, the tracking of the 

control scheme tracks the reference waves perfectly, which verifies the proposed control scheme. 
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Figure 9.11 Simulation results of reference and actual waveforms of Active and Reactive 

powers. 

 

Figure 9.12 Simulation result of output current of Inverter 
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Figure 9.13 Simulation result of calculated Modulation signals 

 

Figure 9.14 Simulation of output voltage of inverter 
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9.5 Controller Design for Multi string Nine level Inverter connected to the grid through 

‘LCL’ filter 

The dynamic equations after writing them in standard form are 

( )( )( )
1

321
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4
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(9.53)  
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(9.54)  
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22 L
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IpI qgqc
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(9.55)  
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d I
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(9.58)  

Writing them in matrix form 
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The expressions for active and reactive powers are given in  

22 ddgqqgg IVIVP +=  (9.59)  

22 dqgqdgg IVIVQ −= . (9.60)  

Based on the references for active and reactive powers, the references for the grid side current 

can be found.  

22

**
*

2
dgqg

dggqgg
q VV

VQVP
I

+

+
=  

(9.61)  

22

**
*

2
dgqg

qggdgg
d VV

VQVP
I

+

−
=  

(9.62)  

The three controllers are needed in this control scheme. They are called as  

1. Grid side current controller. 

2. Capacitor voltage controller. 

3. Inverter side current controller. 

9.5.2 Grid Side Current Controller Iqd2: 

The dynamic equation for the grid side loop is given here.  

qdgqdeqdqdc VIjLpILV ++= 2222 ω  (9.63)  

q - axis grid side current controller: 

qgdeqqc VILpILV +−= 2222 ω  (9.64)  

( ) 2222 qdeqgqc IpLILVV =+− ω   
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(9.67)  

33 2 nqPK ξω= ; 2
33 nqIK ω=  (9.68)  

where ξ  is the damping factor and is usually chosen as critical damping factor which is 0.707 

3nω  is the natural frequency. 

d - axis grid side current controller: 

dgqeddc VILpILV ++= 2222 ω  (9.69)  

( ) 2222 dqedgdc IpLILVV =−− ω   

( ) ( )2
*

2332222 dddddqedgdc IIKIpLILVV −===−− σω  (9.70)  
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(9.72)  

33 2 ndPK ξω= ; 2
33 ndIK ω=  (9.73)  

where ξ  is the damping factor and is usually chosen as critical damping factor which is 0.707 

1nω  is the natural frequency. 

9.5.3 Capacitor Voltage controller Vqdc: 

q - axis capacitor voltage controller: 

21 qdceqcq ICVCpVI +−= ω  (9.74)  

***
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*
1 qcdceqq CpVCVII =+− ω   
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CK nqP 22 2ξω= ; CK nqI
2

22 ω=  (9.78)  

where ξ  is the damping factor and is usually chosen as critical damping factor which is 0.707 

2nω  is the natural frequency. 

d - axis capacitor voltage controller: 

21 dqcedcd ICVCpVI ++= ω  (9.79)  

dcqcedd CpVCVII =−− ω21   
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(9.82)  

22 2 ndPK ξω= ; 2
22 ndIK ω=  (9.83)  

where ξ  is the damping factor and is usually chosen as critical damping factor which is 0.707 

2nω  is the natural frequency. 

9.5.4 Inverter side current controller Iqd1: 

( )( )( ) qdcqdeqdqddddqddqd VIjLpILIRVVVMVM +++=+−++ 1111113214211 sin4 ωψθ
π

 

q - axis inverter side current controller: 

( )( )( ) qcdeqdddqdq VILpILVVVMVM +−=+−++ 11113214211 sin4 ωψθ
π
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(9.86)  

11 2 nqPK ξω= ; 2
11 nqIK ω=  (9.87)  

where ξ  is the damping factor and is usually chosen as critical damping factor which is 0.707 

1nω  is the natural frequency. 

d - axis inverter side current controller: 

( )( )( ) dcqeddddddd VILpILVVVMVM ++=+−++ 11113214211 sin4 ωψθ
π

 
(9.88)  
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11 2 ndPK ξω= ; 2
11 ndIK ω=  

where ξ  is the damping factor and is usually chosen as critical damping factor which is 0.707 

1nω  is the natural frequency. 

Therefore, the final control equations are  

( )( )( ) 1113214211 sin4
deqcqdddqdq ILVVVVMVM ωσψθ

π
−+=+−++  

(9.91)  

( )( )( ) 1113214211 sin4
qedcddddddd ILVVVVMVM ωσψθ

π
++=+−++  

(9.92)  

*
1

*
2

*
2

*
1 qdqd MMMM =  (9.93)  

The three equations that will be used to find the expressions for modulation indices are (9.97), 

(9.98) and (9.99). Since there are only three equations to find four unknowns, an equation is used 

to limit the modulation indices. The fourth equation is given in (9.100). 

21 dd MM α=  (9.94)  
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Figure 9.15 Control diagram of all the three controllers 
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Figure 9.16 Overall control block diagram of the system 
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Figure 9.17 Closed loop control system in SIMULINK 
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9.6 Simulation Results with ‘LCL’ filter 

 

Figure 9.18 Simulation result of reference and actual waveforms of Active and reactive 

powers 

 

Figure 9.19 Simulation result of q and d axis inverter side currents 
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Figure 9.20 Simulation result of reference and actual waveforms of q and d axes 

capacitor voltages 

 

Figure 9.21 Simulation result of reference and actual waveforms of q and d axes grid side 

currents 
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Figure 9.22 Simulation result of State variables inverter side current, capacitor voltages 

and grid side current 

 

Figure 9.23 Simulation result of closed loop modulation signals 
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Figure 9.24 Simulation result of inverter output voltage 

 

Figure 9.25 Simulation result of input source currents 
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9.7 Summary 

The active and reactive power control schemes of single phase multi string multi-

level converter with L and LCL filters connected to the grid are designed in qd 

synchronous reference frame. The transformation to qd synchronous reference frame 

from single phase is not well established as the Park’s transformation requires a 

minimum of two orthogonal signals to transform. Hence, a fictitious orthogonal signal is 

generated using the APF (all pass filter) method to transfer the two signals into qd 

reference frame. Using the APF, the grid voltage is transformed into q and d axes 

voltages and a three phase qd phase locked loop (PLL) control scheme is applied. The 

control scheme to control active and reactive powers going into the grid is set forth. 

Computer simulation results obtained using a MATLAB/Simulink platform compared 

with experiment results for multi string seven-level inverter verifies the proposed control 

scheme. 
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CHAPTER 10  CONCLUSIONS AND FUTURE SUGGESTION 

10.1 Conclusions 

This thesis presents a method for the determination of the modulation signals for 

the multilevel cascaded single phase inverters which eliminate the dominant harmonics in 

the desired output voltage for both the linear and over-modulation operating regions. This 

method is applicable to the cases when the DC input voltages are either equal or unequal. 

The proposed method can also be extended to higher multilevel cascaded single-phase 

converters for the determination of the modulation signals. Computer simulation results, 

contour plot and experimental results are provided to demonstrate the utility of the 

proposed approach. This thesis therefore provides a transparent analytical method to 

determine the modulation signals required for unipolar PWM modulation of cascaded 

multi-level single-phase DC-AC converters. 

This thesis also presents a single-phase multistring multi-level inverter topology 

which has less number of switches required to produce the desired multi-level output for 

distributed energy resources compared to cascaded H-bridge converter topology. The 

modes of operation of multi string multi-level inverter topology are also discussed. The 

proposed method of Karnaugh mapping technique which was rarely used in power 

electronics converters is used to determine the expression for output voltage and input 

source currents in terms of the input voltages and output current respectively. The 

expression of voltage stress for the switches are also determined. The modulation scheme 
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for topologies are also presented which was never presented before. The expression for 

modulation signal is determined using Fourier series analysis by approximating switching 

functions using the instantaneous values of modulation signals. The calculation of 

switching loss for multi string seven-level inverter is performed and the topology reduces 

switching loss compared to cascaded H bridge multi-level converter. Simulation of the 

proposed system is carried out and waveforms of output voltage, input source currents, 

voltage stress are generated. Experimental results are conducted on 1kW laboratory 

prototype and the waveforms of switching pulses and output voltage are presented. The 

experimental results and simulation results validate each other. The only disadvantage 

with this type of converter when compared with cascade H bridge multi-level converter is 

rating of switches. The rating of all the middle switches should be twice the rating of 

other four switches. 

The experiment results are obtained using the Texas Instruments DSP F28335. 

The switching signals of bidirectional switches are generated using carrier based 

modulation technique. The results show that the generated switching pulses give a 

balanced set of output voltages with the desired magnitude and frequency. 

The topology of single phase multi string nine-level inverter with an LCL filter 

connected to the grid is also presented in this thesis. The LCL filter is designed and bode 

plot of transfer function is plotted. The Harmonic Balance Technique to transfer the 

single phase system to qd synchronous reference frame is presented. The active and 

reactive power control schemes of single phase multi string multi-level converter with L 

and LCL filters connected to the grid are designed in qd synchronous reference frame. 
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The transformation to qd synchronous reference frame from single phase is not well 

established as the Park’s transformation requires a minimum of two orthogonal signals to 

transform. Hence, a fictitious orthogonal signal is generated using the APF (all pass 

filter) method to transfer the two signals into qd reference frame. Using the APF, the grid 

voltage is transformed into q and d axes voltages and a three phase qd reference frame 

phase locked loop (PLL) control scheme is applied. The control scheme to control active 

and reactive powers going into the grid is set forth. Computer simulation results obtained 

using a MATLAB/Simulink platform for multi string nine-level inverter verifies the 

proposed control scheme. 

  

10.2 List of Contributions 

The main contributions of the thesis are listed below 

• This thesis presents a method for the determination of the modulation signals for 

the multilevel cascaded single phase inverters which eliminate the dominant 

harmonics in the desired output voltage for both the linear and over-modulation 

operating regions.  

• The thesis also extends the multi-string five-level inverter topology to multi-string 

seven and nine-level inverter topologies. This thesis also presents the modeling 

and analysis of multi string five, seven and nine-level inverter topologies which 

was never presented before. 
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• As a part of modeling this thesis clearly presents the proposed method of 

Karnaugh mapping technique which was rarely used in power electronics 

converters. The Karnaugh mapping technique is used to determine the expression 

for output voltage and input source currents in terms of the input voltages and 

output current respectively.  

• As a part of analysis this thesis presents the double Fourier series analysis to 

determine the expression for modulation signals. The expressions for modulation 

signals are determined by approximating switching functions using the 

instantaneous values of modulation signals. 

• The simulation and experimental results of both the cascaded H-bridge multi-level 

converter and multi-string multi-level converter are also presented. TMS 320 

F28335 eZdsp was used to generate the switching pulses of both the converters in 

the experimental setup. 

• The Harmonic Balance Technique to transfer the single phase system to qd 

synchronous reference frame is presented. The active and reactive power control 

schemes of single phase multi string multi-level converter with L and LCL filters 

connected to the grid are designed in qd synchronous reference frame. A control 

scheme to control active and reactive powers going into the grid is set forth.  
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10.3 Recommendations for Future Work 

This thesis assumes that there is a constant DC voltage at the input side of the 

converter. But for the future work, PV with maximum power point (MPPT) or batteries 

or fuel cells can also be considered as the inputs. 

Controlling the DC voltages of AC-DC multi-level converters can also be an 

incentive option to do the future work. The converter can also use the batteries from 

hybrid electric vehicles (HEV) and invert the DC voltage and supply the single phase AC 

voltage to the grid when needed. This thesis describes only about single phase multi-level 

inverters, but it can also be extended to three phase and multi-phase converters. 

The block diagram of the experimental system of cascaded H-bridge multi-level 

converter consisting of the power circuit, driver circuit, digital signal processor TMS 320 

F28335 eZdsp is given in Figure 10.1. The laboratory prototype is shown in Figure 10.2. 

The power stage of the converter is realized with sixteen bidirectional switches. The 

power circuit as well as the gate driver board are done on PCB. External connectors are 

used to interface the gate driver with the IGBTs. 
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Figure 10.1 Block diagram for the experimental set up. 

 

Figure 10.2 Laboratory prototype cascaded converter. 
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APPENDIX A  

COMPLETE DERIVATION OF FOURIER SERIES ANALYSIS OF MULTI-

STRING FIVE LEVEL INVERTER 

The double Fourier series approximation of converter switching functions given 

in [4] as 
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Solving for each switching function over a period, considering the average and 

fundamental components only  

Solving for Sap: 

The average component of Sap is derived as 
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The fundamental component (n=1) for Sap is derived as: 
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According to Fourier series, the expression for Sap is given as 
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Solving for Sam: 

The average component of Sam is derived as 
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The fundamental component (n=1) for Sam is derived as: 
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According to Fourier series, the expression for Sam is given as 
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Solving for San: 

The average component of San is derived as 
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The fundamental component (n=1) for San is derived as: 
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According to Fourier series, the expression for San is given as 
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Solving for Sbp: 

The average component of Sbp is derived as 
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The fundamental component (n=1) for Sbp is derived as: 
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According to Fourier series, the expression for Sbp is given as 
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Solving for Sbm: 

The average component of Sbm is derived as 
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The fundamental component (n=1) for Sbm is derived as: 
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According to Fourier series, the expression for Sbm is given as 
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Solving for Sbn: 

The average component of Sbn is derived as 
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The fundamental component (n=1) for Sbn is derived as: 

( ) 



















++++

++

=

∫

∫
+

+

+

22

2

222

2

2

222

1

)cos()sin(1

)cos()sin(
1

ψπ

ψπ

ψπ

ψ

θψθψθ

θψθψθ

π
dM

dM

a
bnS  

(A.43)  



 

278 

 

( ) 



















++−+++

+++++

=

∫

∫
+

+

+

22

2

2222
2

22

2

2

22
2

1

)sin()cos()sin(2
2

)2sin()cos()sin(2
21

ψπ

ψπ

ψπ

ψ

ψψπθψθψθ

ψψπθψθψθ

π
dM

dM

a
bnS  

 

( ) 



















++

+++

=

∫

∫
+

+

+

22

2

2
2

22

2

2

2
2

1

)22sin(
2

)2sin()2sin()22sin(
21

ψπ

ψπ

ψπ

ψ

θψθ

ψψθψθ

π
dM

dM

a
bnS  

 

( )

( ) 

















++−+++

+−++−
=

)222cos()224cos(
4

)22cos()222cos(
4

)2sin(21

2222
2

2222
2

2

1

ψψπψψπ

ψψψψπψ

π M

M

a
bnS  

 

( ) ( )





 −+−−= )4cos()4cos(

4
)4cos()4cos(

4
)2sin(21

22
2

22
2

21 ψψψψψ
π

MMa
bnS  

 

)2sin(2
21 ψ

π
=

bnSa  
(A.44)  

 

( ) 



















++++

++

=

∫

∫
+

+

+

22

2

222

2

2

222

1

)sin()sin(1

)sin()sin(
1

ψπ

ψπ

ψπ

ψ

θψθψθ

θψθψθ

π
dM

dM

b
bnS  

(A.45)  



























 +−+++

+−

=

∫

∫
+

+

+

22

2

2
2

2

2

2

2
2

1

)22cos(1(
2

)sin(

)22cos(1
21

ψπ

ψπ

ψπ

ψ

θψθψθ

θψθ

π
dM

dM

b
bnS  

 



 

279 

 

( )

























++−++−

+−++++−++−

+−++−−+

=

))222sin()224(sin(
4

))(2(
2

)cos()2cos(

))22sin()222(sin(
4

)(
2

1

2222
2

22
2

2222

2222
2

22
2

1

ψψπψψπ

ψπψπψψπψψπ

ψψψψπψψπ

π
M

M

MM

b
bnS  

 

( )



















−−

++−−−
=

))4sin()4(sin(
4

)(
2

)2cos()2cos())4sin()4(sin(
4

)(
21

22
2

2
2222

22

1

ψψ

πψψψψπ

π M

MMM

b
bnS  

 

( ) 





 ++−= )(

2
)2cos()2cos()(

2
1 2

22
2

1 πψψπ
π

MMb
bnS  

 

( ))2cos(21
221 ψπ

π
−= Mb

bnS  
 

)2cos(2
221 ψ

π
−= Mb

bnS  
(A.46)  

According to Fourier series, the expression for Sbn is given as 
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APPENDIX B 

COMPLETE DERIVATION OF FOURIER SERIES ANALYSIS OF MULTI-

STRING SEVEN LEVEL INVERTER 

The double Fourier series approximation of converter switching functions given in [4] 

as 
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Solving for each switching function over a period, considering the average and 

fundamental components only  

Solving for Sap: 

The average component of Sap is derived as 
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The fundamental component (n=1) for Sap is derived as: 
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According to Fourier series, the expression for Sap is given as 
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Solving for Sam: 

The average component of Sam is derived as 
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The fundamental component (n=1) for Sam is derived as: 
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According to Fourier series, the expression for Sam is given as 
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Solving for San: 

The average component of San is derived as 
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The fundamental component (n=1) for San is derived as: 











+= ∫

+

+

22

2

21 )cos(.11 ψπ

ψπ

θψθ
π

da
anS  

(B.20)  



 

285 

 

( )( ))sin()2sin(1
22221 ψψπψψπ

π
++−++−=

anSa  
 

( ))2sin()2sin(1
221 ψψ

π
+−=

anSa  
 

)2sin(2
21 ψ

π
−=

anSa  
(B.21)  

 











+= ∫

+

+

12

1

11 )sin(.11 ψπ

ψπ

θψθ
π

db
anS  

(B.22)  

( )( ))cos()2cos(1
11111 ψψπψψπ

π
++−++=

anSb  
 

( )( ))2cos()2cos(1
111 ψψ

π
+=

anSb  
 

)2cos(2
11 ψ

π
=

anSb  
(B.23)  

According to Fourier series, the expression for San is given as 
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Solving for Sao: 

The average component of Sao is derived as 
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The fundamental component (n=1) for Sao is derived as: 
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According to Fourier series, the expression for Sao is given as 
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APPENDIX C 

COMPLETE DERIVATION OF FOURIER SERIES ANALYSIS OF 

MULTI-STRING NINE LEVEL INVERTER 

The double Fourier series approximation of converter switching functions given in [4] 

as 
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Solving for each switching function over a period, considering the average and 

fundamental components only  

Solving for Sap: 

The average component of Sap is derived as 
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The fundamental component (n=1) for Sap is derived as: 
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According to Fourier series, the expression for Sap is given as 
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Solving for Sam: 

The average component of Sam is derived as 
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The fundamental component (n=1) for Sam is derived as: 
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According to Fourier series, the expression for Sam is given as 
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Solving for San: 

The average component of San is derived as 
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The fundamental component (n=1) for San is derived as: 
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According to Fourier series, the expression for San is given as 
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Solving for Sao: 

The average component of Sao is derived as 
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The fundamental component (n=1) for Sao is derived as: 
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According to Fourier series, the expression for Sao is given as 
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Solving for Sar: 

The average component of Sar is derived as 
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The fundamental component (n=1) for Sar is derived as: 
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According to Fourier series, the expression for Sar is given as 
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APPENDIX D 

GENERATION OF SWITCHING PULSES USING DSP F28335 FOR FOUR 

CELL CASCADED H-BRIDGE INVERTER 

The code that was written to generate the switching pulses of switches in four cell 

cascaded H-bridge multi-level converter is given below. 

 

#include "DSP2833x_Device.h" 

#include "IQmathLib.h" 

#pragma DATA_SECTION(sine_table,"IQmathTables"); 

_iq30 sine_table[512]; 

// external function prototypes 

extern void InitSysCtrl(void); 

extern void InitPieCtrl(void); 

extern void InitPieVectTable(void); 

extern void InitCpuTimers(void); 

extern void ConfigCpuTimer(struct CPUTIMER_VARS *, float, float); 

// Prototype statements for functions found within this file. 

void Gpio_select(void); 

void Setup_ePWM(void); 

//interrupt void ePWM1A_compare_isr(void); 

interrupt void cpu_timer0_isr(void); 
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//######################################################################

##### 

//      main code     

  

//######################################################################

##### 

void main(void) 

{ 

InitSysCtrl(); // Basic Core Init from DSP2833x_SysCtrl.c 

EALLOW; 

SysCtrlRegs.WDCR= 0x00AF; // Re-enable the watchdog  

EDIS;   // 0x00AF  to NOT disable the Watchdog, Prescaler = 64 

DINT;    // Disable all interrupts 

Gpio_select();  // GPIO9, GPIO11, GPIO34 and GPIO49 as output 

         // to 4 LEDs at Peripheral Explorer Board 

Setup_ePWM();  // init of ePWM 

InitPieCtrl();  // basic setup of PIE table; from DSP2833x_PieCtrl.c 

InitPieVectTable(); // default ISR's in PIE 

EALLOW; 

PieVectTable.TINT0 = &cpu_timer0_isr; 

//PieVectTable.TINT0 = &cpu_timer0_isr; 

EDIS; 

InitCpuTimers(); // basic setup CPU Timer0, 1 and 2 
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ConfigCpuTimer(&CpuTimer0,150,33); 

// Enable EPWM INT in the PIE: Group 3 interrupt 1 

 PieCtrlRegs.PIEIER1.bit.INTx7 = 1; 

IER |=1; // enable INT3 for ePWM1 

EINT; 

ERTM; 

CpuTimer0Regs.TCR.bit.TSS = 0; // start timer0 

while(1) 

{   

while(CpuTimer0.InterruptCount == 0); 

CpuTimer0.InterruptCount = 0;   

EALLOW; 

SysCtrlRegs.WDKEY = 0x55; // service WD #1 

EDIS; 

} 

}  

void Gpio_select(void) 

{ 

EALLOW; 

GpioCtrlRegs.GPAMUX1.all = 0;  // GPIO15 ... GPIO0 = General Puropse I/O 

GpioCtrlRegs.GPAMUX1.bit.GPIO0 = 1; // ePWM1A active 

GpioCtrlRegs.GPAMUX1.bit.GPIO1 = 1; // ePWM1B active 

GpioCtrlRegs.GPAMUX1.bit.GPIO2 = 1; // ePWM2A active 
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GpioCtrlRegs.GPAMUX1.bit.GPIO3 = 1; // ePWM2B active 

GpioCtrlRegs.GPAMUX1.bit.GPIO4 = 1; // ePWM3A active 

GpioCtrlRegs.GPAMUX1.bit.GPIO5 = 1; // ePWM3B active 

GpioCtrlRegs.GPAMUX1.bit.GPIO6 = 1; // ePWM4A active 

GpioCtrlRegs.GPAMUX1.bit.GPIO7 = 1; // ePWM4B active 

 GpioCtrlRegs.GPAMUX1.bit.GPIO8 = 1; // ePWM5A active      

 GpioCtrlRegs.GPAMUX1.bit.GPIO9 = 1; // ePWM5B active  

 GpioCtrlRegs.GPAMUX1.bit.GPIO10 = 1;// ePWM6A active     

 GpioCtrlRegs.GPAMUX1.bit.GPIO11 = 1;// ePWM6B activ   

GpioCtrlRegs.GPAMUX2.all = 0; // GPIO31 ... GPIO16 = General Purpose I/O 

GpioCtrlRegs.GPBMUX1.all = 0; // GPIO47 ... GPIO32 = General Purpose I/O 

GpioCtrlRegs.GPBMUX2.all = 0; // GPIO63 ... GPIO48 = General Purpose I/O 

GpioCtrlRegs.GPCMUX1.all = 0; // GPIO79 ... GPIO64 = General Purpose I/O 

GpioCtrlRegs.GPCMUX2.all = 0; // GPIO87 ... GPIO80 = General Purpose I/O 

GpioCtrlRegs.GPADIR.all = 0; 

GpioCtrlRegs.GPBDIR.all = 0;  // GPIO63-32 as inputs 

GpioCtrlRegs.GPCDIR.all = 0;  // GPIO87-64 as inputs 

EDIS; 

}   

void Setup_ePWM(void) 

{ 

EPwm1Regs.TBCTL.bit.CLKDIV =  0; // CLKDIV = 1   

EPwm1Regs.TBCTL.bit.HSPCLKDIV = 1; // HSPCLKDIV = 1 
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EPwm1Regs.TBCTL.bit.CTRMODE = 2; // up - down mode 

EPwm1Regs.AQCTLA.all = 0x0060;  // set ePWM1A on CMPA up 

EPwm1Regs.AQCTLB.all = 0x0090; 

EPwm1Regs.TBPRD = 37500;  // timer period for 500 KHz 

    // TBPRD = 1/2 ( 150 MHz / 500 kHz)  

EPwm1Regs.CMPA.half.CMPA = EPwm1Regs.TBPRD / 2; // 50% duty cycle first 

EPwm1Regs.DBRED = 750;    // 10 microseconds delay              

 EPwm1Regs.DBFED = 750;    // for rising and falling edge       

 EPwm1Regs.DBCTL.bit.OUT_MODE = 3; // ePWM1A = RED                      

 EPwm1Regs.DBCTL.bit.POLSEL = 1;  // S3=1 inverted signal at ePWM1B     

 EPwm1Regs.DBCTL.bit.IN_MODE = 0; // ePWM1A = source for RED & FED      

 

 EPwm2Regs.TBCTL.bit.CLKDIV =  0; // CLKDIV = 1                      

 EPwm2Regs.TBCTL.bit.HSPCLKDIV = 1; // HSPCLKDIV = 1                        

 EPwm2Regs.TBCTL.bit.CTRMODE = 2; // up - down mode                       

 EPwm2Regs.AQCTLA.all = 0x0060;  // set ePWM2A on CMPA up                

 EPwm2Regs.AQCTLB.all = 0x0090;                                              

 EPwm2Regs.TBPRD = 37500;  // timer period for 500 KHz         

      // TBPRD = 1/2 ( 150 MHz / 500 kHz)     

 EPwm2Regs.CMPA.half.CMPA = EPwm2Regs.TBPRD / 2; // 50% duty cycle first     

 EPwm2Regs.DBRED = 750;    // 10 microseconds delay          */ 

EPwm2Regs.DBFED = 750;    // for rising and falling edge    */ 

EPwm2Regs.DBCTL.bit.OUT_MODE = 3; // ePWM2A = RED                   */ 
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EPwm2Regs.DBCTL.bit.POLSEL = 1; // S3=1 inverted signal at ePWM1B */ 

 EPwm2Regs.DBCTL.bit.IN_MODE = 0; // ePWM1A = source for RED & FED  */ 

EPwm3Regs.TBCTL.bit.CLKDIV =  0; // CLKDIV = 1   

EPwm3Regs.TBCTL.bit.HSPCLKDIV = 1; // HSPCLKDIV = 1 

EPwm3Regs.TBCTL.bit.CTRMODE = 2; // up - down mode 

EPwm3Regs.AQCTLA.all = 0x0060;  // set ePWM3A on CMPA up 

EPwm3Regs.AQCTLB.all = 0x0600; 

EPwm3Regs.TBPRD = 37500;    // timer period for 500 KHz 

     // TBPRD = 1/2 ( 150 MHz / 500 kHz)  

EPwm3Regs.CMPA.half.CMPA = EPwm3Regs.TBPRD / 2; // 50% duty cycle first 

EPwm3Regs.CMPB = EPwm3Regs.TBPRD ; // 50% duty cycle first 

EPwm4Regs.TBCTL.bit.CLKDIV =  0; // CLKDIV = 1   

EPwm4Regs.TBCTL.bit.HSPCLKDIV = 1; // HSPCLKDIV = 1 

EPwm4Regs.TBCTL.bit.CTRMODE = 2; // up - down mode 

EPwm4Regs.AQCTLA.all = 0x0060;  // set ePWM4A on CMPA up 

EPwm4Regs.AQCTLB.all = 0x0600; 

EPwm4Regs.TBPRD = 37500;  // timer period for 500 KHz 

    // TBPRD = 1/2 ( 150 MHz / 500 kHz)  

EPwm4Regs.CMPA.half.CMPA = EPwm4Regs.TBPRD / 2; // 50% duty cycle first 

EPwm4Regs.CMPB = EPwm4Regs.TBPRD ; // 50% duty cycle first 

 EPwm5Regs.TBCTL.bit.CLKDIV =  0; // CLKDIV = 1                     */ 

 EPwm5Regs.TBCTL.bit.HSPCLKDIV = 1; // HSPCLKDIV = 1                       */ 

 EPwm5Regs.TBCTL.bit.CTRMODE = 2; // up - down mode                      */ 
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 EPwm5Regs.AQCTLA.all = 0x0060;  // set ePWM5A on CMPA up    

 EPwm5Regs.AQCTLB.all = 0x0090;             

 EPwm5Regs.TBPRD = 37500;  // timer period for 500 KHz        */ 

      // TBPRD = 1/2 ( 150 MHz / 500 kHz)    */ 

 EPwm5Regs.CMPA.half.CMPA = EPwm5Regs.TBPRD / 2;// 50% duty cycle first    */ 

EPwm5Regs.DBRED = 750;    // 10 microseconds delay             

 EPwm5Regs.DBFED = 750;    // for rising and falling edge       

 EPwm5Regs.DBCTL.bit.OUT_MODE = 3; // ePWM5A = RED                      

 EPwm5Regs.DBCTL.bit.POLSEL = 1;  // S3=1 inverted signal at ePWM1B    

EPwm5Regs.DBCTL.bit.IN_MODE = 0; // ePWM1A = source for RED & FED   

 EPwm6Regs.TBCTL.bit.CLKDIV =  0; // CLKDIV = 1                     */ 

 EPwm6Regs.TBCTL.bit.HSPCLKDIV = 1; // HSPCLKDIV = 1                       */ 

 EPwm6Regs.TBCTL.bit.CTRMODE = 2; // up - down mode                      */ 

 EPwm6Regs.AQCTLA.all = 0x0060; // set ePWM6A on CMPA up               */ 

EPwm6Regs.AQCTLB.all = 0x0090; 

 EPwm6Regs.TBPRD = 37500;  // timer period for 500 KHz        */ 

      // TBPRD = 1/2 ( 150 MHz / 500 kHz)    */ 

 EPwm6Regs.CMPA.half.CMPA = EPwm6Regs.TBPRD / 2; // 50% duty cycle first*/  

EPwm6Regs.DBRED = 750;    // 10 microseconds delay             

 EPwm6Regs.DBFED = 750;    // for rising and falling edge       

 EPwm6Regs.DBCTL.bit.OUT_MODE = 3; // ePWM6A = RED                      

 EPwm6Regs.DBCTL.bit.POLSEL = 1;  // S3=1 inverted signal at ePWM1B    

EPwm6Regs.DBCTL.bit.IN_MODE = 0; // ePWM1A = source for RED & FED   
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EPwm1Regs.ETSEL.all = 0; 

EPwm1Regs.ETSEL.bit.INTEN = 1;  // interrupt enable for ePWM1 

EPwm1Regs.ETSEL.bit.INTSEL = 5;  // interrupt on CMPA down match 

EPwm1Regs.ETPS.bit.INTPRD = 1;  // interrupt on first event 

EPwm2Regs.ETSEL.all = 0; 

EPwm2Regs.ETSEL.bit.INTEN = 1;  // interrupt enable for ePWM2 

EPwm2Regs.ETSEL.bit.INTSEL = 5;  // interrupt on CMPA down match 

EPwm2Regs.ETPS.bit.INTPRD = 1;  // interrupt on first event 

EPwm3Regs.ETSEL.all = 0; 

EPwm3Regs.ETSEL.bit.INTEN = 1;  // interrupt enable for ePWM3 

EPwm3Regs.ETSEL.bit.INTSEL = 5;  // interrupt on CMPA down match 

EPwm3Regs.ETPS.bit.INTPRD = 1;  // interrupt on first event 

EPwm4Regs.ETSEL.all = 0; 

EPwm4Regs.ETSEL.bit.INTEN = 1;  // interrupt enable for ePWM4 

EPwm4Regs.ETSEL.bit.INTSEL = 5;  // interrupt on CMPA down match 

EPwm4Regs.ETPS.bit.INTPRD = 1;  // interrupt on first even 

 EPwm5Regs.ETSEL.all = 0;                                             

EPwm5Regs.ETSEL.bit.INTEN = 1;  // interrupt enable for ePWM5   */ 

 EPwm5Regs.ETSEL.bit.INTSEL = 5;  // interrupt on CMPA down match */ 

 EPwm5Regs.ETPS.bit.INTPRD = 1;  // interrupt on first event     */ 

                                                                       

 EPwm6Regs.ETSEL.all = 0;                                             

 EPwm6Regs.ETSEL.bit.INTEN = 1;  // interrupt enable for ePWM6   */ 
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 EPwm6Regs.ETSEL.bit.INTSEL = 5;  // interrupt on CMPA down match */ 

 EPwm6Regs.ETPS.bit.INTPRD = 1;  // interrupt on first event     */ 

}  

interrupt void cpu_timer0_isr(void) 

// ISR runs every 2000 ns (PWM-frequency = 500 KHz) 

// and is triggered by ePWM1 compare event 

// run - time of ISR is 630 ns 

{ 

static unsigned int index=0;   

static int up_down = 1; 

CpuTimer0.InterruptCount++; 

// Service watchdog every interrupt 

 EALLOW; 

SysCtrlRegs.WDKEY = 0xAA;  // Service watchdog #2 

EDIS; 

EPwm1Regs.CMPA.half.CMPA=EPwm1Regs.TBPRD-

_IQsat(_IQ30mpy(((0.8*sine_table[index+128])+_IQ30(0.9999))/2,EPwm1Regs.TBPRD

),EPwm1Regs.TBPRD,0); 

 EPwm2Regs.CMPA.half.CMPA=EPwm2Regs.TBPRD- 

_IQsat(_IQ30mpy(((0.8*sine_table[index+384])+_IQ30(0.9999))/2,EPwm2Regs.TBPRD

),EPwm2Regs.TBPRD,0); 
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EPwm3Regs.CMPA.half.CMPA=EPwm3Regs.TBPRD- 

_IQsat(_IQ30mpy(((0.8*sine_table[index])+_IQ30(0.9999))/2,EPwm3Regs.TBPRD),EP

wm3Regs.TBPRD,0); 

EPwm3Regs.CMPB=EPwm3Regs.TBPRD- 

_IQsat(_IQ30mpy(((0.8*sine_table[index+256])+_IQ30(0.9999))/2,EPwm3Regs.TBPRD

),EPwm3Regs.TBPRD,0); 

EPwm4Regs.CMPA.half.CMPA=EPwm4Regs.TBPRD- 

_IQsat(_IQ30mpy(((0.8*sine_table[index+64])+_IQ30(0.9999))/2,EPwm4Regs.TBPRD)

,EPwm4Regs.TBPRD,0); 

EPwm4Regs.CMPB=EPwm4Regs.TBPRD- 

_IQsat(_IQ30mpy(((0.8*sine_table[index+320])+_IQ30(0.9999))/2,EPwm4Regs.TBPRD

),EPwm4Regs.TBPRD,0); 

 EPwm5Regs.CMPA.half.CMPA=EPwm5Regs.TBPRD- 

_IQsat(_IQ30mpy(((0.8*sine_table[index+192])+_IQ30(0.9999))/2,EPwm5Regs.TBPRD

),EPwm5Regs.TBPRD,0); 

EPwm6Regs.CMPA.half.CMPA=EPwm6Regs.TBPRD- 

_IQsat(_IQ30mpy(((0.8*sine_table[index])+_IQ30(0.9999))/2,EPwm6Regs.TBPRD),EP

wm6Regs.TBPRD,0); 

    index +=1;          // use next element out of lookup table 

    if (index >511) index = 0; 

EPwm1Regs.ETCLR.bit.INT = 1;  // Clear ePWM1 Interrupt flag 

EPwm2Regs.ETCLR.bit.INT = 1;  // Clear ePWM2 Interrupt flag 

EPwm3Regs.ETCLR.bit.INT = 1;  // Clear ePWM3 Interrupt flag 
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EPwm4Regs.ETCLR.bit.INT = 1;  // Clear ePWM4 Interrupt flag 

EPwm5Regs.ETCLR.bit.INT = 1;  // Clear ePWM5 Interrupt flag 

EPwm6Regs.ETCLR.bit.INT = 1;  // Clear ePWM6 Interrupt flag 

// Acknowledge this interrupt to receive more interrupts from group 3 

   if(up_down) 

{ 

if(EPwm1Regs.CMPA.half.CMPA < EPwm1Regs.TBPRD) 

EPwm1Regs.CMPA.half.CMPA++; 

else up_down = 0; 

} 

else 

{ 

if(EPwm1Regs.CMPA.half.CMPA > 0) EPwm1Regs.CMPA.half.CMPA--; 

else up_down = 1; 

} 

if(up_down) 

{ 

if(EPwm2Regs.CMPA.half.CMPA < EPwm2Regs.TBPRD) 

EPwm2Regs.CMPA.half.CMPA++; 

else up_down = 0; 

} 

else 

{ 
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if(EPwm2Regs.CMPA.half.CMPA > 0) EPwm2Regs.CMPA.half.CMPA--; 

else up_down = 1; 

} 

if(up_down) 

{ 

if(EPwm5Regs.CMPA.half.CMPA < EPwm5Regs.TBPRD) 

EPwm5Regs.CMPA.half.CMPA++; 

else up_down = 0; 

} 

else 

{ 

if(EPwm5Regs.CMPA.half.CMPA > 0) EPwm5Regs.CMPA.half.CMPA--; 

else up_down = 1; 

} 

if(up_down) 

{ 

if(EPwm6Regs.CMPA.half.CMPA < EPwm6Regs.TBPRD) 

EPwm6Regs.CMPA.half.CMPA++; 

else up_down = 0; 

} 

else 

{ 

if(EPwm6Regs.CMPA.half.CMPA > 0) EPwm6Regs.CMPA.half.CMPA--; 
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else up_down = 1; 

} 

PieCtrlRegs.PIEACK.all = PIEACK_GROUP1; 

} 

//==============================================================

============= 

// End of SourceCode. 

//==============================================================

============= 
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APPENDIX E 

HARMONIC BALANCE TECHNIQUE AVERAGE AND RIPPLE 

COMPONENTS DERIVATION 

In general, a repetitive non sinusoidal waveform f(t) repeating with an constant 

frequency ω can be expressed as  
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where the RMS magnitude  
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The Fourier analysis for switching function is shown as below: 

for ha  
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when h is odd: 
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when h is even: 
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Further we can get  
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Similarly, we can get the expression of hb  
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when h is even: 
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when h is odd: 
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when h is odd: 
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Thus the components of the Fourier analysis are expressed as below: 
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Therefore the general expression can be written by 
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Where the RMS magnitude is 
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and phase hφ is given by 
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For the first fundamental component, it can be represented as, 
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Hence the complex form is shown as below: 
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APPENDIX F 

PCB SCHEMATICS AND DESIGNS 

DRIVER CIRCUIT: 

Every bidirectional switch needs a gate driver to turn on and off the switch. The 

gate driver component that is used to drive the bidirectional switches is MC33153P. The 

gate driver circuit also consists of optocoupler TLP 350 which isolates the voltages and 

currents on the bidirectional switch and DSP. Some other zener diodes, resistors, 

capacitors and LEDs are used in this driver circuit. The schematic of the driver circuit is 

shown in Figure F.1 and also the top and bottom layers of diptrace design are shown in 

Figure F.2 and Figure F.3 respectively. The circuit board is printed and the components 

are soldered on the printed circuit board (PCB) and the picture of the driver circuit while 

it’s turned on is shown in Figure F.4. 

 

Figure F.1 Schematic of driver circuit 
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Figure F.2 Top layer of Diptrace design of driver circuit. 

 

Figure F.3 Bottom layer of Diptrace design of driver circuit 
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Figure F.4 Laboratory setup of driver circuit. 

ISOLATED DC POWER SUPPLY 

Each driver circuit requires a minimum of 15V and it can work up to the 

maximum voltage of 24V. In order to make these switches work independently, for each 

switch an isolated power supply is needed. Since it would be difficult to get many 

individual DC power supplies, an isolated power supply circuit is built to supply DC 

voltage to the driver circuit. The schematic of isolated power circuit is shown in Figure 

F.5. The diptrace design of isolated power circuit is shown in Figure F.6 and the 

laboratory prototype is shown in Figure F.7.  
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Figure F.5 Schematic of isolated power circuit. 

 

Figure F.6 PCB design of top layer of isolated power circuit 
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Figure F.7 Laboratory prototype of isolated power circuit. 

POWER CIRCUIT FOR MULTILEVEL INVERTER 

The main circuit of switches is shown in the diptrace design in Figure F.8. Each switch is 

built individually so that they can be used to any circuit later. All these circuits driver 

circuit, power circuit and isolated power circuit are connected together and are shown in 

laboratory prototype in Figure F.9.  

 

Figure F.8 Diptrace PCB design of power circuit. 
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Figure F.9 Overall circuit of multistring multi-level inverter 

 

SENSOR DESIGNS: 

 

The AC current and voltage sensors are designed for the getting closed loop feedback 

signals. These signals will be sent in the Analog to Digital Converter (ADC) of the DSP. 

The printed circuit board design is done using Novarm Diptrace software and the designs 

of both the current and voltage sensors are shown in Figure F.10 and Figure F.11 

respectively.  
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Figure F.10. Diptrace design of three AC current sensors 

 

Figure F.11 Diptrace design of Voltage sensor. 
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DEAD TIME CIRCUIT 

The importance of the dead time circuit is that it generates a short delay between the two 

complementary switches. This is to make sure that the complementary switches are not 

turning on together at any point of time. The schematic of dead time circuit is shown in 

Figure F.12 and the printed circuit board design using Novarm’s diptrace software is 

shown in Figure F.13.  

 

Figure F.12 Dead time circuit schematic 
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Figure F.13 Dead time circuit diptrace PCB design. 

COMPLEMENTARY CIRCUIT: 

The DSP has few general purpose input ouput (GPIO) pins to generate PWM signals. The 

four cell cascaded converter requires 16 PWM signals and DSP F28335 can generate 

maximum of 12 PWM signals. Hence complementary circuit is designed so the signals 

that needs to be complemented can be sent through this circuit. The schematic of the 

complementary circuit is shown in Figure F.14 and the printed circuit board design using 

Novarm’s diptrace software is shown in Figure F.15.  
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Figure F.14 Schematic of the complementary circuit 

 

Figure F.15 Diptrace PCB design of complementary circuit. 
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APPENDIX G 

CANCELLATION OF ODD CARRIER AND ASSOCIATED HARMONICS AS 

WELL AS EVEN BASE BAND AND SIDE BAND HARMONICS  

The harmonic spectrum of a general carrier-based PWM wave can be expressed in its 

most general form as: 
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Where m and n represent multiples of the carrier frequency and multiples of the 

fundamental frequency. The coefficients can be expressed as: 
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And the complex coefficients are given as: 
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The Fourier series representation of the voltage between point a and o can be expressed 

as: 

∑ ∑
∞

=

∞

−∞=

+





 +++=

1
)cos()(

2
sin)

2
(12

cos
22 m n

n
dcdcdc

ao nymxnmMmJ
m

V
yM

VV
V ππ

π
Similarly, between b and o is, 

∑∑
∞

=

∞

−∞=

−+





 ++−+=

1
))(cos()(

2
sin)

2
(12

)cos(
22 m n

n
dcdcdc

bo ynmxnmMmJ
m

V
yM

VV
V πππ

π
π

The line to line voltage between a and b is calculated to be  
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From the above expression lets notice on the following two terms, 
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This implies there are no odd carrier harmonics in the line to line voltage 

Note: 

• Odd carrier and associated side harmonics are completely cancelled in the 
output line-to-line voltage. 

• Only odd sideband harmonics around the even carrier groups presents in 
the line-to-line voltage 

The expression can be simplified as: 
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The total voltage can be expressed as: 
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The fundamental component of the output voltage is given as: 

)cos()cos()cos()cos( 444333222111, θθθθθθθθ +++++++= edcedcedcedcfundo MVMVMVMVV
The harmonic component of the output voltage is given as: 



 

329 

 

( )

( )

( )

( )∑ ∑

∑ ∑

∑ ∑

∑∑

∞

=

∞

−∞=

∞

=

∞

−∞=

∞

=

∞

−∞=

∞

=

∞

−∞=

+++





 +

++++





 +

++++





 +

++++





 +=

2
444

4

2
333

3

2
222

2

2
111

1
,

)()(cos)(
2

sin)
2

(14

)()(cos)(
2

sin)
2

(14

)()(cos)(
2

sin)
2

(14

)()(cos)(
2

sin)
2

(14

m n
ecn

dc

m n
ecn

dc

m n
ecn

dc

m n
ecn

dc
harmonico

nmnmMmJ
m

V

nmnmMmJ
m

V

nmnmMmJ
m

V

nmnmMmJ
m

V
V

θθγθππ
π

θθγθππ
π

θθγθππ
π

θθγθππ
π

The first and third harmonics around the second carrier can be considered as the 

dominant frequencies and determined as follows. 

The first harmonics in both sides of the second carrier is given as 
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Similarly two third harmonics around both sides of the second carrier is given as 
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